Chapter 1: Introduction: Waves and Phasors 


Lesson #1 

Chapter — Section: Chapter 1 

Topics: EM history and how it relates to other fields 

Highlights: 

• EM in Classical era: 1000 BC to 1900 

• Examples of Modern Era Technology timelines 

• Concept of “fields” (gravitational, electric, magnetic) 

• Static vs. dynamic fields 

• The EM Spectrum 

Special Illustrations: 

• Timelines from CD-ROM 


Timeline for Electromagnetics in the Classical Era 


ca. 900 Legend has it that while walking 1752 

BC across a field in northern Greece, a 

shepherd named Magnus experiences 
a pull on the iron nails in his sandals 
by the black rock he was standing on. 

The region was later named Magnesia 

and the rock became known as 1785 

magnetite [a form of iron with 

permanent magnetism]. 


ca. 600 Greek philosopher Thales 
BC describes how amber, 
after being rubbed 
with cat fur, can pick 
up feathers [static 
electricity]. 

ca. 1000 Magnetic compass used as 
a navigational device. 



1800 


1820 


Benjamin Franklin 

(American) invents the 
lightning rod and 
demonstrates that 
lightning is electricity. 

Charles-Augustin de 
Coulomb (French) demonstrates that 
the electrical force between charges is 
proportional to the inverse of the 
square of the distance between them. 

Alessandro Volta 

(Italian) develops the 
first electric battery. 

Hans Christian Oersted 

(Danish) demonstrates the 
interconnection between 
electricity and magnetism 
through his discovery that an electric 
current in a wire causes a compass 
needle to orient itself perpendicular to 
the wire. 
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Lessons #2 and 3 

Chapter — Sections: 1-1 to 1-6 

Topics: Waves 

Highlights: 

• Wave properties 

• Complex numbers 

• Phasors 

Special Illustrations: 

• CD-ROM Modules 1.1-1.9 

• CD-ROM Demos 1.1-1.3 


Module 1.6: Red Wave in a Lossy Medium 


Start Animation 0:03 



A= 


V 


check answer J fl give up ' 


Q2. What is the wave frequency? [Use the digital clock to estimate it 
/= — 


Hz 


( check answer N I give up ' 


Q3. What is the wavelength? 



















CHAPTER 1 


3 


Chapter 1 


Section 1-3: Traveling Waves 

Problem 1.1 A 2-kHz sound wave traveling in the x-direction in air was observed to 
have a differential pressure p(x,t) = 10 N/m 2 at x = 0 and t — 50 jjs. If the reference 
phase of p(x,t) is 36°, find a complete expression for p(x,t). The velocity of sound 
in air is 330 m/s. 

Solution: The general form is given by Eq. (1.17), 

27 it 2nx ± \ 

~t r +< H ’ 


p{x,t) =Acos 


where it is given that (|>o = 36°. From Eq. (1.26), T = 1// = 1/(2 x 10 3 ) = 0.5 ms. 
From Eq. (1.27), 



330 

2 x 10 3 


= 0.165 m. 


Also, since 


p(x = 0, t = 50 ps) 


10 (N/m 2 ) = A cos 


271 x 50 x 10 


-6 


5 x 10- 4 
= A cos (1.26 rad) =0.31A, 


+ 36° 



it follows that A = 10/0.31 = 32.36 N/m 2 . So, with t in (s) and x in (m), 

p{x,t) — 32.36cos (2nx \0 6 -^--2nx 10 3 A + 36 °) ( N/m2 ) 

V 500 165 / 

= 32.36cos(47i x 10 3 ? - 12.12ju + 36°) (N/m 2 ). 


Problem 1.2 For the pressure wave described in Example 1-1, plot 

(a) p{x,t) versus x at t = 0, 

(b) p(x,t) versus t at x = 0. 

Be sure to use appropriate scales for x and t so that each of your plots covers at least 
two cycles. 

Solution: Refer to Fig. PI.2(a) and Fig. PI.2(b). 
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p(x,t=0) 



Distance x (m) 


p(x=0,t) 



Time t (ms) 



Figure PI.2: (a) Pressure wave as a function of distance at t = 0 and (b) pressure 
wave as a function of time at x = 0. 


Problem 1.3 A harmonic wave traveling along a string is generated by an oscillator 
that completes 180 vibrations per minute. If it is observed that a given crest, or 
maximum, travels 300 cm in 10 s, what is the wavelength? 

Solution: 


/= 
Up — 

x = 


180 


60 
300 cm 


-3 Hz. 


10 s 


= 0.3 m/s. 


Ur 


0.3 


-j — -y = 0.1 m = 10 cm. 


Problem 1.4 Two waves, y i (t) and y 2 (t), have identical amplitudes and oscillate at 
the same frequency, but y 2 {t) leads y\ (t) by a phase angle of 60°. If 

yi(f) =4cos(27tx 10 3 f), 

write down the expression appropriate for y 2 ^) and plot both functions over the time 
span from 0 to 2 ms. 


Solution: 


y 2 (t) = 4cos(27t x 10 3 t + 60°). 
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Figure PI.4: Plots of yi(f) and^M- 


Problem 1.5 The height of an ocean wave is described by the function 

y{x 1 t) — 1.5sin(0.5^ — 0.6x) (m). 

Determine the phase velocity and the wavelength and then sketch y(x,t) at t = 2 s 
over the range from a = 0 to a = 2X. 

Solution: The given wave may be rewritten as a cosine function: 

y(x,t) — 1.5cos(0.5J — 0.6a —7t/2). 

By comparison of this wave with Eq. (1.32), 

y(x,t) = Acos(cor — |3 a + (|)()), 


we deduce that 


co = 2nf = 0.5 rad/s, 



0.5 

06 


— 0.83 m/s, 




2n 

T 


= 0.6 rad/m, 

2n 

= — = 10.47 m. 
0.6 









Problem 1.6 A wave traveling along a string in the +x-direction is given by 


y\{x,t) = Acos(cof — (3x), 

where x = 0 is the end of the string, which is tied rigidly to a wall, as shown in 
Fig. 1-21 (PI.6). When wave y\(x,t) arrives at the wall, a reflected wave y 2 (x,t) is 
generated. Hence, at any location on the string, the vertical displacement y s will be 
the sum of the incident and reflected waves: 

y s (x,t) =y 1 (x,t)+y 2 (x,t). 

(a) Write down an expression for yi{x^t ), keeping in mind its direction of travel 
and the fact that the end of the string cannot move. 

(b) Generate plots of yi(x,t), yi{x,t) and y s (x,t) versus x over the range 
—7k < x < 0 at co/ = 7i/4 and at co t = n/2. 

Solution: 

(a) Since wave y 2 {x,t) was caused by wave yi(x,t), the two waves must have the 
same angular frequency co, and since y 2 (x,t) is traveling on the same string as y\(x,t). 
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Figure PI.6: Wave on a string tied to a wall at x = 0 (Problem 1.6). 


the two waves must have the same phase constant (3. Hence, with its direction being 
in the negative x-direction, y 2 (x,t) is given by the general form 

y 2 (x,t) = £cos(cor + px + (|>o), (1) 

where B and (J>o are yet-to-be-determined constants. The total displacement is 

y s (x,r) =yi(x,t) +y 2 {x,t) = Acos(cor — px) +Bcos((Ot + |3.x + (|>o). 

Since the string cannot move at x — 0, the point at which it is attached to the wall, 
y s (0,r) = 0 for all t. Thus, 

y. v (0,r) = A cos co? + £cos(cor + (f>o) =0. (2) 

(1) Easy Solution: The physics of the problem suggests that a possible solution for 

(2) is B = —A and (|>o = 0, in which case we have 

y 2 {x->t) = —Acos(cor + fk). (3) 

(ii) Rigorous Solution: By expanding the second term in (2), we have 

A cos cor + B (cos cor cos (J>o — sin cor sin (J>o) = 0, 


or 


(A +B cos 4>o) cos cor — (Bsin(|)o) sin cor = 0. 
This equation has to be satisfied for all values of t. Ait — 0, it gives 



A + Bcos§o — 0, 


(5) 
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and at Gtf = 7i/2, (4) gives 


Z?sin(|)() = 0. 


( 6 ) 


Equations (5) and (6) can be satisfied simultaneously only if 

A = B = 0 


(7) 


or 


A = —B and (j>o = 0. 


( 8 ) 


Clearly (7) is not an acceptable solution because it means that y\(x,t) = 0, which is 
contrary to the statement of the problem. The solution given by (8) leads to (3). 

(b) At co t = 7i/4, 

y\{x,t) — Acos(7t/4 — fk) = A cos (j — 

\4 A 

( 71 2tzx 
— + —-— 

4 A 

Plots of yi,y 2 , and y 3 are shown in Fig. PI.6(b). 


y (cot, x) 

s • N 



y { (cor, x) 


-1.5A 


COt=7t/4 


Figure PI.6: (b) Plots of y i, y 2 , and y s versus x at co t — tc/4. 


At co t — 7c/2, 


yi(x,t) = Acos(7t/2 — (3x) =Asin(3x = Asin 


2tzx 


X 


■) 
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yi (x,t) 


—Acos( 7 t /2 + fk) = A sin (3x = A sin 


2nx 

~Y' 


Plots of yuy 2 , and J 3 are shown in Fig. PI. 6 (c). 



COt=7t/2 


Figure PI. 6 : (c) Plots of y\,y 2 , and y s versus x at (Of = 7i/2. 


Problem 1.7 Two waves on a string are given by the following functions: 

y\{x,t) — 4cos(20r — 30x) (cm), 

y 2 (x,f) = —4cos(20f+ 30*) (cm), 

where x is in centimeters. The waves are said to interfere constructively when their 
superposition |y s | = \y\ + 3 ^ 2 1 is a maximum and they interfere destructively when |y s | 
is a minimum. 

(a) What are the directions of propagation of waves y\(x,t) and y 2 (x,t)l 

(b) At t — (7i/50) s, at what location x do the two waves interfere constructively, 
and what is the corresponding value of |y s |? 

(c) At t — (7i/50) s, at what location x do the two waves interfere destructively, 
and what is the corresponding value of |y s |? 

Solution: 

(a) y\(x,t) is traveling in positive x-direction. y 2 (x,t) is traveling in negative 
x-direction. 
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(b) At 7 — (7i/50) s, y s —y x +y 2 — 4[cos(0.47T — 30 x ) — cos(0.47t + 3x)]. Using the 
formulas from Appendix C, 


we have 


Hence, 


2sinxsin y = cos(x — y) — (cosx + j), 


= 8sin(0.47t) sin30x = 7.61 sin 30*. 


s max 


= 7.61 


71 ( 71 2n7i \ 

and it occurs when sin30x = 1, or 30x = —b 2mc, or x =-1-cm, where 

2 V60 30 ) 

n = 0 , 1 , 2 ,... . 

riTZ 

(c) \y s | min = 0 and it occurs when 30x = mi , or x = — cm. 


Problem 1.8 Give expressions for y(x,t) for a sinusoidal wave traveling along a 
string in the negative x-direction, given that y max — 40 cm, X — 30 cm, f — 10 Hz, 
and 

(a) y(x, 0) = 0 at x = 0, 

(b) j(x, 0) = 0 at x = 7.5 cm. 

Solution: For a wave traveling in the negative x-direction, we use Eq. (1.17) with 
co = 27 if = 2071 (rad/s), (3 = 2n/X = 2tc/ 0.3 = 207t/3 (rad/s), A = 40 cm, and x 
assigned a positive sign: 

( 2071 \ 

y{x,t) =40cos I 207C7 + —x + (|)o j (cm), 

with x in meters. 

(a) j(0,0) = 0 = 40cos())o. Hence, (|>o = ±7i/2, and 




„ 2071 n 

40 cos ( 20717 + —x ± — 


—40sin (20717 + (cm), 

40 sin (20717 + (cm). 


if 4>o 
if 4>o 


71/2, 

—7T/2. 


(b) At * = 7.5 cm = 7.5 x 10 2 m, y — 0 = 40cos(7t/2 + (|)o). Hence, c])o = 0 or n, 
and 


, \ _ j 40 cos (20717 + ^x) (cm), 

M-UU | -40cos (20717 + 22 £x) (cm), 


if (|)() = 0, 

if (f)() = 71. 
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Hence, y 2 (t) lags y\(t) by 54°. 

Problem 1.12 The voltage of an electromagnetic wave traveling on a transmission 
line is given by v(z,f) = 5f? _az sin(47t x 10 9 t — 207tz) (V), where z is the distance in 
meters from the generator. 

(a) Find the frequency, wavelength, and phase velocity of the wave. 

(b) At z = 2 m, the amplitude of the wave was measured to be 1 V. Find a. 

Solution: 

(a) This equation is similar to that of Eq. (1.28) with co = x 10 9 rad/s and 
P = 2071 rad/m. From Eq. (1.29a), / = co/27t = 2 x 10 9 Hz = 2 GHz; from 
Eq. (1.29b), 2c = 27t/|3 = 0.1 m. From Eq. (1.30), 

u v — co/P = 2 x 10 8 m/s. 

(b) Using just the amplitude of the wave, 

l=5e -0t2 , a= U-ln (A =0.81 Np/m. 


Problem 1.13 A certain electromagnetic wave traveling in sea water was observed 
to have an amplitude of 98.02 (V/m) at a depth of 10 m and an amplitude of 81.87 
(V/m) at a depth of 100 m. What is the attenuation constant of sea water? 

Solution: The amplitude has the form Ae az . At z = 10 m, 

Ae- Wa = 98.02 


and at z = 100 m, 
The ratio gives 

or 


Ae - i (X)a = 81 . 87 

— 10a qo Q2 

= 1.20 

e-iooa 8L87 

e- 1001 = l.2e- l00a . 


Taking the natural log of both sides gives 

ln(e~ 10a ) = ln(1.2e~ 100a ), 
- 10a = ln( 1.2) — 100a, 
90a = ln(1.2) =0.18. 


Hence, 

0 18 

a = —— = 2 x 10 -3 (Np/m) 
90 F 
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Section 1-5: Complex Numbers 


Problem 1.14 Evaluate each of the following complex numbers and express the 
result in rectangular form: 

(a) zi — 4 e jn / 3 , 

(b) Z2 = V?> e j3n / 4 , 

(c) Z3 — 6e~ j71 / 2 , 

(d) Z4 = f, 

(e) Z5 = j~ 4 , 

(f) Z6 = (1 -7) 3 , 

(g) Z7 = (l-i) 1/2 - 

Solution: (Note: In the following solutions, numbers are expressed to only two 
decimal places, but the final answers are found using a calculator with 10 decimal 
places.) 

(a) z\ = 4<+ 7r / 3 =4(cos7t/3 + jsinn/3) = 2.0 + y'3.46. 

(b) 



v/3 e-t’ 371 / 4 = y/3 



-1.22 + j'1.22 = 1.22(—1 + j). 


(c) Z3 = 6e ;7t / 2 = 6[cos(—Jt/2) + ;sin(—Jt/2)] = —76. 

(d) Z 4 = f = j ■ j 2 = ~ j, or 

Z 4 = j 3 = (e jK / 2 ) 3 = e j3n / 2 = cos(37t/2) + jsin(3jt/2) = — j. 

(e) zs = j~ 4 = (e 7 */ 2 ) -4 = e~ j2n = 1. 

(f) 

Z6 = (1 - j) 3 = (V2e~M 4 ) 3 = (V2) 3 e~ j3n / 4 

= (\/2) 3 [cos(37t/4) — _/sin(3Jt/4)] 
— —2 — j2 = —2(1 + j). 


(g) 

Z7 = (1 -j) 1 / 2 = (Vle-W) 1 ' 2 = ±2 I /V^/ 8 = ±1.19(0.92-70.38) 

= ±(1.10-70.45). 


Problem 1.15 Complex numbers z\ and Z 2 are given by 

ZI = 3 — j‘2, 
z 2 = -4 + 7'3. 
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(a) Express z\ and zi in polar form. 

(b) Find |zi | by applying Eq. (1.41) and again by applying Eq. (1.43). 

(c) Determine the product z\Zi in polar form. 

(d) Determine the ratio z\/zi in polar form. 

(e) Determine z\ in polar form. 

Solution: 

(a) Using Eq. (1.41), 

Zl =3-j2 = 3.6e~ j33j0 , 

Z2 = -4 + j3 = 5e jl43A °. 

(b) By Eq. (1.41) and Eq. (1.43), respectively, 

|zi| = |3-;2| = ^3 2 + (-2) 2 = ^13 = 3.60, 

\z\ | = \/{3-j2) (3 + J'2) = \/l3 = 3.60. 

(c) By applying Eq. (1.47b) to the results of part (a), 

ziZ2 = 3.6e-i 33J ° x 5^' 143 ' 10 = 18e2 109 - 4 °. 



Problem 1.16 If z = — 2 + j 4, determine the following quantities in polar form: 

(a) 1 /z, 

(b) z 3 , 

(C) |z| 2 , 

(d) 3m{z}, 

(e) 3m{z*}. 

Solution: (Note: In the following solutions, numbers are expressed to only two 
decimal places, but the final answers are found using a calculator with 10 decimal 
places.) 
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(a) 

- = ^ , 4 = (-2+./4 ) -1 = (4.47 ^' 116 - 6 °)^ 1 = (4.47 )^ 1 ^ 116 - 60 =0.22^ 116 - 6 °. 

(b) z 3 = (-2 + j4 ) 3 = (4.47 e 7 ' 116 ' 6 ”) 3 = (4.47)V' 350 ' 0 ° = 89A4e~j l0 °. 

(c) |z | 2 = z ■ Z* = (-2 + j4) (-2 - ;4) = 4 + 16 = 20. 

(d) llm{z} = 4m{-2 + ,/4} = 4. 

(e) 4m{z*} = 3m{-2 -7 4} = -4 = 4e^. 


Problem 1.17 Find complex numbers t — z\ +Z 2 and 5 = z\ —Z 2 , both in polar form, 
for each of the following pairs: 

(a) zi = 2 + j3, z 2 = 1 — j‘3, 

(b) zi =3, Z 2 = — j3, 

(c) zi = 3/m, Z2 = 3Z^21, 

(d) zi = 3/m, z 2 — 3 /- 150 ° . 

Solution: 

(a) 

1 = Zi +Z2 = (2 + 7 3) + (1 —7'3) = 3, 
s = zi - Z 2 = (2 + 73 ) - (1 - 73 ) = 1 + 76 = 6.08e 38a5 °. 

(b) 

t — zi + Z 2 — 3 - 73 = 4.24e~j 45 °, 

5 = Zi — Z 2 — 3 + 73 = 4.24e j45 °. 

(c) 

t = zi +z 2 ^3Z3q:+3/-30 o 

= 3e ;30 ° + 3<? _;30 ° = (2.6 + 74.5) + (2.6-74.5) = 5.2, 

5 = Zl - Z2 = 3e j30 ° - 3e~ j30 ° = (2.6 + 74.5) - (2.6-74.5) = j3 = 3e j90 °. 

(d) 

t=zi+z 2 = 3/301 + 3/^1 = (2.6 + 74.5) + (-2.6 - 74 . 5 ) = 0, 

S = Z 1 -Z 2 = ( 2.6 + 74 . 5 ) -(- 2 . 6 - 74 . 5 ) =5.2 + j3 = 6e j30 °. 


Problem 1.18 Complex numbers z\ and z 2 arc given by 

Zi =52+601, 


Z 2 = 22451. 
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(a) Determine the product Z 1 Z 2 in polar form. 

(b) Determine the product z\z\ in polar form. 

(c) Determine the ratio z\ / zi in polar form. 

(d) Determine the ratio z\/z\ in polar form. 

(e) Determine y/z\ in polar form. 


Solution: 

(a) ziZ 2 = 5e~ j60 ° x 2e^ 5 ° = I0e~j l5 °. 

(b) Z 1 Z 2 = 5e x 2 e-J 45 ° = 10e-^ 105 ° 

(0 

Z 2 2eJ 45 


(d) 4 = - =2.5^ 05 °. 


(e) ^ = V5e~J 60 ° = ±V5e~j 30 °. 


Problem 1.19 If z — 3 — j5, find the value of ln(z). 

Solution: 




z = \z\e je — 5.83^ j59 , 
ln(z) = ln(5.83^^ 759 ) 

= ln(5.83) +ln(^“ 7 ' 59 °) 

59°7t 

= 1.76 —7*59° = 1.76 -j -- = 1.76-/1.03. 

J j 180 o j 


Problem 1.20 If z = 3 — /4, find the value of e z . 

Solution: 

e z — — e 3 •e~^ 4 — £ 3 (cos4 — j sin 4), 

e 3 = 20.09, and 4 rad = - x 180° = 229.18°. 

71 


Hence, e z = 20.08(cos 229.18° -j sin229.18°) = -13.13 + ./15.20. 
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Section 1-6: Phasors 

Problem 1.21 A voltage source given by v s (t) — 25cos(27t x 10 3 t — 30°) (V) is 
connected to a series RC load as shown in Fig. 1-19. If R = 1 Mil and C = 200 pF, 
obtain an expression for v c (t), the voltage across the capacitor. 

Solution: In the phasor domain, the circuit is a voltage divider, and 


Vr = K 


1/jcoC _ Vs 
R+ 1 / ycoC (1 + jwRC) 


Now V s = 25 e /3 ° V with to = 2 tc x 10 3 rad/s, so 


25e~ j30 ° V 

1 + j((2n x 10 3 rad/s) x (10 6 Q) x (200 x 10“ 12 F)) 
25e~ j30 ° V _ 


1+ fin/5 


= 15.51e- j8L5 V. 


Converting back to an instantaneous value, 

V c (t) = VKtV c e jw - 9tel5.57e ; (“' _8L50) V = 15.57cos (2n x 10 3 t - 81.5°) V, 
where t is expressed in seconds. 


Problem 1.22 Find the phasors of the following time functions: 

(a) v(t) = 3cos(cd7 — n/3) (V), 

(b) v(t) — 12 sin (of +7C/4) (V), 

(c) i(x,t) = 2e~ 3x sin((ot + n/6) (A), 

(d) i(t) = — 2cos(cor + 37C/4) (A), 

(e) i(t) = 4sin(co7+ 7i/3) + 3 cos(co7 — n/6) (A). 

Solution: 

(a) V = 3e > % ! 3 V. 

(b) v(t) = 12sin (cor + n/4) = 12cos(7t/2 — (cor + Jt/4)) = 12cos (cot — n/4) V, 

V = 12<?-W 4 v. 

(c) 

/(f) = 2e _3v sin(cof + Jt/6) A = 2 <? -3a cos (7t/2 — (cot + 7t/6)) A 
= 2e ~ 3x cos (cot - n /3) A, 

7= 2e- 3x e- jn ' 3 A. 




18 


CHAPTER 1 




i(t ) = — 2cos(co? + 37i/4), 

1 = -2e j3n / 4 = 2e~j n e j3n / 4 = 2e^ n / 4 A. 


i(t ) = 4sin(co? + 7t/3) + 3 cos(co? — n/6) 

— 4cos[7i/2 — (co? + 7t/3)] + 3cos(co? — 7t/6) 

= 4cos(—co? + 7t/6) + 3cos(co? — 7i/6) 

= 4cos(co? — 7i/6) + 3 cos(co? — 7i/6) = 7cos(co? — 7t/6), 

7 = le~ j % / 6 A. 


Problem 1.23 Find the instantaneous time sinusoidal functions corresponding to 
the following phasors: 

(a) V = -5e jn / 3 (V), 

(b) V = j6e (V), 

(c) I = (6 + j'8) (A), 

(d) / = -3 + j2 (A), 

(e) 7 = j (A), 

(f) I = 2e jn / 6 (A). 

Solution: 

(a) 

V = -5c- 7 ' 71 / 3 V = 5e j{K/3 ~ n) V = 5£>“ y2,l/3 V, 
v(t) — 5cos (co? — 2 tt/3) V. 

(b) 

V - j6e~ jn / 4 V = 6^'H'/ 4 +”/2) v = 6e j% / 4 V, 
v(f) = 6 COS (C07 + 7T/4) V. 

(c) 

7= (6 + ;8) A= 10^' 531 ° A, 

/(?) = 10cos(cof+ 53.1°) A. 

(d) 

7=-3 + j2 = 3.61e 7l46 - 31 °, 

i(t) = 93e{3.61c- ,146 ' 31 °c- /t07 } = 3.61 cos(cof + 146.31°) A. 
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(e) 



(f) 


I = 2 e W\ 

i(t ) = JHe{2e , V 6 e / ' <af } = 2cos(co/ : + n/6) A. 


Problem 1.24 A series RLC circuit is connected to a generator with a voltage 
v s [t ) = V 0 cos(cor + 7C/3) (V). 

(a) Write down the voltage loop equation in terms of the current i(t), R , L, C, and 
Vs(0- 

(b) Obtain the corresponding phasor-domain equation. 

(c) Solve the equation to obtain an expression for the phasor current I. 


R L 


va - nnnnr 



c 


Figure PI.24: RLC circuit. 


Solution: 




R + j (coL — 1/coC) + j (coL — 1 /coC) coRC + ;(co 2 LC- l) ' 


Problem 1.25 A wave traveling along a string is given by 

y{x,t) = 2sin(47tr + 107u) (cm) 
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where v is the distance along the string in meters and y is the vertical displacement. 
Determine: (a) the direction of wave travel, (b) the reference phase (|>o, (c) the 
frequency, (d) the wavelength, and (e) the phase velocity. 


Solution: 

(a) We start by converting the given expression into a cosine function of the form 
given by (1.17): 


y{x,t) — 2cos 


(atu + 1071V 



(cm). 


Since the coefficients of t and v both have the same sign, the wave is traveling in the 
negative v-direction. 

(b) From the cosine expression, (|>o = —7t/2. 

(c) CO = 271/ = 471, 

/ = 471/271 = 2 Hz. 


(d) 27t/ X = 107t, 


X — 27t/ 107t = 0.2 m. 


(e) Up — fX = 2 x 0.2 = 0.4 (m/s). 


Problem 1.26 A laser beam traveling through fog was observed to have an intensity 
of 1 (juW/m 2 ) at a distance of 2 m from the laser gun and an intensity of 0.2 
( juW/m 2 ) at a distance of 3 m. Given that the intensity of an electromagnetic 
wave is proportional to the square of its electric-field amplitude, find the attenuation 
constant a of fog. 

Solution: If the electric field is of the form 

E(x,t) = Eoe^^ cos(cot — (3v), 

then the intensity must have a form 

/(v/) « [£ , o^ _ar cos(cof — (3v)] 2 
« Ele~ lax cos 2 (cttf — Pjc) 


or 

I{x,t) = Ioe~ 2ax cos 2 (co^ — Pv) 

where we define /q « Eq. We observe that the magnitude of the intensity varies as 
I 0 e~ 2ax . Hence, 


at v = 2 m, X)e 4cx = 1 x 10 6 (W/m 2 ), 

at v = 3m, I 0 e~ 6a — 0.2 x 10~ 6 (W/m 2 ). 
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V 4a 10“ 6 
/ 0 <?- 6a “ 0.2 x 10- 6 “ 
e~ 4a . g 6a = ^ 2 a = g 

a = 0.8 (NP/m). 


Problem 1.27 Complex numbers z\ and zi are given by 


Z\ = -3 + ,/2 


Z2=l~ j 2 


Determine (a) Z1Z2, (b) zi /z^ (c) z 2 , and (d) ziz*, all all in polar form. 

Solution: 

(a) We first convert z\ and zi to polar form: 

Z1 = —(3 — j'2) = - (x/3 2 + 2 2 e- jtan ~ >2 ^ 

-VU e~J 33J ° 

= VH e i(180 °- 33 - 7 °) 

= V^3 ^ 146 - 3 °. 


Zl = \-j2 = Vl+^e-^' 2 
= VI e ~* 3A °. 


ZX Z2 = V I3/ 46 - 3 °xV5^ 3 - 4 ° 

= V65V 82 - 9 °. 


(b) 


zi VTW 1463 ° 
zj \/5 ^' 63 - 4 ° 


11 gi’82.9° 


(C) 


z 2 = (VT3) 2 (^ 46 - 3 °) 2 


13V 292 - 6 ° 
13e~ j360 ° e j292 ’ 6 ° 
13e~ j67A °. 
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zxz\ = Vtte^- y x Vl3 <© 146 ' 3 ° 



Problem 1.28 If z = 3e 77t//6 , find the value of e‘ . 

Solution: 

z = 3<? ;7t / 6 = 3cos7t/6 + 7'3sin7t:/6 
= 2.6 + 71.5 

e z = e 2.6+jl.5 = e 2.6 x gj 1.5 

— e 2,6 (cos 1.5 + j sin 1.5) 
= 13.46(0.07 + y0.98) 

= 0.95 + 713.43. 


Problem 1.29 The voltage source of the circuit shown in the figure is given by 

v s (f) =25cos(4x 10 4 ?-45°) (V). 

Obtain an expression for +(?), the current flowing through the inductor. 


+ 


Ri 

AVv 


l 

-► 


A 


v s (0 


© 






R 


L 


R { = 20 Q., R 2 =30Q,L = 0.4 mH 


Solution: Based on the given voltage expression, the phasor source voltage is 



Vs = 25e~j 45 ° (V). 

The voltage equation for the left-hand side loop is 

R\i + RiiR 2 - v s 


( 10 ) 
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For the right-hand loop, 


Rik, = L 


dt 


and at node A, 


i — ir 7 + ih 


Next, we convert Eqs. (2)—(4) into phasor form: 

R\I + R2IR2 = Vs 
RiIr 2 — j®Ll l 
I = Ir 2 + /l 

Upon combining (6) and (7) to solve for /# 2 in terms of /, we have: 

7 _ , 

7? 2 + JCOL 


Substituting (8) in (5) and then solving for / leads to: 

~ jRitoL ~ — 

r ' ,+ i7tm ,= v ’ 

V Ri + jwL) 

j{ R\R2 + jR\(dL + jR2(dL\ _ ~ 

v Ri + j<*L J ~ s 

7= ( _ Ih + jmL _^ y 


Combining (6) and (7) to solve for 7 l in terms of / gives 


R 2 ~ 

I L = --— I. 

R 2 + jcoL 


Combining (9) and (10) leads to 


f Ri \ ( R 2 + juL 
\Ri + jwL) \RiR 2 + jcoL{R[ + R 2 ) 
R 2 

R{R 2 + + ja>L(Ri + R 2 ) 


( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 
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Using (1) for V s and replacing R i, 7+. L and to with their numerical values, we have 



30 

20 x 30 + j'4 x 10 4 x 0.4 x lQ- 3 (20 + 30) 


25e~-i 45 


o 


30 x 25 _ ; - 45 o 

600+7800 ^ 

7.5 _ i45 o _ 1.5e~j 45 ° 

6 + jS 10+ 53 - 10 


0.75 e-i 9 *- 1 * 



Finally, 


i L (t) = 94e[/ L e^] 

= 0.75cos(4 x 10 4 t — 98.1°) (A). 
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Lesson #4 

Chapter — Section: 2-1, 2-2 
Topics: Lumped-element model 

Highlights: 

• TEM lines 

• General properties of transmission lines 

• L, C, R, G 
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Lesson #5 

Chapter — Section: 2-3, 2-4 

Topics: Transmission-line equations, wave propagation 

Highlights: 

• Wave equation 

• Characteristic impedance 

• General solution 

Special Illustrations: 

• Example 2-1 




Lesson #6 

Chapter — Section: 2-5 
Topics: Lossless line 

Highlights: 

• General wave propagation properties 

• Reflection coefficient 

• Standing waves 

• Maxima and minima 

Special Illustrations: 

• Example 2-2 

• Example 2-5 
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Lesson #7 

Chapter — Section: 2-6 
Topics: Input impedance 

Highlights: 

• Thevenin equivalent 

• Solution for V and / at any location 

Special Illustrations: 

• Example 2-6 

• CD-ROM Modules 2.1-2.4, Configurations A-C 

• CD-ROM Demos 2.1-2.4, Configurations A-C 


Module 2.4B:Z i =(0.5 -j0.5)Z 0 
Given: A coaxial line connected as shown. 



* From Exercise 2.IB: T=0.45 Z -116 ° 

* From Exercise 2.2B: 1= 4.8 tv (rad), and Z,= (71-y'56) Q 

* From Exercise 2.3B: V 0 + = 5 V L -144 ° 


Q. Obtain a complete expression for v(z,t). The solution has the 
general form: 

v(<;, r) = j4cos(3^x 10 ? r - 20tzz+ 0l) 

+ £cos(3tcx 10 9 r + 207C<;-|-(|)2) V, 


with z = 0 being located at the load. 




check answer 

1 give up 



check answer 

1 give up 


u 

check answer 

1 give up 

-o 



check answer 

1 give up 







































Lessons #8 and 9 
Chapter — Section: 2-7, 2-8 
Topics: Special cases, power flow 
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Highlights: 

• Sorted line 

• Open line 

• Matched line 

• Quarter-wave transformer 

• Power flow 

Special Illustrations: 

• Example 2-8 

• CD-ROM Modules 2.1-2.4, Configurations D and E 

• CD-ROM Demos 2.1-2.4, Configurations D and E 


Demo 2.2D: Z L = 0 f! 

Given: A coaxial line connected as shown. 



Display ) Pl(z, t) lor Z { =0 
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Lessons #10 and 11 

Chapter — Section: 2-9 
Topics: Smith chart 

Highlights: 

• Structure of Smith chart 

• Calculating impedances, admittances, transfonnations 

• Locations of maxima and minima 

Special Illustrations: 

• Example 2-10 

• Example 2-11 



Lesson #12 
Chapter — Section: 2-10 
Topics: Matching 
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Highlights: 

• Matching network 

• Double-stub tuning 

Special Illustrations: 

• Example 2-12 

• Technology Brief on “Microwave Oven” (CD-ROM) 


Microwave Ovens 

Percy Spencer, while working for Raytheon in the 1940s on the design and construction of 
magnetrons for radar, observed that a chocolate bar that had unintentionally been exposed to 
microwaves had melted in his pocket. The process of cooking by microwave was patented in 
1946, and by the 1970s microwave ovens had become standard household items. 
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Lesson #13 

Chapter — Section: 2-11 
Topics: Transients 

Highlights: 

• Step function 

• Bounce diagram 

Special Illustrations: 

• CD-ROM Modules 2.5-2.9 

• CD-ROM Demos 2.5-2.13 

Demo 2.13 

Demo 8.13: R = 0.6 Z i] . Z L - 1 5 Zq 


Cnvcn: \ fault, represented by a 25 shunt resistance, is located at a distance of 800 km from the sending end of a 2400 km long transmission 
line with it p = 2c/3. The switch is closed at t = 0 and the line is not properly matched at either end (/? v =0.6£, and Z L = 1 5 Z,,). 



Display the voltage along the line as a function of time for t > 0. 



400 800 1200 1600 2000 


-r—► 

2400 

kin 


Start Animat 
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Sections 2-1 to 2-4: Transmission-Line Model 


Problem 2.1 A transmission line of length / connects a load to a sinusoidal voltage 
source with an oscillation frequency /. Assuming the velocity of wave propagation 
on the line is c, for which of the following situations is it reasonable to ignore the 
presence of the transmission line in the solution of the circuit: 

(a) l — 20 cm, / = 20 kHz, 

(b) / = 50 km, / = 60 Hz, 

(c) / = 20 cm, / = 600 MHz, 

(d) / = 1 mm, f — 100 GHz. 


Solution: A transmission line is negligible when l/X < 0.01. 
/ _ If _ (20 x 10“ 2 m) x (20 x 10 3 Hz) 

A~ 


(a) T = ^ = 


(b) 


u. 


3 x 10 8 m/s 


= 1.33 x 10 5 (negligible). 


/ If (50 x 10 3 m) x (60 x 10° Hz) AAw . . r , 

T = — = - , ' 8 / -- = °- 01 (borderline). 

A «n 3 x 10 s m/s 


(c) T = - = 


/ 

A 

l 

A 


If (20 x 10“ 2 m) x (600 x 10 6 Hz) 


u 


p 


3 x 10 8 m/s 


= 0.40 (nonnegligible). 


(d) t = - = 


If (lx 10 -3 m) x (100 x 10 9 Hz) A 
J ~ v ’ v -=0.33 (nonnegligible). 


u 


p 


3 x 10 8 m/s 


Problem 2.2 Calculate the line parameters R ', L' , G ', and C' for a coaxial line with 
an inner conductor diameter of 0.5 cm and an outer conductor diameter of 1 cm, 
filled with an insulating material where jj = jjq, £ r = 4.5, and a = 10~ 3 S/m. The 
conductors are made of copper with jj c — jjq and a c = 5.8 x 10 7 S/m. The operating 
frequency is 1 GHz. 

Solution: Given 


a = (0.5/2) cm = 0.25 x 10 2 m, 
b = (1.0/2) cm = 0.50 x 10 -2 m, 


combining Eqs. (2.5) and (2.6) gives 


R' = 


i Mik 


2n 


Gc 


1 1 

_ + 7 
a b 


1 /jc( 10 9 Hz) (47t x 10 —7 H/m) 


1 


271 


5.8 x 10 7 S/m 


+ 


1 


0.25 x 10- 2 m ' 0.50 x 10“ 2 m 


= 0.788 Q/m. 
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From Eq. (2.7), 



471 x 10 7 H/m 
2n 


In 2 = 139 nH/m. 


From Eq. (2.8), 



2kg 
In (b/a) 


2n x 10~ 3 S/m 
In2 


= 9.1 mS/m. 


From Eq. (2.9), 



2718 

ln(Z?/<z) 


27l8 r 8 ( ) 
In {b/a) 


2ti x 4.5 x (8.854 x lO- 12 F/m) 

In2 


= 362 pF/m. 


Problem 2.3 A 1-GHz parallel-plate transmission line consists of 1.2-cm-wide 
copper strips separated by a 0.15-cm-thick layer of polystyrene. Appendix B gives 
jj c = juq = 4n x 10” 7 (H/m) and G c = 5.8 x 10 7 (S/m) for copper, and £ r = 2.6 for 
polystyrene. Use Table 2-1 to determine the line parameters of the transmission line. 
Assume jj = /jq and G ~ 0 for polystyrene. 

Solution: 


R' = 

L' = 
G r — 


2 R< 
w 

jud 

w 

0 

8 W 


2 

w 




71 X 10 9 X 471 X 10 7 \ 1(/ “ 


-2 


5.8 x 10 7 
= 1.57 x 10“ 7 


(H/m), 


r> — — 

d 


a c 1.2 x 10 
47 1 x 10 -7 x 1.5 x 10 -3 
1.2 x 10- 2 
because a = 0, 

w 10“ 9 1.2x10 1 0/1 1rt _ 10 

e°er-r = x 2.6 x ——— T = 1.84 x 10 

d 3671 1.5 x 10 _J 


i-2 


= 1.38 (H/m), 


(F/m). 


Problem 2.4 Show that the transmission line model shown in Fig. 2-37 (P2.4) 
yields the same telegrapher’s equations given by Eqs. (2.14) and (2.16). 

Solution: The voltage at the central upper node is the same whether it is calculated 
from the left port or the right port: 


v(z + AAz,i) = v(z,t) ~ i(z,t) - iL'Az^-i(zd) 


dt 


— v(z + Az,t) + {R Az i(z + Az,t) + kL‘ Az—i(z + Az,t)- 


a 

dt 
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R'Az L'Az R'Az LAz 



+ 

0 


Figure P2.4: Transmission line model. 


Recognizing that the current through the G' \ 
Kirchhoff’s current law), we can conclude that 


C' branch is i(z,t) — i(z + Az,,t) (from 


i{z,t) —i(z + Az,t ) = G'Az. v(z+ ^Az,r) +C'Az^-v(z+ 

From both of these equations, the proof is completed by following the steps outlined 
in the text, ie. rearranging terms, dividing by A z, and taking the limit as Az —> 0. 


Problem 2.5 Find a, (3, w p , and Zq for the coaxial line of Problem 2.2. 
Solution: From Eq. (2.22), 

y=y/{R' + j(QL l )(G' + j(aC l ) 

= \J (0.788 Q/m) + j{2n x 10 9 s“ 1 )(139 x 10~ 9 H/m) 

x yj (9.1 x lO- 3 S/m) + j{2n x 10 9 s~ 1 )(362 x 10“ 12 F/m) 
= (109 x 1(T 3 + i'44.5) m _1 . 


Thus, from Eqs. (2.25a) and (2.25b), a = 0.109 Np/m and [3 = 44.5 rad/m. 
From Eq. (2.29), 



R' + j(oL' I (0.788 Q/m) + j(2n x 10 9 S -‘)(139 x 10“ 9 H/m) 

G' + j(0C' ~ y (9.1 x 10-3 S/m) + j(2n x 10 9 s-‘)(362 x 10“ 12 F/m) 

= (19.6 + j'0.030) £1. 



2n x 10 9 
44.5 


= 1.41 x 10 8 m/s. 


From Eq. (2.33), 
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Section 2-5: The Lossless Line 

Problem 2.6 In addition to not dissipating power, a lossless line has two important 
features: (1) it is dispertionless (ju p is independent of frequency) and (2) its 
characteristic impedance Zq is purely real. Sometimes, it is not possible to design 
a transmission line such that R' CO L’ and G 1 coC', but it is possible to choose the 
dimensions of the line and its material properties so as to satisfy the condition 

R'C' = L'G 1 (distortionless line). 

Such a line is called a distortionless line because despite the fact that it is not lossless, 
it does nonetheless possess the previously mentioned features of the loss line. Show 
that for a distortionless line, 

a = p = co V'Z/C 7 , Z ° “ \f^ ‘ 


Solution: Using the distortionless condition in Eq. (2.22) gives 

y = a + ;p = + ja>L') (C + /coC') 

= VUC 7 ^(jj + j(o) (§7 + JCo) 

= VUUJ \j(jj +j “) (z^ +JC0 ) 

= VUc 1 (^ + ./co) = R' iJ^jj + jcoVzTc 7 . 


Hence, 


a = fHe(y) =R' 


C' 

77 ’ 


p = 3m(y) = co vTTc 7 , 


co 

u p — — — 


1 


P VUc 7 


Similarly, using the distortionless condition in Eq. (2.29) gives 



R> + jwL' 
G' + /coC' 



/f'/L' + /co 
G'/C' + jco 



Problem 2.7 For a distortionless line with Zo = 50 Q, a = 20 (mNp/m), 
u p — 2.5 x 10 8 (m/s), find the line parameters and X at 100 MHz. 
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Solution: The product of the expressions for a and Zo given in Problem 2.6 gives 

R 1 = aZ 0 = 20 x 1(T 3 x 50 = 1 (fi/m), 

and taking the ratio of the expression for Zo to that for n p = co/P = 1/ y/L'C' gives 

L' = — = 5 ° = 2 x 10- 7 (H/m) = 200 (nH/m). 

lA p X XU 

With L! known, we use the expression for Zq to find C'\ 

L' 2 x 10 7 

C/ = Z 7= (50) 2 ~ 8 x 10 11 ( F/m ) — 8Q (pF/m). 

The distortionless condition given in Problem 2.6 is then used to find G'. 

G 1 = -jj- = 1 X 2 8 ^ * Q - Q 7 = 4 x 10-4 (S/|, F = 400 (//S/m). 

and the wavelength is obtained by applying the relation 

Up 2.5 x 10 8 

k — — — -r = 2.5 m. 

f 100 x10 6 
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Then, from Zq = yjL' jC', 


. L' 38.2 nH/m 

c = * = —w - = 23 ' 9 pF/m ' 


'0 


From a = y/RfCp and R'C' = L'G', 


R / / JJ 

R' = x/RKTx I — = VR^x I — = az 0 = 0.02 Np/m x 40 Q = 0.6 fi/m 


G' 


C 


and 


a 2 (0.02 Np/m) 


G' — — = 

R> 0.8 Q/m 


= 0.5 mS/m. 


Problem 2.10 Using a slotted line, the voltage on a lossless transmission line was 
found to have a maximum magnitude of 1.5 V and a minimum magnitude of 0.6 V. 
Find the magnitude of the load’s reflection coefficient. 

Solution: From the definition of the Standing Wave Ratio given by Eq. (2.59), 



1 ^ 1 max = 1-5 

|vu °- 6 


Solving for the magnitude of the reflection coefficient in terms of 5, as in 
Example 2-4, 



2.5 - 1 
2.5+1 


0.43. 


Problem 2.11 Polyethylene with £ r = 2.25 is used as the insulating material in a 
lossless coaxial line with characteristic impedance of 50 £2. The radius of the inner 
conductor is 1.2 mm. 

(a) What is the radius of the outer conductor? 

(b) What is the phase velocity of the line? 

Solution: Given a lossless coaxial line, Zq = 50 £2, e r = 2.25, a — 1.2 mm: 

(a) From Table 2-2, Zq = (60/In (b/a) which can be rearranged to give 


b = ae z oV^/6° = Q.2 nimjf 50 ^/ 60 = 4.2 mm. 
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(b) Also from Table 2-2, 



3 x 10 8 m/s 
VZ25 


— 2.0 x 10 8 m/s. 


Problem 2.12 A 50-0 lossless transmission line is terminated in a load with 
impedance Zl = (30 — y'50) £2. The wavelength is 8 cm. Find: 

(a) the reflection coefficient at the load, 

(b) the standing-wave ratio on the line, 

(c) the position of the voltage maximum nearest the load, 

(d) the position of the current maximum nearest the load. 

Solution: 

(a) From Eq. (2.49a), 


Zl — Zp 
Zl + Zq 


(30-J50)-50 _ 
(30 — 7*50) +50 ” 


(b) From Eq. (2.59), 



1 + 

r 

1+0.57 

1- 

r 

“ 1-0.57 


3.65. 


(c) From Eq. (2.56) 


/ 


max 


0 r Z nk 

——|- 

4rc 2 


—79.8° x 8 cm K rad nx 8 cm 

in ~m° + I 

—0.89 cm+ 4.0 cm = 3.11 cm. 


(d) A current maximum occurs at a voltage minimum, and from Eq. (2.58), 

/ m in = /max — Z/4 = 3.11 cm — 8 cm/4 = 1.11 cm. 


Problem 2.13 On a 150-O lossless transmission line, the following observations 
were noted: distance of first voltage minimum from the load = 3 cm; distance of first 
voltage maximum from the load = 9 cm; 5 = 3. Find Zl- 

Solution: Distance between a minimum and an adjacent maximum = k/4. Hence, 


9 cm — 3 cm = 6 cm = Z/4, 
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or X — 24 cm. Accordingly, the first voltage minimum is at £ m [ n = 3 cm = 
Application of Eq. (2.57) with rc = 0 gives 

. „ 27t X 

0r_2x T x 8 =_71 ’ 


which gives 9 r = —71/2. 


5-1 3-1 

5+1 “ 3TT 



Hence, T = 0.5 e~ J ^ 2 
Finally, 



—,/0.5. 


i+r 

l-r 


150 


1 - j 0-5 
1 + j0.5 


(90-/120) a. 


Problem 2.14 Using a slotted line, the following results were obtained: distance of 
first minimum from the load = 4 cm; distance of second minimum from the load = 
14 cm, voltage standing-wave ratio = 1.5. If the line is lossless and Zo = 50 Q, find 
the load impedance. 

Solution: Following Example 2.5: Given a lossless line with Zo = 50 G, S — 1.5, 
Un(0) = 4 cm, / min(1) = 14 cm. Then 

/ -/ 

^min(l) ^min(O) ^ 

or 


X = 2 x (/ min (i) - f m i n (o)) = 20 cm 


and 


_ 2n 2 k rad/cycle 

B = — = —- -2— = 107t rad/m. 

A 20 cm/cycle 


From this we obtain 


0 r = 2 |3/ m i n ( w ) — {2n + l)7t rad = 2x 1071 rad/m x 0.04 m — n rad 

= —0.271 rad = —36.0°. 



1.5-1 
1.5 + 1 



Also, 
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1 + 0.2 e-& 6X >° 
1 - 0.2 e -j 36 - 0 ° 


(67.0-/16.4) a. 


Problem 2.15 A load with impedance Zl = (25 — j 50) £2 is to be connected to a 
lossless transmission line with characteristic impedance Zq, with Zo chosen such that 
the standing-wave ratio is the smallest possible. What should Zq be? 

Solution: Since 5 is monotonic with |F| (i.e., a plot of 5 vs. |F| is always increasing), 
the value of Zq which gives the minimum possible 5 also gives the minimum possible 
r , and, for that matter, the minimum possible | F .A necessary condition for a 
minimum is that its derivative be equal to zero: 

Q 3 |r|2 3 \RL + jX L -Z Q \ 2 

aZo 1 dZ 0 \R L + jx L + Z 0 \ 2 

_ d (R L -Z 0 ) 2 +Xl _ 4R L (Z^-(Rl+Xl)) 
dZ 0 (R l + Z,,) 2 + Xl ((/j L + Zo) 2 + Xlf 

Therefore, Zq = +X^ or 

Zo = |Z L | = \J (25 2 + (—50) 2 ) = 55.9 Cl. 

A mathematically precise solution will also demonstrate that this point is a 
minimum (by calculating the second derivative, for example). Since the endpoints 
of the range may be local minima or maxima without the derivative being zero there, 
the endpoints (namely Zq = 0 Cl and Zq = °o £1) should be checked also. 


Problem 2.16 A 50-£2 lossless line terminated in a purely resistive load has a 
voltage standing wave ratio of 3. Find all possible values of Zl. 


Solution: 


5-1 3-1 _ 

r =-=-= o.5. 

11 5+1 3 + 1 


For a purely resistive load, 0 r = 0 or 7Z. For 0 r = 0, 

Zl ++ = 50 [t+ =150!1 ' 


For 0 r = 7C, r = —0.5 and 


Z L = 50 1 °' 5 = 15 Cl. 

1+0.5 
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Section 2-6: Input Impedance 

Problem 2.17 At an operating frequency of 300 MHz, a lossless 50-H air-spaced 
transmission line 2.5 m in length is terminated with an impedance Zl = (40 + j20) H. 
Find the input impedance. 

Solution: Given a lossless transmission line, Zq = 50 Q, f — 300 MHz, / = 2.5 m, 
and Zl = (40 + j*20) Q. Since the line is air filled, u p — c and therefore, from Eq. 
(2.38), 


p 


co 

Up 


2k x 300 x 10 6 „ 

- ——-= 271 rad/m. 

3 x 10 8 


Since the line is lossless, Eq. (2.69) is valid: 



{ Z L + jZo tan p/ \ 
v Zq + jZ L tan (3 /) 


5Q / (40 + ;2U)+75Utan(27l 






= 50 


50 + j(40 + j20) tan (2 ji rad/m x 2.5 m) 

(40 + j20)+j50x0 N 

5(l+ /!4(l ,211] xllj '■ w + l- LU > it - 


Problem 2.18 A lossless transmission line of electrical length / = 0.35Z is 
terminated in a load impedance as shown in Fig. 2-38 (P2.18). Find T, 5, and Z m . 


h--/ = 0.35^-H 


o 



o 


a 


Z L = (60 + ./30) Q. 


a 


Z 0 = 100 Q. 


Figure P2.18: Loaded transmission line. 


Solution: From Eq. (2.49a), 

= ^ l^Zo = (60+j30) -100 = m ,‘ 

Zl + Zq (60 + j'30) + 100 



1 + 

r 

1+0.307 

1- 

r 

“ 1-0.307 


1.89. 


From Eq. (2.59), 
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From Eq. (2.63) 



/ Z L + jZ Q tan [3/ \ 
VZ 0 + ;Z L tanpz ) 


= 100 


f (60 + /30) + j 100tan (M0.35X) 
( 100 + 7(60 + j30) tan (^-0351) 


(64.8-738.3) £2. 


Problem 2.19 Show that the input impedance of a quarter-wavelength long lossless 
line terminated in a short circuit appears as an open circuit. 


Solution: 



/ Z L +yZptanpA 
VZo + yZ L tanp/y ' 


For / = p/ = | With Zl = 0, we have 



/ jZg tan7t/2\ 

V 2o ) 



(open circuit). 


Problem 2.20 Show that at the position where the magnitude of the voltage on the 
line is a maximum the input impedance is purely real. 

Solution: From Eq. (2.56), Z max = (0 r + 2mt)/2p, so from Eq. (2.61), using polar 
representation for T, 


•Zin ( /max) — Zq 


(<+ 

r 

e^ x c ^ 2 P /max 

1- 

r 

efixe _/2(3/max 



( l + 

r 

e fix e -j{®x+2Mi) 

1 - 

r 

e jQr e -j(Q r +2Ml) 



•> 


which is real, provided Zq is real. 


Problem 2.21 A voltage generator with v g (^) = 5cos(27t x 10 9 f) V and internal 
impedance Z g = 50 £2 is connected to a 50-£l lossless air-spaced transmission 
line. The line length is 5 cm and it is terminated in a load with impedance 
Z L = (100-/100) £1 Find 

(a) r at the load. 

(b) Zj n at the input to the transmission line. 

(c) the input voltage V[ and input current I x . 
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Solution: 

(a) From Eq. (2.49a), 


r = 


Zl-Z 


„ = (100-jl00)-50 = 


Z L + Z() (100-/100) +50 


(b) All formulae for Z m require knowledge of |3 = co /w p . Since the line is an air line, 
u v = c , and from the expression for v g (t) we conclude co = 2% x 10 9 rad/s. Therefore 


n 271 x 10 9 rad/s 2071 

P = —z —tttq—:— = —”— rad/m. 
1 3 x 10 8 m/s 3 


Then, using Eq. (2.63), 


Zin — Zi 


0 


= 50 


= 50 


Z L + jZo tan p/ \ 

Zo + jZ L tan PZ / 

(100 — 7 IOO) + 7'50tan rad/m x 5 cm) 

50 + 7'(100 — 7 IOO) tan rad/m x 5 cm) 

j (100-/100) +j50tan(f rad) 


1 ^ / / 

y50 + j (100 —j' 100 ) tan (f rad) 


= (12.5 — j‘12.7) £1 


An alternative solution to this part involves the solution to paid (a) and Eq. (2.61). 

(c) In phasor domain, 14 = 5 V e j0 . From Eq. (2.64), 


Vi = 


V g z in 


5 x (12.5 —y'12.7) 
Z g +Z in “ 50+(12.5-712.7) 


= 1.40e~ j34 '°° (V), 


and also from Eq. (2.64), 


Vi _ 1.4e~ j34 0 ° 

'~Z~~ (12.5-742.7) 


= 78.4e J ' n ' 5 ° (mA) 


Problem 2.22 A 6 -m section of 150 -Q lossless line is driven by a source with 

v g (0 = 5 cos( 87 tx 10 7 ?-30°) (V) 

and Z g = 150 Q. If the line, which has a relative permittivity £ r = 2.25, is terminated 
in a load Zl = (150 — j'50) £2, find 

(a) X on the line, 

(b) the reflection coefficient at the load, 

(c) the input impedance, 
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(d) the input voltage V[, 

(e) the time-domain input voltage 

Solution: 


v g (t) = 5cos(87t x 10 7 7 — 30°) V, 
K = 5e- j30 ° V. 



z = -l z = 0 


I 



Figure P2.22: Circuit for Problem 2.22. 

(a) 

c 3 x 10 8 o 

vsr =2xl ° <m,s) ’ 

Ury 2nu v 27t x 2 x 10 8 
X= 7 = — = 8..X10’ =5 m ’ 

_ to 871 x 10 7 

P = 7 = 7ZW ='°' 4 ” <nd/m) ' 

P/ = 0.471 x 6 = 2.471 (rad). 



Z L (150-750) Q. 


Load 
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Since this exceeds 2n (rad), we can subtract 271, which leaves a remainder (3/ = 0 . 47 t 
(rad). 

r = = 150-750- 150 = -j 50 = Q 16 - 780 . 54 - 

Z L + Z 0 150-750+150 300-750 

(c) 



= Z 


o 


= 150 


Z L + 7 'Zo tan [3/ 

[ Z() + jZ L tan (3/ J 
' (150-750) + 7150 tan( 0 . 47 t) 
150 + 7(150 - 7'50) tan(0.47t)J 


(115.70 + j21 A2) Q. 


(d) 

5e _7300 (115.7 + 7'27.42) 

150 + 115.7 + 727.42 

5 -730- / 115.7 + 727.42 \ 

\265.7 + 727.42 j 

5e- j30 ° x 0.44e jlM ° = 2.2e~ j22 - 56 ° (V). 

(e) 

Vi (t) = mt[Vie jat ] = 94e[2.2 e ~ j22 56 °e j(0t ] = 2 . 2 cos( 87 t x 10 7 t -22.56°) V. 


Vi = 


V g z m 

Zg +z 


in 


Problem 2.23 Two half-wave dipole antennas, each with impedance of 75 £1, are 
connected in parallel through a pair of transmission lines, and the combination is 
connected to a feed transmission line, as shown in Fig. 2.39 (P2.23(a)). All lines are 
50 £1 and lossless. 

(a) Calculate Z- m , the input impedance of the antenna-terminated line, at the 
parallel juncture. 

(b) Combine Z- mx and Z- mi in parallel to obtain Z^, the effective load impedance of 
the feedline. 

(c) Calculate Z m of the feedline. 

Solution: 

(a) 




Z Ll + jZ 0 tan [3/i 
Z Q + jZ u tan |3/i 


( 75 + 750tan[(2jt/A,)(0.2X); 
\ 50 + /75tan[(27c/X)(0.2X); 


(35.20-78.62) Q. 
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7 7 
Zjn i 4“ '-in? 


(35.20-j8.62) 2 
2(35.20 — j'8.62) 


(17.60-j4.31) £2. 



o 


/ = 0 . 3 ^ 




o-o- 

Figure P2.23: (b) Equivalent circuit. 


( (17.60-j4.31) + j50tan[(27t/X)(0.3X)] 
\ 50 + j{ 17.60 -j'4.31) tan[(27C/A.) (0.3A.)] 


(107.57-j'56.7) Q.. 
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Section 2-7: Special Cases 

Problem 2.24 At an operating frequency of 300 MHz, it is desired to use a section 
of a lossless 50-£l transmission line terminated in a short circuit to construct an 
equivalent load with reactance X — 40 Cl. If the phase velocity of the line is 0.75c, 
what is the shortest possible line length that would exhibit the desired reactance at its 
input? 

Solution: 


(3 = oo /iip = 


(27t rad/cycle) x (300 x 10 6 cycle/s) 
0.75 x (3 x 10 8 m/s) 


= 8.38 rad/m. 


On a lossless short-circuited transmission line, the input impedance is always purely 
imaginary; i.e., = jX*£. Solving Eq. (2.68) for the line length, 


/ = I ,a„- ( X -l) = 1 («fT) = <0- 675 +"*>“ d 

P \ Zo / 8.38 rad/m \50 £l) 8.38 rad/m 


for which the smallest positive solution is 8.05 cm (with n = 0). 


Problem 2.25 A lossless transmission line is terminated in a short circuit. How 
long (in wavelengths) should the line be in order for it to appear as an open circuit at 
its input terminals? 

Solution: From Eq. (2.68), Z \* = yZotanp/. If p/ = (7t/2 +mt), then Zj^ = j°° (£2). 
Hence, 



71 

-+,m 


X nk 



This is evident from Figure 2.15(d). 


Problem 2.26 The input impedance of a 31-cm-long lossless transmission line of 
unknown characteristic impedance was measured at 1 MHz. With the line terminated 
in a short circuit, the measurement yielded an input impedance equivalent to an 
inductor with inductance of 0.064 /rH, and when the line was open circuited, the 
measurement yielded an input impedance equivalent to a capacitor with capacitance 
of 40 pF. Find Zq of the line, the phase velocity, and the relative permittivity of the 
insulating material. 

Solution: Now co = 27 if — 6.28 x 10 6 rad/s, so 

Zf n c = JCOL = j2n x 10 6 x 0.064 x 10“ 6 = jOA Q 
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and Z° c = 1 /jcoC = 1 /(j2n x 10 6 x 40 x 10 12 ) = -;4000 Q. 

From Eq. (2.74), Z 0 = yzp°f = ^{jOA £2)(-j4000 Q) = 40 Q. Using 
Eq. (2.75), 

_ (0 _ 00 / 

“ P = P = tan - 1 v^Tzf 

_ 6.28 xl0 6 x 0,31 _ 1.95 x 10 6 

tan” 1 (±y'-/).4/(-j4000)) (±0.01 +nJl) 

where n > 0 for the plus sign and n > 1 for the minus sign. For n = 0, 
u v = 1.94 x 10 8 m/s = 0.65c and £ r = (c/up) 2 = 1/0.65 2 = 2.4. For other values 
of n. Up is very slow and £ r is unreasonably high. 


Problem 2.27 A 75-£2 resistive load is preceded by a A,/4 section of a 50-£l lossless 
line, which itself is preceded by another X/4 section of a 100-line. What is the input 
impedance? 

Solution: The input impedance of the X/4 section of line closest to the load is found 
from Eq. (2.77): 



50 2 

75" 


33.33 a. 


The input impedance of the line section closest to the load can be considered as the 
load impedance of the next section of the line. By reapplying Eq. (2.77), the next 
section of X/4 line is taken into account: 



100 2 

33.33 


= 300 Q. 


Problem 2.28 A 100-MHz FM broadcast station uses a 300-£1 transmission line 
between the transmitter and a tower-mounted half-wave dipole antenna. The antenna 
impedance is 73 £2. You are asked to design a quarter-wave transformer to match the 
antenna to the line. 

(a) Determine the electrical length and characteristic impedance of the quarter- 
wave section. 

(b) If the quarter-wave section is a two-wire line with d = 2.5 cm, and the spacing 
between the wires is made of polystyrene with £ r = 2.6, determine the physical 
length of the quarter-wave section and the radius of the two wire conductors. 
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Solution: 

(a) For a match condition, the input impedance of a load must match that of the 
transmission line attached to the generator. A line of electrical length X/4 can be 
used. From Eq. (2.77), the impedance of such a line should be 

Z 0 = = V300 x 73 = 148 Cl 



1 Up c 
4 = 47 = V^7 


3x 10 8 

4 v/l6 x 100 x 10 6 


= 0.465 m, 


and, from Table 2-2, 



Hence, 



148\/l6 

120 


1.99, 


which leads to 



and whose solution is a — d/1.44 — 25 cm/7.44 = 3.36 mm. 


Problem 2.29 A 50-MHz generator with Z g = 50 Cl is connected to a load 
Zl = (50 — j25) £2. The time-average power transferred from the generator into the 
load is maximum when Z g = Z£, where Z£ is the complex conjugate of Zl- To achieve 
this condition without changing Z g , the effective load impedance can be modified by 
adding an open-circuited line in series with Zl, as shown in Fig. 2-40 (P2.29). If the 
line’s Zq = 100 £2, determine the shortest length of line (in wavelengths) necessary 
for satisfying the maximum-power-transfer condition. 

Solution: Since the real part of Zl is equal to Z g , our task is to find / such that the 
input impedance of the line is Z m — + j25 £2, thereby cancelling the imaginary part 
of Zl (once Zl and the input impedance the line are added in series). Hence, using 
Eq. (2.73), 


/100 cot (3/ = j 25, 
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Figure P2.29: Transmission-line arrangement for Problem 2.29. 


or 


which leads to 



- -0.25, 


(3/ — -1.326 or 1.816. 


Since / cannot be negative, the first solution is discarded. The second solution leads 
to 


1.816 

"T~ 


1.816 
(2k/X) 


0.29X. 


Problem 2.30 A 50-D lossless line of length / = 0.375X connects a 300-MHz 
generator with V g — 300 V and Z g = 50 to a load Zl. Determine the time-domain 
current through the load for: 

(a) Z L = (50 —j50) Q, 

(b) Z L = 50 a, 

(c) Zl = 0 (short circuit). 


Solution: 

(a) Z L = (50 — j50) ft. 


Zl — Zp 
Zl + Z 0 


pZ = f x 0.375X = 2.36 (rad) = 135°. 

50 — j50 — 50 _ ~j50 _ j 

50 - ,/50 + 50 100 - ;50 


Application of Eq. (2.63) gives: 




Z L + ./Zo tan pz' 

— SO 

' (50 — j50)+ j50tan 135° 

_Z 0 + ./'Z L tan p/ 

— JO 

50 + j(50 — j50) tan 135° 


(100 + j 50) ft. 
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50 n 

wv—° 


Transmission line 

— o 


+ 



Generator 


Z in —► Z 0 = 50 £1 



(50-7*50) £1 



o- 

/ = 0.375 X -H Load 

z - 0 



Figure P2.30: Circuit for Problem 2.30(a). 


Using Eq. (2.66) gives 


y+ = ( J&L.) ( _1_) 

0 ( Z g + Z in ) \eW + Te-ftl) 

300(100+ ;50) 7 1 \ 

~~ 50+ (100 + 750) U' 135 ° +0.45^' 63 - 43o ^' 135 V 

= I50e~ jl35 ° (V), 

V+ ISO ^—7135° 

7 L = ^-(l-r) = -(1 -0.45e-;' 63 - 43 °) = 2.68^' 108 - 440 (A), 

Zo 50 

*l( 0 = 93e[7 L e^] 

= «e[2.68^ 108 - 44 V 67txl ° 8f ] 

= 2.68cos(67i x 10 8 l - 108.44°) (A). 
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(b) 


Z L 
r 
z 


in 




50 Q, 

0, 

300 x 50 


/l = 
nit) = 
(c) 


50 + 50 W 135 
150 


= 150^' 135 ° (V), 


Zo = 50 Q., 


V 


e -n^ = 3e -n^ (A ), 


Z 0 50 

<Ke[3e- yi35 V 6,lxlo8f ] = 3 cos (671 x 10 8 7 - 135°) 


(A). 


Zl = 

r = 

Z in = 


V 


0, 

- 1 , 

^ ( 0+ /Z 0 tan 135° 

Z ° -^TTi- ) = ./ z otan 135 = -j50 (Q), 

V Zo + u 

300(—j50) / 

50 — j50 V^ 135 °-e- 

^[l~r]= 15 °5 q J 135 [1 + 1] - 6e- 3l35 ° (A), 




Il- 

i L (t) = 6 cos (671 x 10 8 7 - 135°) (A). 


Section 2-8: Power Flow on Lossless Line 

Problem 2.31 A generator with V g = 300 V and Z g = 50 £1 is connected to a load 
Zl = 75 £2 through a 50-£l lossless line of length / = 0.15Z. 

(a) Compute Z m , the input impedance of the line at the generator end. 

(b) Compute I\ and Vf 

(c) Compute the time-average power delivered to the line, Pi n = /*]. 

(d) Compute Vl, /l, and the time-average power delivered to the load, 

Pl — How does Pi n compare to P\J Explain. 

(e) Compute the time average power delivered by the generator, P g , and the time 
average power dissipated in Z g . Is conservation of power satisfied? 


Solution: 
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Z = -l Z = 0 


I 



Figure P2.31: Circuit for Problem 2.31. 



pZ = ^x0.15X = 54°, 


Z() 

Z L + /Zotanp/" 

= 50 

75 + j50tan54° 


_Z 0 + /'Z[tanp/_ 


50 + j'75tan54°_ 


= (41.25 — j 16.35) Q.. 



T = V s = __= 3 24 e jl0A6 ° (A) 

1 Z g +Z in 50+ (41.25 -;16.35) ' 1 ' 

Vi = 7^Z in = 3.24£? 7l016 ° (41.25 — j‘16.35) = 143.6^ n - 46 ° 


(V). 
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(c) 


p in = I<He[Vi I*] = l{Ke[143.6e _ - , ' 11 - 46 ° x 3.24<T- /iai6 °] 


143.6 x 3.24 


cos(21.62°) =216 (W). 


(d) 


r = 


Z L - Zp _ 75-50 
Z L + Z 0 75 + 50 


= 0 . 2 , 


V 


= Vi 


1 


143.6 e -i nM 


efi 1 + Te~& / */54° + o.2e - ^' 54 


== = 150e _y54 ° (V), 


V L = V 0 +(l + r) = 150e 7540 (1 +0.2) = 180e /54 ° (V), 


Il = 


Pl = 


i ( l-n = l^ ( l-0.2,=2. 4e -^ (A, 


4) 


50 


^94e[y L /rj = l<Ke[180<r ; ' 54 ° x 2.4e' 54 ] = 216 (W). 

Z- Z- 


Pl = Pin, which is as expected because the line is lossless; power input to the line 
ends up in the load. 

(e) 

Power delivered by generator: 


p g = I<Ke[V;g/i] = ^01e[300 x 3.24e jWA6 °] = 486cos(10.16°) 


= 478.4 (W), 


Power dissipated in Z g : 

P Zg = X -y\t\iy zg ] = l^e[M*Z g ] = 1|4| 2 Z, 
Note 1: P g = P z „ +Pn = 478.4 W. 


1 (3.24) 2 x 50 = 262.4 (W). 

A* 


Problem 2.32 If the two-antenna configuration shown in Fig. 2-41 (P2.32) is 
connected to a generator with V g = 250 V and Z g = 50 £2, how much average power 
is delivered to each antenna? 

Solution: Since line 2 is X/2 in length, the input impedance is the same as 
Zli = 75 Q. The same is true for line 3. At junction C-D, we now have two 75-£2 
impedances in parallel, whose combination is 75/2 = 37.5 £2. Line 1 is X/2 long. 
Hence at A-C, input impedance of line 1 is 37.5 £2, and 


F g _ 250 

Zg T Z| n 50 T 37.5 


2.86 (A), 
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z Ll - 75 a 
(Antenna 1) 


Zl 2 = 75 n 
(Antenna 2) 


Pin = = ^e[/i/*Zf n ] = (2 ' 86) ~ 2 X 37-5 = 153.37 (W). 

This is divided equally between the two antennas. Hence, each antenna receives 
= 76.68 (W). 


Problem 2.33 For the circuit shown in Fig. 2-42 (P2.33), calculate the average 
incident power, the average reflected power, and the average power transmitted into 
the infinite 100-£1 line. The X/2 line is lossless and the infinitely long line is 
slightly lossy. (Hint: The input impedance of an infinitely long line is equal to its 
characteristic impedance so long as a ^ 0.) 

Solution: Considering the semi-infinite transmission line as equivalent to a load 
(since all power sent down the line is lost to the rest of the circuit), Z^ = Z\ = 100 Q. 
Since the feed line is X/2 in length, Eq. (2.76) gives Z m = Zl = 100 £1 and 
(3/ = (27i/A,)(A,/2) = jc, so e ±J '^ = —1. From Eq. (2.49a), 

r _ Z L —Zp _ 100-50 _ 1 
Zl + Zq 100 + 50 3 
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i 



oo 


Figure P2.33: Line terminated in an infinite line. 


Also, converting the generator to a phasor gives V g = 2e j{) (V). Plugging all these 
results into Eq. (2.66), 



1 


eM + Te 


/ 2x 100 \f 1 
\50+ 100J ((-1) + I(-1) 

= (V). 


From Eqs. (2.84), (2.85), and (2.86), 


P l 

* av 


p r 

x av 


|V 0 +1 2 _ |1^80 O 


2 Z 


o 


2x50 


-|r| 2 Plv = - 


i 

3 


= 10.0 mW, 


x 10 mW = —1.1 mW, 


P‘ v = P av = P‘ v -I- = 10.0 mW -1.1 mW = 8.9 mW. 


Problem 2.34 An antenna with a load impedance Zl = (75 + j 25) Q. is connected to 
a transmitter through a 50-£2 lossless transmission line. If under matched conditions 
(50-£2 load), the transmitter can deliver 20 W to the load, how much power does it 
deliver to the antenna? Assume Z 2 = Zq. 
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Solution: From Eqs. (2.66) and (2.61), 




VgZjn 
Zg + ^in 


1 


*/P/ + Ye 


v g Zo[(i+r g -^)/(i-r g -^)] 

V r-w . 'r T/i . i—' _»OR/\ / / i t 1 _nR/\l / v 


-y'P/ 


z 0 +zb [(i + iw 2 ^)/(i - rw 2 ^)] l+r^-^ 2 P / 


) 


Vgg-^ 


(l-rg-^j + ii+rg-^) 

VZ! = iy e -V 


Thus, in Eq. (2.86), 


p — 

1 av — 




+ |2 


0 


2Z, 


o 


(1-I r ! 2 ) = 


-V p-$ l 2 _ Iv" 

2 V g^ (1 ir-|2\ _ rg 


2Z 


0 




8 Z 


0 


Under the matched condition, |F| = 0 and Pl = 20 W, so | Vg | 2 /8 Zq = 20 W. 
When Zl = (75 + j25) £2, from Eq. (2.49a), 

= Zl-Zq = (75+j25)Q-50Q = , 3 3.6° 

Z L + Z 0 (75+725) £2+ 50 £2 


so P av = 20 W (1 - |r| 2 ) = 20 W (1 - 0.277 2 ) = 18.46 W. 


Section 2-9: Smith Chart 

Problem 2.35 Use the Smith chart to find the reflection coefficient corresponding 
to a load impedance: 

(a) Zl = 3Zo, 

(b) Z L = (2 — 2j)Z 0 , 

(c) Z L = —2jZo, 

(d) Zl = 0 (short circuit). 

Solution: Refer to Fig. P2.35. 

(a) Point A is zl — 3 + jO. F = 0.5e° 

(b) Point P is z L — 2 — j2. F = 0.62e~ 29J ° 

(c) Point C is z L — 0 — j2. F = l.0e~ 53A ° 

(d) Point D is z L = 0 + jO. F = l.0e m -°° 





Problem 2.36 Use the Smith chart to find the normalized load impedance 
corresponding to a reflection coefficient: 

(a) r = 0.5, 

(b) r = 0.5/601, 

(c) r= -l, 

(d) r = 0.3/- 30 °, 

(e) r = 0, 

(f) r = j. 

Solution: Refer to Fig. P2.36. 
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Figure P2.36: Solution of Problem 2.36. 


(a) Point A 7 is F 

(b) Point B' is F 

(c) Point C' is r 

(d) Point D' is F 

(e) Point E 1 is T 

(f) Point F 1 is F - 


0.5 at zl = 3 + j 0. 

0.5^ 60 ° at zl = 1 + 71 . 15 . 

-1 at zl = 0 + j0. 

:0.3^' 30 ° at zl = 1.60 — 7 * 0 . 53 . 
0 at z L = 1 + 7 O. 
j at z L = 0 + 7 * 1 . 


Problem 2.37 On a lossless transmission line terminated in a load Zl = 100 £1, 
the standing-wave ratio was measured to be 2.5. Use the Smith chart to find the two 
possible values of Zq. 




Problem 2.38 A lossless 50-£l transmission line is terminated in a load with 
Zl = (50 + j25) Cl. Use the Smith chart to find the following: 

(a) the reflection coefficient T, 

(b) the standing-wave ratio, 

(c) the input impedance at 0.35^ from the load, 
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(d) the input admittance at 0.35^ from the load, 

(e) the shortest line length for which the input impedance is purely resistive, 

(f) the position of the first voltage maximum from the load. 



Figure P2.38: Solution of Problem 2.38. 


Solution: Refer to Fig. P2.38. The normalized impedance 


. (50 + j25)Q 

ZL 50S2 1 + -'°' 5 


is at point Z-LOAD. 

(a) r = 0.24^ i76 () The angle of the reflection coefficient is read of that scale at 
the point 0 r . 
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(b) At the point SWR: S — 1.64. 

(c) Zj n is 0.350A from the load, which is at 0.144 A, on the wavelengths to generator 
scale. So point Z-IN is at 0.144A + 0.350A = 0.494A on the WTG scale. At point 
Z-IN : 


Z in = z in Z 0 = (0.61-./0.022) x 50 £2 = (30.5-/1.09) £2. 

(d) At the point on the SWR circle opposite Z-IN , 



(1.64 + 7 O.O 6 ) 
50Q 


= (32.7 + yi.17) mS. 


(e) Traveling from the point Z-LOAD in the direction of the generator (clockwise), 
the SWR circle crosses the xl = 0 line first at the point SWR. To travel from Z-LOAD 
to SWR one must travel 0.250A —0.144A = 0.106 A,. (Readings are on the wavelengths 
to generator scale.) So the shortest line length would be 0.106A. 

(f) The voltage max occurs at point SWR. From the previous part, this occurs at 
z — —0.106A. 


Problem 2.39 A lossless 50-£2 transmission line is terminated in a short circuit. 
Use the Smith chart to find 

(a) the input impedance at a distance 2 .3 A from the load, 

(b) the distance from the load at which the input admittance is Ti n = — 7*0.04 S. 

Solution: Refer to Fig. P2.39. 

(a) For a short, Zm — 0 + y’0. This is point Z-SHORT and is at 0.000A on the WTG 
scale. Since a lossless line repeats every A/2, traveling 2.3A toward the generator is 
equivalent to traveling 0.3A toward the generator. This point is at A : Z-IN , and 

Z in = z in Z 0 = (0 - 7*3.08) x 50 Cl = -7*154 £2. 

(b) The admittance of a short is at point Y-SHORT and is at 0.250A on the WTG 
scale: 


Jin = F in Z 0 = -7*0.04 S x 50 £1 - -j2, 

which is point B : Y-IN and is at 0.324A on the WTG scale. Therefore, the line length 
is 0.324A — 0.250A = 0.074A. Any integer half wavelengths farther is also valid. 
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Figure P2.39: Solution of Problem 2.39. 


Problem 2.40 Use the Smith chart to find y l if Zl — 1.5 — j 0.7. 

Solution: Refer to Fig. P2.40. The point Z represents 1.5 — y'0.7. The reciprocal of 
point Z is at point Y, which is at 0.55 + y'0.26. 





Problem 2.41 A lossless 100-£2 transmission line 3Z/8 in length is terminated in 
an unknown impedance. If the input impedance is Z m — — 7*2.5 £2, 

(a) use the Smith chart to find Zl. 

(b) What length of open-circuit line could be used to replace Z\J 

Solution: Refer to Fig. P2.41. Z[ n — Zi n /Zo = —7*2.5 £2/100 £2 = 0.0 — 7*0.025 which 
is at point Z-IN and is at 0.004Z on the wavelengths to load scale. 

(a) Point Z-LOAD is 0.375Z toward the load from the end of the line. Thus, on the 
wavelength to load scale, it is at 0.004Z + 0.375Z = 0.379Z. 

Z L = z l Zq = (0 + 7*0.95) x 100 £2 = j95 £2. 
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Figure P2.41: Solution of Problem 2.41. 


(b) An open circuit is located at point Z-OPEN , which is at 0.2507, on the 
wavelength to load scale. Therefore, an open circuited line with Z- m — — 7*0.025 must 
have a length of 0.2507, — 0.0047, = 0.2467,. 

Problem 2.42 A 75-£2 lossless line is 0.67, long. If S = 1.8 and 0 r = —60°, use the 
Smith chart to find |F|, Zl, and Z m . 

Solution: Refer to Fig. P2.42. The SWR circle must pass through 5 = 1.8 at point 
SWR. A circle of this radius has 


' r ' = §TT = °- 29 - 
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Figure P2.42: Solution of Problem 2.42. 


The load must have a reflection coefficient with 0 r = —60°. The angle of the reflection 
coefficient is read off that scale at the point 0 r . The intersection of the circle of 
constant |F| and the line of constant 0 r is at the load, point Z-LOAD , which has a 
value zl — 1.15 — j'0.62. Thus, 

Z L - z L Zo = ( 1 . 15 - 70 . 62 ) x 75 O = (86.5 - 746 . 6 ) £2. 

A 0.6Z line is equivalent to a 0.1 A, line. On the WTG scale, Z-LOAD is at 0.333A,, 
so Z-IN is at 0.333Z + 0.100Z = 0.433Z and has a value 


Zi n = 0.63 — 7*0.29. 
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Therefore Z in = z in Z 0 = (0.63 - j 0.29) x 75 £1 = (47.0 - j21.8) Q. 

Problem 2.43 Using a slotted line on a 50-£l air-spaced lossless line, the following 
measurements were obtained: 5 = 1.6, |U| max occurred only at 10 cm and 24 cm from 
the load. Use the Smith chart to find Zl. 



Figure P2.43: Solution of Problem 2.43. 


Solution: Refer to Fig. P2.43. The point SWR denotes the fact that S = 1.6. 
This point is also the location of a voltage maximum. From the knowledge of the 
locations of adjacent maxima we can determine that Z = 2(24 cm — 10 cm) = 28 cm. 
Therefore, the load is ^ ™ A, = 0.357Z from the first voltage maximum, which is at 
0.250Z on the WTL scale. Traveling this far on the SWR circle we find point Z-LOAD 
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at 0.2507. + 0.3577. — 0.5007. = 0.1077. on the WTL scale, and here 


zl — 0.82 — yO.39. 

Therefore Z L = z L Z 0 = (0.82 - j0.39) x 50 Q = (41.0 - y!9.5) Q. 


Problem 2.44 At an operating frequency of 5 GHz, a 50-£2 lossless coaxial line 
with insulating material having a relative permittivity e r = 2.25 is terminated in an 
antenna with an impedance Zl = 150 Q. Use the Smith chart to find Z m . The line 
length is 30 cm. 

Solution: To use the Smith chart the line length must be converted into wavelengths. 
Since (3 = 27t/T. and u v = co/(3, 

. 2n 2nu v c 3 x 10 8 m/s 

7. = — =-- = —= ■■ ---= 0.04 m. 

(3 CO yfef V2^25 X (5 X 10 9 Hz) 

Hence, / = q 04 ^ 7. = 7.57.. Since this is an integral number of half wavelengths, 

Z[ n = Zl = 150 Q. 


Section 2-10: Impedance Matching 

Problem 2.45 A 50-£2 lossless line 0.67. long is terminated in a load with 
Zl = (50 + j 25) Q. At 0.37. from the load, a resistor with resistance 7^ = 30 is 
connected as shown in Fig. 2-43 (P2.45(a)). Use the Smith chart to find Z m . 


o ■ . ■+ 



h-0.37.-►h 

Zl = (50 +725) £1 



Figure P2.45: (a) Circuit for Problem 2.45. 
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Figure P2.45: (b) Solution of Problem 2.45. 


Solution: Refer to Fig. P2.45(b). Since the 30-£2 resistor is in parallel with the input 
impedance at that point, it is advantageous to convert all quantities to admittances. 


Z L (50 + j25)Q 
Zo 50 £1 


1 + 7*0.5 


and is located at point Z-LOAD. The corresponding normalized load admittance is 
at point Y-LOAD , which is at 0.394Z on the WTG scale. The input admittance of 
the load only at the shunt conductor is at 0.394Z + 0.300Z — 0.500Z = 0.194Z and is 
denoted by point A. It has a value of 


yinA — 1 -37 +7*0.45. 
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The shunt conductance has a normalized conductance 


50 £2 

3 OH 


1.67. 


The normalized admittance of the shunt conductance in parallel with the input 
admittance of the load is the sum of their admittances: 


yinB — g + JinA — 1 -67 + 1.37 + 7*0.45 — 3.04 + j'0.45 

and is located at point B. On the WTG scale, point B is at 0.2427,. The input 
admittance of the entire circuit is at 0.2427, + 0.3007, — 0.5007, = 0.0427, and is 
denoted by point Y-IN. The corresponding normalized input impedance is at Z-IN 
and has a value of 



1.9 — y 1.4. 


Thus, 


z in - ZinZo = (1.9 - 7*1.4) x 50 O = (95 - jlO) £2. 


Problem 2.46 A 50-0 lossless line is to be matched to an antenna with 


Z L = (75 -7*20)0 


using a shorted stub. Use the Smith chart to determine the stub length and the distance 
between the antenna and the stub. 


Solution: Refer to Fig. P2.46(a) and Fig. P2.46(b), which represent two different 
solutions. 



(75 - ;20) O 
500 


1.5 -7*0.4 


and is located at point Z-LOAD in both figures. Since it is advantageous to work in 
admittance coordinates, is plotted as point Y-LOAD in both figures. Y-LOAD is at 
0.041Z on the WTG scale. 

For the first solution in Fig. P2.46(a), point Y-LOAD-IN -1 represents the point 
at which g = 1 on the SWR circle of the load. Y -LOAD-IN-\ is at 0.1457, on the 
WTG scale, so the stub should be located at 0.1457, — 0.0417, = 0.1047, from the 
load (or some multiple of a half wavelength further). At Y-LOAD-IN- 1, b = 0.52, 
so a stub with an input admittance of y stu b = 0 — 7'0.52 is required. This point is 
Y-STUB-IN-\ and is at 0.4237, on the WTG scale. The short circuit admittance 
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Figure P2.46: (a) First solution to Problem 2.46. 


is denoted by point Y-SHT , located at 0.250A*. Therefore, the short stub must be 
0.423A, — 0.250A. = 0.1732c long (or some multiple of a half wavelength longer). 

For the second solution in Fig. P2.46(b), point Y-LOAD-IN-2 represents the point 
at which g = 1 on the SWR circle of the load. Y-LOAD-IN-2 is at 0.355A, on the 
WTG scale, so the stub should be located at 0.355A, — 0.041A, = 0.314A, from the 
load (or some multiple of a half wavelength further). At Y-LOAD-IN- 2, b — —0.52, 
so a stub with an input admittance of y stu b = 0 + y'0.52 is required. This point is 
Y-STUB-IN-2 and is at 0.077A, on the WTG scale. The short circuit admittance 
is denoted by point Y-SHT , located at 0.250A*. Therefore, the short stub must be 
0.077A, — 0.250A. + 0.500A, = 0.327A, long (or some multiple of a half wavelength 





Problem 2.47 Repeat Problem 2.46 for a load with Zl = (100 + 7*50) £2. 

Solution: Refer to Fig. P2.47(a) and Fig. P2.47(b), which represent two different 
solutions. 

Z L 100 + j50 £1 „ , 


" L Z 0 50 Q 


= 2 + jl 


and is located at point Z-LOAD in both figures. Since it is advantageous to work in 
admittance coordinates, jl is plotted as point Y-LOAD in both figures. Y-LOAD is at 
0.463Z on the WTG scale. 
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Figure P2.47: (a) First solution to Problem 2.47. 


For the first solution in Fig. P2.47(a), point Y-LOAD-IN -1 represents the point 
at which g = 1 on the SWR circle of the load. Y -LOAD-IN is at 0.1627, on the 
WTG scale, so the stub should be located at 0.1627, — 0.4637, + 0.5007, = 0.1997, 
from the load (or some multiple of a half wavelength further). At Y-LOAD-IN- 1, 
b — 1, so a stub with an input admittance of y stu b = 0 — j 1 is required. This point 
is Y-STUB-IN -1 and is at 0.3757, on the WTG scale. The short circuit admittance 
is denoted by point Y-SHT , located at 0.2507,. Therefore, the short stub must be 
0.3757,-0.2507, = 0.1257, long (or some multiple of a half wavelength longer). 

For the second solution in Fig. P2.47(b), point Y-LOAD-IN -2 represents the point 
at which g = 1 on the SWR circle of the load. Y-LOAD-IN-2 is at 0.3387, on the 




CHAPTER 2 


75 



Figure P2.47: (b) Second solution to Problem 2.47. 


WTG scale, so the stub should be located at 0.3387, — 0.4637, + 0.5007, = 0.3757, 
from the load (or some multiple of a half wavelength further). At Y-LOAD-IN- 2, 
b — — 1, so a stub with an input admittance of y stu b = 0 + j 1 is required. This point 
is Y-STUB-IN-2 and is at 0.1257, on the WTG scale. The short circuit admittance 
is denoted by point Y-SHT , located at 0.2507,. Therefore, the short stub must be 
0.1257, — 0.2507, + 0.5007, = 0.3757, long (or some multiple of a half wavelength 
longer). 


Problem 2.48 Use the Smith chart to find Z m of the feed line shown in Fig. 2-44 
(P2.48(a)). All lines are lossless with Zq = 50 £2. 
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Z\ = (50 +750) £1 



Solution: Refer to Fig. P2.48(b). 


Z\ 50 + j 50 £1 

Zq 50 £1 


1+7*1 


and is at point Z-LOAD- 1. 


Za _ 50 - 750 £1 
Zq 50 £1 


1-7*1 


and is at point Z-LOAD- 2. Since at the junction the lines are in parallel, it is 
advantageous to solve the problem using admittances. y\ is point Y-LOAD- 1, which 
is at 0.412A on the WTG scale. is point Y-LOAD-2, which is at 0.088A on the 
WTG scale. Traveling 0.300A from Y-LOAD- 1 toward the generator one obtains the 
input admittance for the upper feed line, point Y-IN-1, with a value of 1.97 + 71-02. 
Since traveling 0.700A is equivalent to traveling 0.200A on any transmission line, 
the input admittance for the lower line feed is found at point Y-IN-2, which has a 
value of 1.97 — 71-02. The admittance of the two lines together is the sum of their 
admittances: 1.97 + 71*02 + 1.97 — 71*02 = 3.94 + 70 and is denoted Y-JUNCT. 
0.300A, from Y-JUNCT toward the generator is the input admittance of the entire 
feed line, point Y-IN, from which Z-INis found. 


Z in - ZinZo = (1.65 - 71.79) x 50 £2 = (82.5 - 789.5) £1. 
















Problem 2.49 Repeat Problem 2.48 for the case where all three transmission lines 
are X/4 in length. 

Solution: Since the transmission lines are in parallel, it is advantageous to express 
loads in terms of admittances. In the upper branch, which is a quarter wave line, 

Y _ y o_Zi 

1 1 m — y — y 2 ’ 

1 1 
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and similarly for the lower branch, 




Thus, the total load at the junction is 


YjCT — Y\ in + Yl in 


Z\ +Z2 



Therefore, since the common transmission line is also quarter-wave, 


Z in = Zq / Zjct = ZqFjct = Zj + Z 2 = (50 + j50) Q + (50 - j50) Q = 100 Q. 


Section 2-11: Transients on Transmission Lines 


Problem 2.50 Generate a bounce diagram for the voltage V(z,t) for a 1-m long 
lossless line characterized by Zq = 50 £1 and u p = 2c/3 (where c is the velocity of 
light) if the line is fed by a step voltage applied at t — 0 by a generator circuit with 
Vg = 60 V and R g = 100 £1. The line is terminated in a load Zl = 25 £1. Use the 
bounce diagram to plot V ( t) at a point midway along the length of the line from t — 0 
to t = 25 ns. 

Solution: 


, _ R g -Z 0 _ 100-50 50 _ 1 

g_ R g + Zo - 100 + 50 “ 150 ““ 3 ’ 
Zl-Zo 25-50 -25 -1 

L_ Z L + Z() “ 25 + 50 “ ~T5~ ~ ~Y ' 


From Eq. (2.124b), 



60x50 
100 + 50 


20 V. 


Also, 


/ / 3 

Mp “ 2^73 “ 2 x 3 x 10 8 


The bounce diagram is shown in Fig. P2.50(a) and the plot of V (?) in Fig. P2.50(b). 
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Figure P2.50: (a) Bounce diagram for Problem 2.50. 


V(0.5 m, t) 

A 


20 V 


13.34 V 


1 11.12V. H-86 V, 12 - 1QV 


H-1-1-1-1-1-1-1-1-► 

5 10 15 20 25 


Figure P2.50: (b) Time response of voltage. 
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Problem 2.51 Repeat Problem 2.50 for the current I on the line. 

Solution: 


From Eq. (2.124a), 


r g 

r L 


R g — Zo 
R g + Z 0 
Zl — Zq 
Zl + Zq 


100-50 1 

100 + 50 “ 3 ’ 
25-50 -1 

25 + 50 “ T' 



60 

100 + 50 


0.4 A. 


The bounce diagram is shown in Fig. P2.51(a) and /(f) in Fig. P2.51(b). 



Figure P2.51: (a) Bounce diagram for Problem 2.51. 
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1(0.5 m, t) 



t (ns) 


Problem 2.52 In response to a step voltage, the voltage waveform shown in Fig. 
2-45 (P2.52) was observed at the sending end of a lossless transmission line with 
Ra = 50 £2, Zq = 50 Q, and 8 r = 2.25. Determine (a) the generator voltage, (b) the 
length of the line, and (c) the load impedance. 


V(0, t) 


- 3 V 


0 




z 


Figure P2.52: Observed voltage at sending end. 


Solution: 

(a) From the figure, V+ — 5 V. Applying Eq. (2.124b), 

v+ _ VgZo _ VgZb 

1 Rg + Zo Z() + Zq 2 


which gives Vo — 2V^ — 10 V. 
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c 3 x 10 8 o 

(b) u G = —= = — _ _ = 2 x 10 m/s. The first change in the waveform occurs 
F y/225 

at At — 6 jjs. But At — 2//w p . Hence, 

I = = 6 X 10- 6 x 2 x 10* = 600 m . 


(c) Since Ro — Zq, T g = 0. Hence V 2 + = 0 and the change in level from 5 V down 
to 3 V is due to V[~ = —2 V. But 


Vf = r L v+, 


or r, = y ' 


-2 




= -0.4. 


From 


Zl=Zo (2V) = 50 (t 


-0.4 


+ 0.4 


= 21.43 £2. 


Problem 2.53 In response to a step voltage, the voltage waveform shown in Fig. 
2.46 (P2.53) was observed at the sending end of a shorted line with Zo = 50 £1 and 
8 r = 4. Determine K, Ro, and the line length. 


V(0, t) 


12 V 


3 V 

-1— 

0 7 ps 


0.75 V 


14 ps 


z 


Figure P2.53: Observed voltage at sending end. 


Solution: 



3 x 10 8 

~7T 


— 1.5 x 10 8 m/s, 


7 i tvs = 7x 10“ 6 s 


2/ 
u p 


21 

1.5 x 10 8 ' 


Hence, / = 525 m. 
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From the voltage waveform, V+ — 12 V. At t — 7/,/s, the voltage at the sending end 


is 


V(z = 0,r = 7/js) = +r L F 1 + +r g r L F 1 + = -rgV+ (because T L = -1) 
Hence, 3 V= —Fa x 12 V, or T g = —0.25. From Eq. (2.128), 


R a = z 0 ( Ftli) = 50 (-—] = 30 a 


l-r. 


1+0.25 


Also, 




VgZo 

Ra + Zb 


or 12 = 


Va x 50 

& _ 

30 + 50’ 


which gives V g = 19.2 V. 


Problem 2.54 Suppose the voltage waveform shown in Fig. 2-45 was observed at 
the sending end of a 50-H transmission line in response to a step voltage introduced 
by a generator with V g = 15 V and an unknown series resistance R g . The line is 1 km 
in length, its velocity of propagation is 1 x 10 8 m/s, and it is terminated in a load 
Z L = 100 a 

(a) Determine Ra. 

(b) Explain why the drop in level of V (0+) at t — 6 /js cannot be due to reflection 
from the load. 

(c) Determine the shunt resistance Rf and the location of the fault responsible for 
the observed waveform. 

Solution: 


V(0,0 


5 V 




— 

3 V 

— 


z 


0 


6 jLXS 


Figure P2.54: Observed voltage at sending end. 
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(a) 




Vg3> 
Rg + Zo 


From Fig. 2-45, V+ = 5 V. Hence, 


5 = 


15 x50 
/?a + 50 ’ 


which gives R g = 100 Cl and T g = 1 /3. 

(b) Roundtrip time delay of pulse return from the load is 

„ 21 2 x 10 3 _ 

2T = — =-= 20 jjs. 

u v 1 x 10 8 H ’ 

which is much longer than 6 /rs, the instance at which V (0,t) drops in level. 

(c) The new level of 3 V is equal to V± plus plus V 2 + , 


vf + Vf + y 2 + = 5 +5r f +5r f r g = 3 (V), 


■+ _ 


which yields Tf = —0.3. But 


r f = 


^Lf ~ Zp 
Zu + Zo 


- -0.3, 


which gives ZLf = 26.92 f2. Since ZLf is equal to Rf and Zq in parallel, Rf = 58.33 Cl. 


Problem 2.55 A generator circuit with V g = 200 V and R g — 25 Cl was used to 
excite a 75-Cl lossless line with a rectangular pulse of duration i = 0.4 /js. The line 
is 200 m long, its u v = 2 x 10 8 m/s, and it is terminated in a load Zl = 125 Cl. 

(a) Synthesize the voltage pulse exciting the line as the sum of two step functions, 

V Sl (0 and Vg 2 (f). 

(b) For each voltage step function, generate a bounce diagram for the voltage on 
the line. 

(c) Use the bounce diagrams to plot the total voltage at the sending end of the line. 

Solution: 

(a) pulse length = 0.4 /rs. 


Vg(f)=v gI (0+Vg 2 (f), 

with 

V gl (0 = 2001/(0 (V), 

V g2 (0 =-2001/(/-0.4/s) (V). 
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25 Cl 


t= 0 



o 


Zq = 75 Cl 



125 Cl 


200 m 


o- 


Figure P2.55: (a) Circuit for Problem 2.55. 



Figure P2.55: (b) Solution of part (a). 



/ _ 200 
V v ~ 2 x 10 8 



We will divide the problem into two parts, one for V g] ( t ) and another for V Z2 (t) and 
then we will use superposition to determine the solution for the sum. The solution 
for Vg 2 {t) will mimic the solution for V g] (t), except for a reversal in sign and a delay 
by 0.4 ju s. 


For y gl (t) = 200 U(t): 



~ Zp 
Rg + Zq 


-^L ~ Zp 

Zl + Zb 


25-75 
25 + 75 : 
125-75 
125 + 75 





0.25, 
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V L+ 


V- = 


ViZq 

Rg + Zo 

V B Z L 


200 x 75 
25 + 75 
200 x 125 


= 150 V, 


R g + Z L 25 + 125 


= 166.67 V. 


(i) V\ (0+) at sending end due to V g (t ): 



Figure P2.55: (c) Bounce diagram for voltage in reaction to Vg (t). 
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(ii) V 2 (0,0 at sending end due to V g2 (t): 



Figure P2.55: (d) Bounce diagram for voltage in reaction to V gl (t). 
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(b) 

(i) V\ (0,?) at sending end due to V g| ( t ): 





Problem 2.56 For the circuit of Problem 2.55, generate a bounce diagram for the 
current and plot its time history at the middle of the line. 

Solution: Using the values for r 2 and Tl calculated in Problem 2.55, we reverse 
their signs when using them to construct a bounce diagram for the current. 



4 + = 
£ = 




= 1.33 A. 
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Figure P2.56: (a) Bounce diagram for I\ (t) in reaction to V gl (t). 
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t t 


Figure P2.56: (b) Bounce diagram for current / 2 (f) in reaction to V g2 (t). 
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(i) Ii(l/2,t) due to V Sl (t): 


l , ( 100 , t ) 
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(iii) Net current 1(1 /2,t) —1\ (I /2 ,t) + ^(1 /2,t): 


I ( 0 , t ) 



Figure P2.56: (e) Total I(l/2,t). 


Problem 2.57 For the parallel-plate transmission line of Problem 2.3, the line 
parameters arc given by: 


R' = 1 (fi/m), 

L' — 167 (nH/m), 
G' — 0, 

C' = 112 (pF/m). 


Find a, [3, n p , and Zq at 1 GHz. 
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Solution: At 1 GHz, co = 27 if — 2nx 10 9 rad/s. Application of (2.22) gives: 


y=y/(R' + j(aL'){G l + j(aC l ) 

= [(1 + ./27T x 10 9 x 167 x 10“ 9 )(0 + j2n x 10 9 x 172 x 10“ 12 )]'/ 2 
= [(1 + ;1049)(;1.1)] 1 / 2 


^/l +(1049) 2 e jtan ~‘ 1049 x l.le j90 ° 
1049e ;89 ' 95 ° x l.le- 790 ” 11/2 


1 1/2 


(j = e flV ) 


1154e /179 ' 95 


1 1/2 


= 34<? ;89,97 ° = 34cos 89.97° + j'34 sin 89.97° = 0.016 + ,/34. 


Hence, 


a = 0.016 Np/m, 
(3 = 34 rad/m. 


Ur, = — = 


Zq = 


co 2nf 2n x 10 9 

R 1 + j(oL' 1 1/2 
.G' + jcoC' 

’ 1049+ 89 ' 95 ° 1 1/2 
1.1 e/ 90t 

954e _i °' 05< 


1/2 


= 1.85 x 10 s m/s. 


= 31e- /a025C ~ (31 — jO.Ol) G. 


Problem 2.58 


o 


= 600 £2 


Z 0 = 300 £2 


L = 0.02 mH 
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A 300-£l lossless air transmission line is connected to a complex load composed of 
a resistor in series with an inductor, as shown in the figure. At 5 MHz, determine: 
(a) r, (b) 5, (c) location of voltage maximum nearest to the load, and (d) location of 
current maximum nearest to the load. 

Solution: 

(a) 


Zl — R ~b ycoT 

= 600 + j2n x 5 x 10 6 x 2 x 10~ 5 = (600 + j'628) Q.. 




r = 


Zl — Zp 
Zl + Zq 

600 + 7628 - 300 


600 + j 628 + 300 

= 300 + j62S = 0.63e-i 296 ° 
900 + j 628 



1 + 

r 

1+0.63 

1 - 

r 

~ 1-0.63 


1.67. 


An ax — 


0 r A 


for 0 r > ( 


471 

29.6°tA 60 
471 




3 x 10 8 
5 x 10 6 



(d) The locations of current maxima correspond to voltage minima and vice versa. 
Hence, the location of current maximum nearest the load is the same as location of 
voltage minimum nearest the load. Thus 


^min — ^max ^ ? 




= 2.46 + 15 = 17.46 m. 


Problem 2.59 
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A 50-£2 lossless transmission line is connected to a load composed of a 15-Cl resistor 
in series with a capacitor of unknown capacitance. If at 10 MHz the voltage standing 
wave ratio on the line was measured to be 3, determine the capacitance C. 


Solution: 


_ 5-1 3-1 2 _ 

r| ~ S+T ~ 3+1 “ 4 ~ °' 5 


Z l = R l - jX c, where X c - 

r 


i 


co C 


Zl — Zq 


l r l 2 = 


l r l 2 = 


Zl TZo 
( z l -Zq \ 

\Zl + Z 0 ) 
Z l Z*+Z 0 2 -Zq(Zl + Z*) 
Z l Z*+Z 0 2 + Z 0 (Z l + Z*) 


Zt + Zo) 


Noting that: 


Z L Z* = (R l - jX c) (Rl + jX c) =Rj+Xl 
Z 0 (Z L + Zl) = Z 0 (R l - jX c + Rl + jX c ) = 2Z 0 R l , 
lr] 2_ Ri+X£ + zZ-2Z 0 R L 

1 1 i? 2 +Z 2 + Z 2 + 2Z 0 /? L ' 

Upon substituting |Fl| = 0.5, Rl = 75 £2, and Zo = 50 Q, and then solving for Xc, 
we have 

Xc = 66.1 Q. 


Hence 


C = 


1 


1 


= 2.41 x 10“ 10 = 241 pF 


coXc 27t x 10 7 x 66.1 


Problem 2.60 A 50-£2 lossless line is terminated in a load impedance 

Z L = (30 - ./20) 
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Z L = (30 - j 20) £1 


(a) Calculate F and S. 

(b) It has been proposed that by placing an appropriately selected resistor across the 
line at a distance / max from the load (as shown in the figure below), where / max is the 
distance from the load of a voltage maximum, then it is possible to render Z\ = Zq, 
thereby eliminating reflections back to the sending end. Show that the proposed 
approach is valid and find the value of the shunt resistance. 


^ / 


max 




(30 - j 20) n 


Solution: 

(a) 


r = 


s = 


Z L -Z, 


o 


_ 30 - j 20 - 50 _ -20 - j 20 
Z L + Z 0 ~ 30 - ;20 + 50 “ 80 - ;20 


-(20 + 720 ) = 34e -;i2i 0 

80 - ;20 


1 + 

r 

1+0.34 

1 - 

r 

“ 1-0.34 


= 2 . 


(b) We start by finding / max , the distance of the voltage maximum nearest to the 
load. Using (2.56) with n = 1, 


An ax — 


0 r A, X 

4jT 2 

-121°7t 

180° 


4n + 2 


= 0.33X. 


Applying (2.63) at / = / max = 0.33A,, for which (3/ = (271 /2 c x 0.33X = 2.07 radians, 
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the value of Z- m before adding the shunt resistance is: 




/ Z L + jZ 0 tan [3/ \ 

VZ 0 +/Z|tan [3/ J 
((30 — j20) + j'50tan2.07 \ 
\50 + 7(30-j20) tan 2.07 ) 


(102 + jO) a. 


Thus, at the location A (at a distance / max from the load), the input impedance is 
purely real. If we add a shunt resistor R in parallel such that the combination is equal 
to Zq, then the new Z m at any point to the left of that location will be equal to Zq. 
Hence, we need to select R such that 



1 

50 


or R — 98 ft. 


Problem 2.61 For the lossless transmission line circuit shown in the figure, 
determine the equivalent series lumped-element circuit at 400 MHz at the input to 
the line. The line has a characteristic impedance of 50 ft and the insulating layer has 
£ r = 2.25. 




75 ft 


Solution: At 400 MHz, 

^ Up c 3 x 10 8 

~T~ ZM ~ 4 x 10 8 v/2^25 
271 271 

(3/ = — / = — x 1.2 = 4.87t. 

K 0.5 

Subtracting multiples of 271, the remainder is: 


(3/ = 0.87t rad. 
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Using (2.63), 




( Z L + jZ 0 tan p/ \ 

V Z() + JZ L tan (3/ y 
/75 + y'50 tan 0.871 \ 
\50 + j’75 tan 0.87t / 


= (52.38 + 720.75) ft. 


Zi n is equivalent to a series RL circuit with 



R = 52.38 H 
coL = 2nfL = 20.75 H 


or 

_ 20.75 

27t x 4 x 10 8 

which is a very small inductor. 


8.3 x 1(T 9 H, 


Problem 2.62 




Z L = (50 + j 100) Q. 


The circuit shown in the figure consists of a 100-fl lossless transmission line 
terminated in a load with Zl = (50 + j 100) fT If the peak value of the load voltage 
was measured to be |Vl| = 12 V, determine: 

(a) the time-average power dissipated in the load, 

(b) the time-average power incident on the line, and 

(c) the time-average power reflected by the load. 
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Solution: 

(a) 

_ Z L - Z 0 _ 50 + j 100 - 100 _ -50 +./100 
“ Z L + Z 0 _ 50 + j'100 + 100 “ 150 + j'100 

The time average power dissipated in the load is: 


0.62e ;82 ' 9 °. 



Hence, 



p — 

1 av — 


^l| 2 *L 


1 

2 


Vl 

Z l 




1 I Vi 


L 


1 


50 


2 |Z l | 2 "^ L 2 X 12 X 50 2 + 100 2 


0.29 W. 






0.29 

1-0.62 2 


0.47 W. 


P 1 W = -|r| 2 P‘ v = —(0.62) 2 x 0.47 = -0.18 W. 


Problem 2.63 



/, = 3A./8 ► 

^ i, = 5m -1 

_B [A 


B r 


Z 01 =100f2 Z m = 50Q. 


02 


□ 


Z L = (75 -1 50) a 


Use the Smith chart to determine the input impedance Z m of the two-line 
configuration shown in the figure. 
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0.625 X 



Smith Chart 1 


Solution: Starting at point A, namely at the load, we normalize Zl with respect 
to Z 02 : 

Z L 75 - j‘50 

Zl — — = ——— = 1.5 — j 1. (point A on Smith chart 1) 

Z 02 50 

From point A on the Smith chart, we move on the SWR circle a distance of 5Z/8 to 
point B v , which is just to the right of point B (see figure). At B r , the normalized input 
impedance of line 2 is: 

Zin 2 — 0-48 — 7*0.36 (point B r on Smith chart) 

Next, we unnormalize Zi n 2 i 

Zin 2 — Zo 2 £in 2 = 50 x (0.48 — 7*0.36) = (24 — 7*18) Q. 
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Smith Chart 2 

To move along line 1, we need to normalize with respect to Zqi . We shall call this zli : 


Z\ n 2 24 — / l 8 

Zli —-— ——rrr— — 0-24 — jO.lS (point Bi on Smith chart 2) 

Zqi 100 

After drawing the SWR circle through point we move 3Z/8 towards the generator, 
ending up at point C on Smith chart 2. The normalized input impedance of line 1 is: 

Zi n = 0.66 — jl. 25 

which upon unnormalizing becomes: 


Z in = (66- 7*125) a. 
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Problem 2.64 


/ =‘ 7 
L • ► 


c 


c 



B 

= 75 £2 T 

7z= ? 


□ Zl = 25 


A 25-£l antenna is connected to a 75-£2 lossless transmission line. Reflections back 
toward the generator can be eliminated by placing a shunt impedance Z at a distance / 
from the load. Determine the values of Z and /. 

Solution: 
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The normalized load impedance is: 



(point A on Smith chart) 


The Smith chart shows A and the SWR circle. The goal is to have an equivalent 
impedance of 75 £1 to the left of B. That equivalent impedance is the parallel 
combination of Z- m at B (to the right of the shunt impedance Z) and the shunt 
element Z. Since we need for this to be purely real, it’s best to choose / such that 
Zi n is purely real, thereby choosing Z to be simply a resistor. Adding two resistors in 
parallel generates a sum smaller in magnitude than either one of them. So we need 
for Zi n to be larger than Zq, not smaller. On the Smith chart, that point is B , at a 
distance l = X /4 from the load. At that point: 



which corresponds to 


Vin = 0.33. 


Hence, we need y, the normalized admittance corresponding to the shunt 
impedance Z, to have a value that satisfies: 


1 


y = 1 — yi n = 1 — 0.33 = 0.66 


1 _ 1 
y 0.66 



Z = 15 x 1.5 = 112.5 £2. 


In summary, 


l= h 

4’ 

Z= 112.5 £2. 


Problem 2.65 In response to a step voltage, the voltage waveform shown in the 
figure below was observed at the midpoint of a lossless transmission line with 
Zo = 50 £2 and u v = 2 x 10 8 m/s. Determine: (a) the length of the line, (b) Zl, 
(c) R g , and (d) V g . 
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Solution: 

(a) Since it takes 3 jus to reach the middle of the line, the line length must be 

/ = 2(3 x 10“ 6 x u p ) = 2 x 3 x 1(T 6 x 2 x 10 8 = 1200 m. 

(b) From the voltage waveform shown in the figure, the duration of the first 
rectangle is 6 jus, representing the time it takes the incident voltage V j + to travel 
from the midpoint of the line to the load and back. The fact that the voltage drops to 
zero at t = 9 jus implies that the reflected wave is exactly equal to V+ in magnitude, 
but opposite in polarity. That is, 


Vf = -v+. 

This in turn implies that = — 1, which means that the load is a short circuit: 

Z L = 0. 

(c) After V[~ arrives at the generator end, it encounters a reflection coefficient r g . 
The voltage at 15 jus is composed of: 

V = V+ + Vf + v 2 + 

= (i+r L +r L r g )v+ 


From the figure, V/V^ = —3/12 = —1/4. Hence, 
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which means that 



/l+0.25\ 
V 1-0.25 ) 


50 = 83.3 a. 



V+ = 12 = 


R g + Zo 



12(/? g + Z 0 ) 
Z 0 


12(83.3 + 50) 
50 


= 32 V. 
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Chapter 3: Vector Analysis 


Lesson #14 

Chapter — Section: 3-1 

Topics: Basic laws of vector algebra 

Highlights: 

• Vector magnitude, direction, unit vector 

• Position and distance vectors 

• Vector addition and multiplication 

Dot product 
Vector product 
Triple product 

Special Illustrations: 

• CD-ROM Module 3.2 


Module 3.2 Two Intersecting Vectors 



Given: Vectors A and B both lie in the 
y-z plane and they have the same 
magnitude of 2. 


Ql 


What is the value of the dot 
product of A and B? 
Choose one answer. 

f select ^ A ’ B = 3 .46 

A B = 2 


selert ' 


^ select ^ A " B — 1 .73 
Q2. What is the cross product of A and 

B? 

Choose one answer. 

QelecV A X B = X 1 .73 
A x B = x 3.46 


f 


A x B = -x 2 
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Lessons #15 and 16 
Chapter — Section: 3-2 
Topics: Coordinate systems 

Highlights: 

• Commonly used coordinate systems: Cartesian, cylindrical, spherical 

• Choice is based on which one best suits problem geometry 

• Differential surface vectors and differential volumes 

Special Illustrations: 

• Examples 3-3 to 3-5 

• Technology Brief on “GPS” (CD-ROM) 


Global Positioning System 

The Global Positioning System (GPS), 
initially developed in the 1980s by the U.S. 
Department of Defense as a navigation tool for 
military use, has evolved into a system with 
numerous civilian applications including vehicle 
tracking, aircraft navigation, map displays in 
automobiles, and topographic mapping. The 
overall GPS is composed of 3 segments. The 
space segment consists of 24 satellites (A), each 
circling Earth every 12 hours at an orbital 
altitude of about 12,000 miles and transmitting 
continuous coded time signals. The user segment 
consists of hand-held or vehicle-mounted 
receivers that determine their own locations by 
receiving and processing multiple satellite 
signals. The third segment is a network of five 
ground stations, distributed around the world, 
that monitor the satellites and provide them with 
updates on their precise orbital information. 

GPS provides a location inaccuracy of about 30 
m, both horizontally and vertically, but it 
can be improved to within 1 m by 
differential GPS (see illustration). 


/ • ^ 





A. GPS nominal satellite constellation 

4 Satelite« in each Plane 
20,2COhm Altitude* 55 Degree I rein alien 
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Lesson #17 

Chapter — Section: 3-3 

Topics: Coordinate transformations 

Highlights: 

• Basic logic for decomposing a vector in one coordinate system into the coordinate 
variables of another system 

• Transformation relations (Table 3-2) 

Special Illustrations: 

• Example 3-8 



110 


Lesson #18 

Chapter — Section: 3-4 

Topics: Gradient operator 

Highlights: 

• Derivation of V T in Cartesian coordinates 

• Directional derivative 

• V T in cylindrical and spherical coordinates 

Special Illustrations: 

• Example 3-10(b) 

• CD-ROM Modules 3.5 or 3.6 

• CD-ROM Demos 3.1-3.9 (any 2) 

Demo 3.6: Gradient of Scalar Fields 


—I I I I 1 

-10 


-lo 

7 = 1+ sin(2iw/6) for - 10 < jc < 10. 

The field T is displayed graphically in the figure, wherein the brightness of the 
image at a given location is proportional to the magnitude of T at that location. 



Given: A scalar field defined by: 


♦—+ 


4 - 1 - 1 - 1 - 


(Display) the graphical and analytical solution for V T 








Lesson #19 

Chapter — Section: 3-5 

Topics: Divergence operator 
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Highlights: 

• Concept of “flux” 

• Derivation of V. E 

• Divergence theorem 

Special Illustrations: 

• CD-ROM Modules 3.7-3.11 (any 2) 

• CD-ROM Demos 3.10-3.15 (any 1 or 2) 


Demo 3.14: Divergence of Vector Fields 


10 

, 1 f t ; 

lit 

\ \ i < ■ 

V ' < 

y 

t t f 
' t / / 

* t / / 

iff/ 

V 2 

1 

/ 

/ 

/ 

/ 

_l_ 

TO 

- - 

- - 

*-*- ^ i 

\ ^ ---* 

/ ■ 

; \ 

-10 



Given: A vector field defined by: 

. A f (0<r<10 and 

A=rr + ^cos» f “( 0 <^<2 1 r 

The vector A is displayed graphically in 
the figure, wherein vectors are used to 
depict the direction and magnitude of A 
at any given location. 


^Display the graphical and analytical 
solution for V • A 
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Lesson #20 
Chapter — Section: 3-6 
Topics: Curl operator 

Highlights: 

• Concept of “circulation” 

• Derivation of V x B 

• Stokes’s theorem 

Special Illustrations: 

• Example 3-12 



Lesson #21 

Chapter — Section: 3-7 

Topics: Laplacian operator 
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Highlights: 

• Definition of V 2 V 

• Definition of V 2 E 

Special Illustrations: 

• Technology Brief on “X-Ray Computed Tomography” 


X-Ray Computed Tomography 


Tomography is derived from the Greek words 
tome , meaning section or slice, and graphia , 
meaning writing. Computed tomography, also 
known as CT scan or CAT scan (for computed 
axial tomography), refers to a technique 
capable of generating 3-D images of the x-ray 
attenuation (absorption) properties of an 
object. This is in contrast with the traditional 
x-ray technique which produces only a 2-D 
profile of the object. CT was invented in 1972 
by British electrical engineer Godfrey 
Hounsfield, and independently by Allan 
Cormack, a South African-bom American 
physicist. The two inventors shared the 1979 
Nobel Prize for Physiology or Medicine. 
Among diagnostic imaging techniques, CT has 
the decided advantage in having the sensitivity 
to image body parts on a wide range of 
densities, from soft tissue to blood vessels and 
bones. 



X-RAY 

SOURCE 


FAN BEAM 
OF X-RAYS 


ARRAY 


A. CT Scanner 




COMPUTER 
AND MONITOR 



DETECTOR 
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Chapter 3 

Section 3-1: Vector Algebra 

Problem 3.1 Vector A starts at point (1, — 1, —3) and ends at point (2, — 1,0). Find 
a unit vector in the direction of A. 

Solution: 


A = x (2 — 1 ) +y(-l - (- 1 )) + z (0 - (-3)) 


A| = Vl + 9 = 3.16, 



x + z3 
3.16 


x0.32 + z0.95. 


x + z3 




Problem 3.2 Given vectors A = x2 — y3 + z, B = x2 — y + z3, and C = x4 + y2 — z2, 
show that C is perpendicular to both A and B. 

Solution: 


A-C = (x2-y3 + z).(x4 + y 2 -z 2 ) = 8-6-2 = 0, 
B C = (x2-y + z3)-(x4 + y2-z2) = 8-2-6 = 0. 


Problem 3.3 In Cartesian coordinates, the three comers of a triangle are Pi (0,4,4), 
p 2 ( 4 , —4,4), and P 3 ( 2 , 2 , —4). Find the area of the triangle. 

Solution: Let B = P\ P 2 = x4 — y 8 and C = P\ P 3 = x2 ^ y2 — z 8 represent two sides of 
the triangle. Since the magnitude of the cross product is the area of the parallelogram 
(see the definition of cross product in Section 3-1.4), half of this is the area of the 
triangle: 


A = ^|B x C 


= i|(x4-y8)x(x2-y2-z8)| 

(4)(~ 8 )) + z(4(—2) — (—8)2)| 
: ^a/64 2 + 32 2 + 8 2 = 5\/5l84 


i|x(- 8 )(- 8 )+y( 
I|x64 + y32 + z 8 | 


= 36 , 


where the cross product is evaluated with Eq. (3.27). 


Problem 3.4 Given A = x2 — y3 + zl and B — xB x + y2 + zB z : 

(a) find B x and B- if A is parallel to B; 

(b) find a relation between B x and B- if A is perpendicular to B. 
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Solution: 

(a) If A is parallel to B, then their directions are equal or opposite: = ±a#, or 

A/1A | = ±B/|B|, 


x2 — y3 + z + xB x + y2 + z B z 

\/l4 \/4 + 


From the y-component, 


-3 

V14 


±2 

'4 + Bl+B} 


which can only be solved for the minus sign (which means that A and B must point 
in opposite directions for them to be parallel). Solving for B 2 + B 2 , 


Bz + Bt = 


-2 

^3 


Vu) -4 = -. 


From the x-component, 


-B , 


\/l4 a/5679 


B r = 


—2v/56 _ -4 
3\/l4 ~~ 


and, from the z-component, 


B z = 


-2 


This is consistent with our result for B 2 X +B 
These results could also have been obtained by assuming $ab was 0° or 180° and 
solving |A||B| = ±A B, or by solving AxB = 0. 

(b) If A is perpendicular to B, then their dot product is zero (see Section 3-1.4). 
Using Eq. (3.17), 


0 = A • B = 2B X — 6 + 


B= 6 — 2 B x . 

There are an infinite number of vectors which could be B and be perpendicular to A, 
but their v- and z-components must satisfy this relation. 

This result could have also been obtained by assuming $ab — 90° and calculating 
A||B| - |A x B|. 


Problem 3.5 Given vectors A = x + y2 —z3, B = x2 — y4, and C = y2 — z4, find 
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(a) A and a, 

(b) the component of B along C, 

(c) 0 ac> 

(d) A x C, 

(e) A-(BxC), 

(f) Ax(BxC), 

(g) x X B, and 

(h) (Axy)-z. 

Solution: 

(a) From Eq. (3.4), 


A=y/ 1 2 + 2 2 + (—3) 2 = Vl4, 


and, from Eq. (3.5), 


a A = 


x + y2 — z3 

Vl4 


(b) The component of B along C (see Section 3-1.4) is given by 


BcosQbc = 


B C -8 


C 


V20 


= - 1.8 


(c) From Eq. (3.21), 


AC 


_i A■ C _i 4+12 _i 16 

0,ir = cos -= cos — - — = cos . = 17.0 


x/l4v'20 


V280 


(d) From Eq. (3.27), 


A x C = x(2(—4) - (—3)2) +y((—3)0 — 1(—4)) +z(l(2) -2(0)) - -x2 + y4 + z2. 


(e) From Eq. (3.27) and Eq. (3.17), 

A • (B x C) = A • (xl6 + y8 + z4) = 1(16) + 2(8) + (-3)4 = 20. 

Eq. (3.30) could also have been used in the solution. Also, Eq. (3.29) could be used 
in conjunction with the result of part (d). 

(f) By repeated application of Eq. (3.27), 

A x (B x C) = A x (xl6 + y8 + z4) = x32 - y52 - z24. 

Eq. (3.33) could also have been used. 
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(g) From Eq. (3.27), 


xxB = —z4. 

(h) From Eq. (3.27) and Eq. (3.17), 

(A x y) • z = (x3 + z) • z = 1. 

Eq. (3.29) and Eq. (3.25) could also have been used in the solution. 


Problem 3.6 Given vectors A = x2 — y + z3 and B = x3 — z2, find a vector C whose 
magnitude is 9 and whose direction is perpendicular to both A and B. 

Solution: The cross product of two vectors produces a new vector which is 
perpendicular to both of the original vectors. Two vectors exist which have a 
magnitude of 9 and are orthogonal to both A and B: one which is 9 units long in 
the direction of the unit vector parallel to A x B, and one in the opposite direction. 



± 9 ^ 

A x B 


(x2 — y + z3) x (S3 — z2) 

|(x2 — y + z3) x (S3-22) | 

= x^hyB+z^ 

V2 2 + 13 2 + 3 2 V ' 


Problem 3.7 Given A = x(jc + 2 y) — y (y + 3z) + z(3 x — y), determine a unit vector 
parallel to A at point P( 1, — 1,2). 

Solution: The unit vector parallel to A = x(x + 2y) — y(j + 3z) +z(3 x — y) at the 
point P(l, —1,2) is 


A(l, —1,2) — x — y5 +z4 

l A ( 1,—1,2 )l \J (—l) 2 + (—5) 2 +4 2 


—x — y5 + z4 
x/42 


—xO. 15 — y0.77 + z0.62. 


Problem 3.8 By expansion in Cartesian coordinates, prove: 

(a) the relation for the scalar triple product given by (3.29), and 

(b) the relation for the vector triple product given by (3.33). 

Solution: 

(a) Proof of the scalar triple product given by Eq. (3.29): From Eq. (3.27), 
A x B = x(A y B z - A-By) + y{A z B x -A x B z ) + z (A x B y -A y B x ), 
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B x C = x(B y C z - B-Cy) + y (B Z C X - B X C Z ) + z (B x C y - B y C x ) , 

C x A = x(CyA z — C z Ay ) + y (C Z A X — C X A Z ) + z(C x A y — CyA A ). 

Employing Eq. (3.17), it is easily shown that 

A • (B x C) = A x [ByC z — B z Cy) + A y {B z C x — B X C Z ) + A z (B x Cy — ByC x ), 

B • (C x A) = B x (CyA z - C z A y ) + B y (C z A x - C X A Z ) + £ z (C a A v - C y A x ), 

C • (A xB) = C x (A y B z — A z By) + Cy(A z B x —A X B Z ) + C z (A x By — A y B x ), 

which are all the same. 

(b) Proof of the vector triple product given by Eq. (3.33): The evaluation of the left 
hand side employs the expression above for B x C with Eq. (3.27): 

A x (B x C) = A x (x(B y C z - B z C y ) + y {B Z C X - B X C Z ) + z (B x C y - B y C x )) 

= x{Ay{B x Cy - ByCx) ~A Z {B Z C X - B X C Z )) 

+ y (A z (B y C z -B z Cy)-A x {B x Cy-B y C x )) 

+ z (A X (B Z C X -B X C Z ) -Ay(B y C z -B z Cy )), 

while the right hand side, evaluated with the aid of Eq. (3.17), is 

B(A-C) — C(A-B) = B(A a C a +A y Cy +A Z C Z ) -C {A X B X + A y B y +A Z B Z ) 

- x(B x (A y Cy +A Z C Z ) —C x (AyB y +A Z B Z )) 

+ y {By (. A X C X + A Z C Z ) — Cy ( A X B X + A Z B Z )) 

+ z (5 Z {A X C X + A-yCy) — C z {A X B X + A y B y )). 

By rearranging the expressions for the components, the left hand side is equal to the 
right hand side. 


Problem 3.9 Find an expression for the unit vector directed toward the origin from 
an arbitrary point on the line described by x = 1 and z — 2. 

Solution: An arbitrary point on the given line is (l,y,2). The vector from this point 
to (0,0,0) is: 


A = 

A| = 


x(0-l)+y(0 —y)+z(0 —2) 
\J\ +y 2 + 4 = y/5 +y 2 


A yv yv yv r\ 

—x — yy — z2 

l A l v^+y 2 


-x - yy - 2z 


? 


•> 
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Problem 3.10 Find an expression for the unit vector directed toward the point P 
located on the z-axis at a height h above the x-y plane from an arbitrary point 
<2(x,y, —3) in the plane z = —3. 

Solution: Point P is at (0,0,/z). Vector A from <2(x,y, —3) to P(0,0,/z) is: 


A = 

A| = 


x(0-x) + y(0-y)+z(/z + 3) = 
[x 2 +y 2 + (h + 3) 2 ] 1/2 , 


A — ibc — yy + z(/z + 3) 

A| [x 2 + y 2 + (h + 3 ) 2 ] [ / 2 


—xx — yy + z(h + 3), 


Problem 3.11 Find a unit vector parallel to either direction of the line described by 

2x + z = 4. 

Solution: First, we find any two points on the given line. Since the line equation 
is not a function of y, the given line is in a plane parallel to the x-z plane. For 
convenience, we choose the x-z plane with y — 0. 

For x — 0, z — 4. Hence, point P is at (0,0,4). 

For z = 0, x = 2. Hence, point Q is at (2,0,0). 

Vector A from P to Q is: 

A = x(2 - 0) + y (0 — 0) + z(0 - 4) = x2 - z4, 

. _ A x2 —z4 

a_ v^o 


Problem 3.12 Two lines in the x-y plane are described by the expressions: 

Line 1 x + 2y = — 6, 

Line 2 3x + 4y = 8. 

Use vector algebra to find the smaller angle between the lines at their intersection 
point. 

Solution: Intersection point is found by solving the two equations simultaneously: 

—2x —4y = 12, 

3x + 4y = 8. 
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The sum gives x = 20, which, when used in the first equation, gives y = —13. 
Hence, intersection point is (20,-13). 

Another point on line 1 is x = 0, y = —3. Vector A from (0, —3) to (20,-13) is 


A - *(20) + y(-13 + 3) = x20 - ylO, 
A = \J 20 2 + 10 2 = V500. 


A point on line 2 is x — 0, y — 2. Vector B from (0,2) to (20,-13) is 


B = *(20) + y(-13 - 2) = x20 - y 15, 
B = v / 20 2 + 15 2 = V625 ■ 


Angle between A and B is 


Q ab = cos 


-i 


A B ^ _ x ( 400 + 150 ^ 

——— = cos ... . — 7 = — 10.3 

A B ) VV500-\/625y 


Problem 3.13 A given line is described by 

x + 2y = 4. 

Vector A starts at the origin and ends at point P on the line such that A is orthogonal 
to the line. Find an expression for A. 
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Solution: We first plot the given line. Next we find vector B which connects point 
P\ (0,2) to ^2(4,0), both of which are on the line: 

B = x(4 - 0) + y(0 - 2) = x4 - y2. 

Vector A starts at the origin and ends on the line at P. If the x-coordinate of P is jc, 

y 



Figure P3.13: Given line and vector A. 


then its y-coordinate has to be (4 — x) /2 in order to be on the line. Hence P is at 
(x, (4 —x) /2). Vector A is 


A = xx + y 



But A is perpendicular to the line. Hence, 


Hence, 


A-B = 0, 

• (x4 - y2) = 0, 

4x — (4 — x) — 0, or 
4 

x = - = 0.8. 



A = x0.8 + y 


im 


x0.8 + y 1.6. 


Problem 3.14 Show that, given two vectors A and B, 
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(a) the vector C defined as the vector component of B in the direction of A is given 
by 

^ A(B • A) 

C = a(B • a) = 

where a is the unit vector of A, and 

(b) the vector D defined as the vector component of B perpendicular to A is given 
by 

n-R A(BA) 

-lAp—' 


Solution: 

(a) By definition, B • a is the component of B along a. The vector component of 
(B • a) along A is 

„ A ( A ^ A(B-A) 

C = a(B ' a, = MV Rj =_ iAi^' 

(b) The figure shows vectors A, B, and C, where C is the projection of B along A. 
It is clear from the triangle that 

B = C + D, 


D=B—C=B 


A(B • A) 

LAP 



Figure P3.14: Relationships between vectors A, B, C, and D. 
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Problem 3.15 A certain plane is described by 

2x + 3y + 4z = 16. 

Find the unit vector normal to the surface in the direction away from the origin. 
Solution: Procedure: 

1. Use the equation for the given plane to find three points, P i, P 2 and P 3 on the 
plane. 

2. Find vector A from P\ to P 2 and vector B from P\ to P 3 . 

3. Cross product of A and B gives a vector C orthogonal to A and B, and hence 
to the plane. 

4. Check direction of c. 



C-AxB 


— x (A y B z — A z B y ) + y ( A Z B X — A X B Z ) + z (A x B y — A y B x ) 
= X (o- (-4) - (-4) • y) +y ((-4) -0- 8 • (-4)) +z 



128 

T" 



3. 
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Verify that C is orthogonal to A and B 


A • C = 8- 


B • C = 0- 


64 

T 

64 


/128 , A 512 512 

+ (32.0)+(—.(-4)j=—- —= 0 

16\ /128 . A 512 512 


+ 32 


+ 


(-4) = 


= 0 


4. C = x^+y32 + z 


128 


. c 

C= M= 


xf + y32 + z 


128 



f) 2 + 32 2+ (!f) 


128 \ 2 


= x0.37 + y 0.56 + z0.74. 


c points away from the origin as desired. 


Problem 3.16 GivenB = x(z — 3y) +y(2x — 3z) —z (x+y), find a unit vector parallel 
to B at point P(1,0, —1). 

Solution: AtP(l,0, — 1), 


B = x(—1) +y(2 + 3) — z(l) = —x + y5 — z, 



x + y5 z 
V 1 + 25 + 1 


—x + y5 — z 


V27 


Problem 3.17 When sketching or demonstrating the spatial variation of a vector 
field, we often use arrows, as in Fig. 3-25 (P3.17), wherein the length of the arrow 
is made to be proportional to the strength of the field and the direction of the arrow 
is the same as that of the field’s. The sketch shown in Fig. P3.17, which represents 
the vector field E = r r, consists of arrows pointing radially away from the origin and 
their lengths increase linearly in proportion to their distance away from the origin. 
Using this arrow representation, sketch each of the following vector fields: 

(a) Ei = -xy, 

(b) E 2 = yx, 

(c) E 3 = XX + y y, 

(d) E 4 = xx + y2y, 

(e) E 5 = <j>r, 

(f) Eg = r sin(|). 
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y 



Figure P3.17: Arrow representation for vector field E = r r (Problem 3.17). 


Solution: 

(a) 


y 

A 


* 










◄ 


◄ 






► 


► 


► 


► 


* 


► 


► 


* 


E 


► 


► 


► 


E 


► 


P2.13a: E t = -xy 
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(b) 


y 



P3.17b: E 2 = y* 


y 


A 



P2.13c:E 3 = xx + yy 


E 


E 
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P2.13e:E 5 = $r 
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P2.13f: E 6 = r sin(|) 


Problem 3.18 Use arrows to sketch each of the following vector fields: 

(a) Ei =ibc-yy, 

(b) E 2 = -<ji, 

(c) E 3 = yi, 

(d) E4 = rcos()). 


Solution: 
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(c) 


.v 



P2.14c: E 3 = y (1 /x) 



P2.14d:E 4 = rcos(J) 
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Sections 3-2 and 3-3: Coordinate Systems 

Problem 3.19 Convert the coordinates of the following points from Cartesian to 
cylindrical and spherical coordinates: 

(a) Pi (1,2,0), 

(b) P 2 (0,0,2), 

(c) ^ 3 ( 1 ,1,3), 

(d) P 4 (- 2,2,-2). 

Solution: Use the “coordinate variables” column in Table 3-2. 

(a) In the cylindrical coordinate system. 

Pi = (v / l 2 + 2 2 ,tan- 1 (2/1),0) = (V5,1.107 rad,0) « (2.24,63.4°,0). 

In the spherical coordinate system, 

Pi = (y/l 2 + 2 2 + 0 2 , tan” 1 (x/l 2 + 2 2 /0), tan” 1 (2/1)) 

= (v/5,Jt/2 rad, U107 rad) ss (2.24,90.0°,63.4°). 

Note that in both the cylindrical and spherical coordinates, (j) is in Quadrant I. 

(b) In the cylindrical coordinate system, 

P 2 = (Vo 2 + 0 2 , tan _: ‘(0/0), 2) = (0,0 rad, 2) = (0,0°, 2). 

In the spherical coordinate system, 

P 2 = (V / 0 2 +0 2 + 2 2 ,tan“ 1 (\/0 2 +0 2 /2),tan“ 1 (0/0)) 

= (2,0 rad, 0 rad) = (2,0°,0°). 

Note that in both the cylindrical and spherical coordinates, (|) is arbitrary and may 
take any value. 

(c) In the cylindrical coordinate system, 

P 3 = (Vl 2 + l 2 ,tan _1 (1/1),3) = (v/2,7C/4 rad,3) « (1.41,45.0°,3). 

In the spherical coordinate system, 

P 3 = (\/l 2 + l 2 + 3 2 ,tan _1 (Vl 2 + l 2 /3),tan _1 (1/1)) 

= (VTT,0.44 rad, ji/ 4 rad) « (3.32,25.2°,45.0°). 

Note that in both the cylindrical and spherical coordinates, § is in Quadrant I. 
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(d) In the cylindrical coordinate system, 

P 4 = ( y/(- 2) 2 + 2 2 , tan- 1 (2/ - 2), -2) 

= (2V%37t/4 rad, -2) « (2.83,135.0°,-2). 

In the spherical coordinate system, 

A = (V(-2) 2 + 22 + (-2) 2 ,tan- 1 (^(-2) 2 + 2 2 / - 2),tan” 1 (2/ - 2)) 
= (2^3,2.187 rad,3;t/4rad) « (3.46,125.3°, 135.0°). 

Note that in both the cylindrical and spherical coordinates, (j) is in Quadrant II. 


Problem 3.20 Convert the coordinates of the following points from cylindrical to 
Cartesian coordinates: 

(a) Pi(2,7t/4, -2), 

(b) P 2 (3,0,-2), 

(c) P 3 (4,tc,3). 

Solution: 

(a) 

Pi(x,y,z) =Pi(rcost|),rsin(|),z) —Pi ^2cos ^,2sin—2^ = Pi(1.41,1.41,-2). 

(b) P 2 {x,y,z) =P2(3cos0,3sin0,-2) = P 2 (3,0,—2). 

(c) P 3 (x,y,z) =P 3 (4cos7t,4sin7t,3) =P 3 (-4,0,3). 


Problem 3.21 Convert the coordinates of the following points from spherical to 
cylindrical coordinates: 

(a) Pi (5,0,0), 

(b) P 2 (5,0,7t), 

(c) P 3 (3,71/2,0). 

Solution: 

(a) 


Pi (r, <|), z) = Pi (Psin0,<|),Pcos0) = Pi(5sin0,0,5cos0) 

= Pi (0,0,5). 


(b) P 2 (r, (f>,z) = P 2 (5 sin 0,71,5 cos 0) = P 2 (0,71,5). 
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(c) P 3 (r,<|>,z) = P 3 (3 sin 0,3 cos j) = P 3 (3,0,0). 


Problem 3.22 Use the appropriate expression for the differential surface area ds to 
determine the area of each of the following surfaces: 

(a) r = 3; 0 < (J) < tt/ 3; — 2 < z < 2, 

(b) 2 < r < 5; 7i/2 < § < 7i; z = 0, 

(c) 2 < r < 5; <|> = tc/ 4; -2 < z < 2, 

(d) R = 2; 0 < 6 < 7c/ 3; 0 < (J) < 7t, 

(e) 0</?<5; 0 = 7 c/ 3; 0 < ()) < 27c. 

Also sketch the outlines of each of the surfaces. 

Solution: 







Figure P3.22: Surfaces described by Problem 3.22. 


(a) Using Eq. (3.43a), 
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(b) Using Eq. (3.43c), 


A = I f (r)\ 7=0 d<\>dr 
r—2 J (j)=7r/2 




71 


2171 


§=n/2 4 


(c) Using Eq. (3.43b), 


A = 


z =—2 J r—2 


(%=n/4 drd Z= ( (^Z) IS — 2) 


= 12 . 


r=2 


(d) Using Eq. (3.50b), 


A = J J (i^ 2 sin 0 ) |^ = 2 ^(j )^0 = ^(— 4 (f)cos 0 ) 


71 


( J )=0 


= 271. 


(e) Using Eq. (3.50c), 


•5 pl% 

A = I / (/?sin0)| 0=7r/3 d§dR = 

R= 0 Jty=0 ' 


V? 2 (|)sin |) 


271 

4>=o, 


25\/3ji 


/?=0 


Problem 3.23 Find the volumes described by 

(a) 2 < r < 5; 7i/2 < 4> < tt; 0 < z < 2, 

(b) 0 < < 5; 0 < 0 < 7c/ 3; 0 < <|> < 271. 
Also sketch the outline of each volume. 

Solution: 



Figure P3.23: Volumes described by Problem 3.23 . 


(a) From Eq. (3.44), 



■71 


/ rdrd^dz — 

Jr=2 



2171 


2 
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(b) From Eq. (3.50e), 



Problem 3.24 A section of a sphere is described by 0 < 7? < 2, 0 < 0 < 90°, and 
30° < (|> < 90°. Find: 

(a) the surface area of the spherical section, 

(b) the enclosed volume. 

Also sketch the outline of the section. 

Solution: 


z 



/ 

/ 

/ 


Figure P3.24: Outline of section. 
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Problem 3.25 A vector field is given in cylindrical coordinates by 

/V r\ 

E = rrcos(|) + (|)rsin(|) + zz . 

Point P( 2,7t, 3) is located on the surface of the cylinder described by r = 2. At point P, 
find: 

(a) the vector component of E perpendicular to the cylinder, 

(b) the vector component of E tangential to the cylinder. 

Solution: 

(a) E n = ?(r -E) = ?[? • (rrcos(|) + <j>rsin(|) + zz 2 )] — rrcos(|). 

At P(2,7i,3), E n = r2cos7t = — r2. 

(b) E t = E — E n = <j)r sin + zz 2 . 

At P(2,7C,3), E t =^2sin7t + z3 2 = z9. 


Problem 3.26 At a given point in space, vectors A and B are given in spherical 
coordinates by 


A = R4 + 02 — <j>, 
B = —R2 +<j>3. 


Find: 

(a) the scalar component, or projection, of B in the direction of A, 

(b) the vector component of B in the direction of A, 

(c) the vector component of B perpendicular to A. 


Solution: 
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(a) Scalar component of B in direction of A: 

A 


C = B • a = B • 


, r.x (R4 + 02 — 0) 
— = -R2 +03 • v . 

A Y V16 + 4 + 1 


-8-3 


11 


s/TY V21 


= -2.4. 


(b) Vector component of B in direction of A: 

C — aC — A-f- = (R4 + 02 — 0) 


(-2.4) 


V21 

= -(R2.09 + 01.05 -00.52). 

(c) Vector component of B perpendicular to A: 

D - B — C = (-R2 + <j>3) + (R2.09 + 01.05 —<j>0.52) 
= RO.O9 + 01.05 +<j> 2.48. 


Problem 3.27 Given vectors 

A = r(cos()) + 3z) — <j)(2r + 4sin(|)) +z(r — 2z), 
B = — rsin(|) + zcos(|), 


find 

(a) 0ab at (2,71/2,0), 

(b) a unit vector perpendicular to both A and B at (2,7i/3,1). 

Solution: It doesn’t matter whether the vectors are evaluated before vector products 
are calculated, or if the vector products are directly calculated and the general results 
are evaluated at the specific point in question. 

(a) At (2,7 c/2,0), A = — <j>8 H-z2 and B = — r. From Eq. (3.21), 


0 A g = cos 



A B 

AB 




(b) At (2,71/3,1), A = r\ —04(1 + ±\/3) and B = — fiy^ + zi. Since A x B is 
perpendicular to both A and B, a unit vector perpendicular to both A and B is given 
by 

± AxB ^ r(—4(1 + 1V3))(1)-0(|)(1)—z(4(l + ly / 3))(ly / 3) 

|AXB| A /( 2 (l + iv ' 3)) 2 + (|) 2 + (3 + 2 V ' 3) 2 

« +(r0.487 + 00.228+ Z0.843). 
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(c) From Eq. (3.68), 


d=J 3 2 + 4 2 -2(3)(4) 


/ 71 . . 7 If 7l\\ 

(^COS — COS71+ Sin7TSin-COS ^71 — - J J 



Problem 3.30 Transform the following vectors into cylindrical coordinates and 
then evaluate them at the indicated points: 

(a) A = x(* + y) atPi(l,2,3), 

(b) B = x(y— v)+y(v —y) atP 2 (l 7 0,2), 

(c) C = xy 2 /(x 2 + y 2 ) — yx 2 /{x 2 + y 2 ) + z4 at P 3 (l, -1,2), 

(d) D = Rsin0 + 0cos0 + <j)cos 2 (|) at P4(2,7c/2,7c/4), 

(e) E = Rcos(|) + 0sin(j) + <j>sin 2 0 at P5(3,7c/2,7c). 

Solution: From Table 3-2: 

(a) 


A = (rcos(j) — (|)sin(|))(rcos(|) + rsin(|)) 

/V 

= rrcos(j)(cos(j) + sin(j)) — (|)r sin (|) (cos ()> + sin(j)), 

Pi = ( V / l 2 +2 2 ,tan- 1 (2/1),3) = (\/5,63.4°,3), 

A(P l ) = (r0.447 - ^0.894) \/5 (.447+ .894) = rl.34-$2.68. 


(b) 

B = (r cos(|) — ^ sin (|)) (r sin (f) — rcos(|)) + (<j)cos(|) + rsin(j))(rcos(j) — rsin(|)) 
= rr(2sin(|)cos(|) — 1) + <j)r(cos 2 (|) — sin 2 (|)) = rr(sin2(|) — 1) + <j)rcos2(|), 

P 2 = ( V / l 2 + 0 2 ,tan- 1 (0/1),2) = (1,0°,2), 

B (ft) = -? + $. 


(c) 


C = (r cos(j) — <j>sin(|)) 


r\ O 

r sin (|) 


,t , , , . ., r 2 cos 2 (|> 

2 — ((pcoscp + rsinq))- 2 -bz4 


A Q A 

= rsin())cos(|)(sin(|) — cos(|)) — <|>(sin (|) + cos (f)) + z4, 


P 3 = (y l 2 + (—l) 2 ,tan _1 (—1/1), 2) - (V2,-45°,2), 
C(P 3 ) = r0.707 + z4. 



D = (rsin0 + zcos0)sin0 + (rcos0 —zsin0)cos0 + <j>cos 2 (|) = r + <j>cos 2 (|), 
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P 4 = (2 sin (tc/2),tc/4,2cos (ji/2)) = (2,45°,0), 
D(P 4 )=r + <jii. 



E = (rsin0 + zcos0)cos(|) + (rcos0 


/v ? 

zsin 0) sin (|) + <|> sin 0, 



71 /v.7l\. 2 ■? 71 

(rcos- — zsin-J sin7C + <psin — 



Problem 3.31 Transform the following vectors into spherical coordinates and then 
evaluate them at the indicated points: 

(a) A = xv 2 + yxz + z4 at/^(l,-1,2), 

(b) B = y{x 2 +y 2 +z 2 ) -z(x 2 + y 2 ) at P 2 (-l,0,2), 

/V 

(c) C = rcos (|)—(|> sin (|) + zcos(|)sin(|) atP3(2,7i/4,2), and 

(d) D = xy 2 /(x 2 +y 2 ) -yx 2 /(x 2 +y 2 ) +z4 atP 4 (l, —1,2). 

Solution: From Table 3-2: 

(a) 

yv /v /v 

A = (R sin 0 cos (|) + 0 cos 0 cos (|) — (J) sin ())) (/^ sin 0 sin(f))“ 

/v /V /V 

+ (R sin 0 sin (f) + 0 cos 0 sin (|) + (j) cos (j>) (R sin 0 cos (j>) (R cos 0) 

+ (Rcos0 — 0 sin 0)4 

A ^ /A 

= R(a sin 0sin(|)cos(|)(sin0sin(|) + cos0) +4cos0) 

A r\ 

+ Q(R sin 0 cos 0 sin (|)cos (])(sin 0 sin (|) + cos 0) — 4 sin 0) 

A A O 

sin0(cos0cos ()) — sin0sin (|)), 

Pi = (\/l 2 + (-l) 2 + 2 2 ,tan- 1 (^ V / l 2 + (“I) 2 / 2 ) ,tan” 1 (-1/1)) 

= (V'6,35.3°,-45°), 

A(Pi) ^R2.856-62.888 +^2.123. 

(b) 

B = (Rsin0sin(|) + 0cos0sin(|) + <j>cos(|))i? 2 — (Rcos0 — 0sin0)i? 2 sin 2 0 
= R/? 2 sin0(sin(|) — sin0cos0) + 0/R 2 (cos0sin<|) + sin 3 0) +<j>,R 2 cos<|), 

P 2 = ^(-l) 2 +0 2 + 2 2 ,tan- 1 ^a/(- 1) 2 + 02 / 2 ) ^an” 1 (0/(-l))) 

= (\/5,26.6% 180°), 
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B(P 2 ) ~ -R0.896 +00.449-<j>5. 

(c) 


/V a , /V A 

C = (Rsin0 + 0cos0)cos(j) — ((> sin (|) + (Rcos0 — 0sin0) cos(|)sin(|) 

/V a. /V, 

= Rcos(|)(sin0 + cos0sin(])) +0cos(|)(cos0 —sin0sin(|)) — (|> sin (|), 

= (2y/2,‘ 45°, 45°), 


P 3 = (v / 2 2 + 2 2 ,tan- 1 (2/2), 
C(P 3 ) «RO.854 + 0O.146-<j>O.7O7. 




A A A 

D = (Rsin0cos(|) + 0cos0cos(|) — <()sin ())) 


R 2 sin 2 0 sin 2 (|) 


— (Rsin0sin(|) + 0 cos 0 sin ()) + (() cos (()) 


R 2 sin 2 0 sin 2 (j) + R 2 sin 2 0 cos 2 § 
R 2 sin 2 0 cos 2 (|) 


R 2 sin 2 0 sin 2 § + R 2 sin 2 0 cos 2 § 


+ (Rcos0 — 0 sin 0)4 

= R(sin 0 cos (|) sin 2 (|) — sin 0 sin (j) cos 2 § + 4 cos 0) 

/V r\ r\ 

+ 0 (cos 0 cos (|) sin § — cos 0 sin (|) cos ()) — 4 sin 0) 

A A Q 

— <|>(cos' (]) + sin (])), 


74(1,-1,2) =Pa [Vl + 1 +4,tan- 1 (x/TTT/2),tan- 1 (-l/l) 

= P 4 (\/6,35.26°, -45°), 


D(P 4 ) = R(sin 35.26° cos 45° sin 2 45° — sin35.26° sin(—45°) cos 2 45° + 4cos 35.26°) 
+ 0(cos35.26° cos45° sin 2 45° — cos35.26° sin(—45°) cos 2 45° — 4sin35.26°) 
— <j)(cos 3 45° + sin 3 45°) 

= R3.67 —0 1.73 —00.707. 


Sections 3-4 to 3-7: Gradient, Divergence, and Curl Operators 

Problem 3.32 Find the gradient of the following scalar functions: 

(a) T =3/(x 2 + z 2 ), 

(b) V=jtyV, 
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(c) U 

(d) W 

(e) 5: 

(f) N 

(g) M 


= zcos(|>/(l + r 2 ), 
= sin0, 

= 4x 2 £~ z +y 3 , 

= r 2 cos 2 (|), 

= 7? cos 0 sin (|). 


Solution: 

(a) From Eq. (3.72), 


vr = -x- j -z-—-=■ 

(x 2 +Z 2 ) (x 2 +Z 2 ) 


(b) From Eq. (3.72), 


W = xyV + y2xyz* + z4xyV. 


2„3 


(c) From Eq. (3.82), 


_ r7 .2rzcos(^ - zsino A coso 

VU = -r- T -<|>-7- - 9 T + z -;- t 

(l_l_ r 2 ) 2 r(l+r 2 ) 1 + r 2 


(d) From Eq. (3.83), 


VW = — Re ^sin0 + 0(<? ^/7?)cos0. 


(e) From Eq. (3.72), 


S = 4x 2 e~ z +y 3 , 

^ ,35 .35 .35 

V5 = x —+y —+ z — 
dx dy dz 


— x8xe z + y3y — z4x e 


2 „-z 


(f) From Eq. (3.82), 


N = r cos (j), 

dN . 1 37V dN o 

VN = r-—(- <|> — +z — = r2rcos (j) — <|>2rsin(|)cos(|). 

dr r 3(p dz 


(g) From Eq. (3.83), 


M — R cos 0 sin (|), 

, dM A 1 3M 1 1 3M 

VM = R — + 0- —+<b-- — 

37? 7? 30 Y 7? sin 0 3o 


yv yv yv 

= Rcos 0 sin (|) — 0 sin 0 sin 4>+<i> 


COS(|) 

tan0 
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Problem 3.33 The gradient of a scalar function T is given by 

vr = ze~ 3z . 


If T — 10 at z = 0, find T(z). 

Solution: 


/v —3z 


VT = ze 


By choosing P\ at z = 0 and P 2 at any point z, (3.76) becomes 


T(z)-T{ 0)= [vT-dl'= [ 

J 0 7o 


— j ze 3z ' - (xdx' + ydy' + zdz') 
Jo 

= f Z e -V dz > =-ZZPl 

Jo 3 3 


,-3r 


Hence, 


T(z) = T (0) + 1 (1 - <T 3z ) = 10 + 1(1- e“ 3z ) 


Problem 3.34 Follow a procedure similar to that leading to Eq. (3.82) to derive the 
expression given by Eq. (3.83) for V in spherical coordinates. 

Solution: From the chain rule and Table 3-2, 

„ar „ar 

VT = x— + y— +z— 
ox dy dz 

_ ^ (dr dR drde drd§\ 

\ <)R dx 30 dx + 3c(> dx J 

^ fdTdR arae ar a<t>\ 

+y (a^+^ + ae^ + a^a^J 
. fdTdR arae ara<|>\ 

\dR dz 30 dz 3(|) 3 z J 


= x 


ar a r ,— 5 —=■ ar 

__^+ r + r + ^ 


ar a ^—«.. ar a _j \ 

»S“ Wl) J 


^ (dT d r~z -r- z dT 3 _ u r-z - Z , V 3T 3 _1 f 

+, (»5 V ^ T?+ S«5' al (v ^ /z) + ^3t ,an tvW 

„ /ar 3 rz — z —« 3r 3 r-z —~, dT 3 , . ' 

+ ! ! + Z - + ^ 5 , a"- (V^TCAI + j-gtan- (v/a) 
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dT 


x 


= X 


+ 


dT 


z 


x 


+ 


dT -y 


dR sjx 1 + v 2 +z 2 dQ x 2 + y 2 + z 2 sjx 2 + y 2 3(|) x 2 + y 


+y 


dT 


y 


+ 


dT 


z 


y 


+ 


dT 


x 


dR \J.x 2 + y 2 + z 2 dQ x 2 + y 2 + z 2 ^x 2 +y 2 ^(j) x 2 + y 


+ 2 


dT 


z 


+ 


dT 


-1 


/-2 —- 3r 

dR yj x 2 + y2 + z 2 1 do x 2 + y 2 + z 2 * +y + 3(|) 


3r/?sin0cos(|) i dT RcosQ 7?sin0cos(|) i dT — 7?sin0sin(|) 
_X ' dR R + 30 _ ~R 2 RsinQ + 3^ R 2 sin 2 0 

„ /dT 7?sin0sin(|) dT RcosQ 7?sin0sin(|) dT 7?sin0cos(|) 
+ y V3^ R + 30 _ F- RsinQ + 3^ R 2 sin 2 Q 

dT Rcosd dT — RsinQ\ 

+ 30 R 2 ) 


+ z 


dR R 


3 T . n , dT cos0cos(b dT — sin(b\ 
= xi — sm0cos(|) + —-- —~ + 


dR 
dT 


30 


R 3(|) 7?sin0y 


. . dT cosOsind) dT cosd) 

+ yl tt- sin0sin+ —---+ 


+ z 


dR 
dT 
3 R 


COS0 + 


30 R 
dT — sin 0 


3(|) i?sin0 


30 R 


= (xsin0cos(|) + ysin0sin(|) + zcos0) 


dT 
3 R 


1 dT 

+ (xcos0cos(j) + ycos0sin(|) — zsin0) — — 

R 30 

, , ~ A ~ ^ 1 dT 

+ (-x S ,„< f + yco S «—- 

~3r ~i dT . i dT 
30 + %sin0cty ’ 


which is Eq. (3.83). 


Problem 3.35 For the scalar function V —xy 2 — z 2 , determine its directional 
derivative along the direction of vector A = (x — yz) and then evaluate it at 

^(1,—M). 

Solution: The directional derivative is given by Eq. (3.75) as dV jdl — VV • a/, where 
the unit vector in the direction of A is given by Eq. (3.2): 

/V A 

x —yz 

Px - 9 ’ 

yl+7 
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and the gradient of V in Cartesian coordinates is given by Eq. (3.72): 

W = xy 2 + y2xy — z2 z. 


Therefore, by Eq. (3.75), 


At P(l, —1,4), 


dV y 2 — 2xyz 
dl y/\ +z 2 



(1-1,4) 


9 

—= = 2.18. 

y/rf 


Problem 3.36 For the scalar function T = \e r / 5 cos (}>. determine its directional 
derivative along the radial direction r and then evaluate it at P(2 ,ji/4, 3). 

Solution: 


dT 

~dl 


T — -e r / 5 cos(|), 


vr 

dT 

IT 


.1 ar „ar '■/-‘’coso 


vr-r= - 

e 


r / 5 COS (|) 


10 


-2/5 —„ n 


(2,71/4,3) 


10 


COS f - 

-A = -4.74 x 10“ 2 . 



Problem 3.37 For the scalar function U = sin 2 0. determine its directional 
derivative along the range direction R and then evaluate it at P(5,7t/4,7t/2). 

Solution: 


dU 

~dl 


U = 


1 • 

— sm“ 0, 
R 


..du A i at/ - 

w = R^+e- — +<|> 


1 dU 


dU 

~dl 


(5,7t/4,Jt/2) 


dR r ae 

VU • R = — 


/?sin0 3(|> 


„ sin“0 -2sin0cos0 

R—^-0 — 


R 2 


R 


sin 2 0 


R 2 


sin 2 (7i/4) 
25 


= - 0 . 02 . 





146 


CHAPTER 3 


Problem 3.38 Vector field E is characterized by the following properties: (a) E 
points along R, (b) the magnitude of E is a function of only the distance from the 
origin, (c) E vanishes at the origin, and (d) V E = 12, everywhere. Find an expression 
for E that satisfies these properties. 

Solution: According to properties (a) and (b), E must have the form 

E = R Er 


where Er is a function of R only. 



v - e = w^ r2e « ) = 12 ' 

= 1-K 2 

R d r R 

— {R 2 E r )cIR= / 12 R 2 dR, 
oR Jo 



R 2 E r = 4R 3 . 


R 

0 


Hence, 


E r = 4 R, 


and 


E = R4 R. 


Problem 3.39 For the vector field E = Suez — y yz 2 — zxy , verify the divergence 
theorem by computing: 

(a) the total outward flux flowing through the surface of a cube centered at the 
origin and with sides equal to 2 units each and parallel to the Cartesian axes, 
and 

(b) the integral of V - E over the cube’s volume. 

Solution: 

(a) For a cube, the closed surface integral has 6 sides: 


E • ds — Flop + bottom 4" Flight 4“ F\eft H - Ff ron t 4“ Fback? 
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Ftop = 


1 r 

r A--l Jy=- 1 
1 


(xxz - yjz 2 - zxy) \_ ={ - ( zdydx ) 


J xy dy dx = ^ ^ 


2 2 N '1 


X= — 1 </ v= — 

1 rl 


y =-1 


*=-l 


^bottom — 


\x=-l 7v=-l 


(xxz - yvz 2 - zxy) | _ =1 ■ (-z c/y </*) 


J j xy dy dx — ^ ^ 


2 2 x 1 1 

x L y L 


y—~ i 


-0, 


x=-l 


1 /*1 

bright = / / (xxz - yy ^ 2 - | y=1 • {ydzdx) 

i 



z=-l 


1 


X=1 


1 /*! 


^left = 


(xxz - yyz 2 - zxy) | • {-ydzdx) 



z =-1 


x=-l 


^front — 


1 /*! 


r y=-l </z=-l 


(xxz - yyz 2 - zxy) | • (xdzdy) 


f f 

Jy =-1 «/z=-l 


^back — 


>--i «/z= 

1 f‘ 

'y=-l Jz =-1 



z—— 1 


= 0, 


v=-l 


/' /' 

«/ v=—1 «/ z——1 


>’=—1 «/z=- 

E- ds = 0 + 0 + 



- 0 , 


v=—1 



148 


CHAPTER 3 




E dv 




V-(xxz-yyz 2 


bey) dzdydx 


J x=-l Jy=—l Jz =-1 


(z — z ) dzdydx 



Problem 3.40 For the vector field E = rlOe r — z3z, verify the divergence theorem 
for the cylindrical region enclosed by r = 2, z = 0, and z = 4. 

Solution: 


p2 r2n 

E-ds= / / ((rl0e~ r — z3z) • (— zrdrdty)) |_ =() 

J r =0 Ji b=0 Z 


-0 Jty= 
•271 p4 


((r l(k - ' — z3z) • (r rdtydz)) | r=; 

r2 p2u 

+ I I ((rl0e~ r — z3z) • (zrdrdty)) \ z=4 


r=0 J §={) 
‘2n r4 


( J )=0 J z = 

= 1607te~ 2 - 4871« -82.77, 


/*Z7t r<\ r2 r2n 

0+ / / 10e“ 2 2 d§dz+ / / — Ylrdrd§ 

J*=o Jz= o J r=o J §=o 



V-Ed'F = 


4 f 2 f 27C /10^- r (l-r) 


2=0 J r= 0 J (j)=0 
•2 


— 3 I rd^drdz 


= 87if (lOe r (l—r) — 3r)dr 
Jr =0 

= 871 ^ —10e _r + 10e - '(l +r) — 
= 1607ie“ 2 - 4871« -82.77. 


3r 


2 \ 12 


r=0 


Problem 3.41 A vector field D = r r 3 exists in the region between two concentric 
cylindrical surfaces defined by r = 1 and r = 2, with both cylinders extending 
between z — 0 and z — 5. Verify the divergence theorem by evaluating: 
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(b) / V D dP. 

Jp 

Solution: 

(a) 


T) • ds — dinner 4“ ^outer 4“ ^bottom 4“ ^top i 


inner 


2tt r 5 


<$>=0 Jz =0 
r2n r5 


((rr 3 )-(-rr*^))| 


a 3 

(-r *rf*)L,=-10lt, 


outer 


(>=0 Jz =0 
r2n r5 


(J)=0 J z = 0 

r2n r5 


((rr 3 ) ■ (rrdzd§)) \ r=2 


())=0 Jz =0 
r2 r2n 


(r 4 dzd§) \ r=2 — 16071, 


rz rz.li 

^bottom = J J q ((rr 3 )-(-zrti(|)(ir))| z=0 = 0, 


-1 ^(})=C 
’2 /*27t 


a zn 

((rr 3 )-(zrd<t>dr))\ s = 0. 

, =0 


Therefore, f/D-ds = 15071. 

(b) From the back cover, V-D = (l/r)(3/3r)(rr 3 ) = 4r 2 . Therefore, 


=LCL ^ rdrd<fdz = (( c) it,) 


4—0 J §=0 Jr— 


— 15071. 


I<MV L = 


z=0 


/V r\ 

Problem 3.42 For the vector field D = R3 R , evaluate both sides of the divergence 
theorem for the region enclosed between the spherical shells defined by R — 1 and 
R = 2. 

Solution: The divergence theorem is given by Eq. (3.98). Evaluating the left hand 
side: 

r r2n rn r2 / 1 0 \ 

L™ dv= LLL 

— 271 ( — cos 0)| g =() (37? 4 ) |^ =1 = 18071. 
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The right hand side evaluates to 


D • c/s = 


•2n rTZ \ 

/ (R3tf 2 )-(-Rtf 2 sin0t/0^) 

§=oJe=o ) 

+ ( /* r (R3fi 2 )-(Rtf 2 sin0t/0^)) 

\J$=oJe =o J 

—2n[ 3 sin 0 c/0 + 271 / 48 sin 0 c/0 = 
Je =o ye=o 


/?=i 

fl =2 

18071 . 


Problem 3.43 For the vector field E = xxy — y(x 2 + 2y 2 ), calculate 

(a) cj> E • c/1 around the triangular contour shown in Fig. P3.43(a), and 

(b) J (V x E) • c/s over the area of the triangle. 

Solution: In addition to the independent condition that z = 0, the three lines of the 
triangle are represented by the equations y — 0, x = 1, and y = x, respectively. 


y 


y 




(a) (b) 


Figure P3.43: Contours for (a) Problem 3.43 and (b) Problem 3.44. 



E ■ c/1 — L\ -\~ L 31 


L\ — j (xvy — y(x 2 + 2y 2 )) • (xc/x + yc/y + zc/z) 

= / (xy) | v= 0 , I= o dx ~ [ (* 2 + 2 y 2 ) Uo d y + / (°) lv=o * = 

</x=0 ‘ J v=0 ' J z.=0 
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L 2 = j (xxy — y(x 2 +2y 2 )) • (xdx + y dy+ zdz) 

= [ , ) Iz=o dx — / (* 2 + 2y 2 )| 0^+ / n (°)l»i* 

Ji= 1 «/y=0 ’ J z=0 


= 0 - y+ 


2y : 


+ 0 = 


y=0 


—5 

T ’ 


y(x 2 + 2v 2 )) • (xdx + ydy + zdz) 



= / . (^)U, z=o dx-[ (x 2 + 2y 2 ) | rfv+ f (0)| * 

</;y=l ’ «/z=0 



0 


*=1 


-MIL+<>=?. 


Therefore, 




E-<fl = 0-| + | = -l. 


(b) From Eq. (3.105), VxE = —z3x, so that 

JJvxE-ds = J J ((—z5x)'(zdydx))\ z={) 


/ / 3 xdydx = — 3x(x — 0) dx = — (r 3 ) I* = — 1. 

Jx=oJy=o Jx =0 


Problem 3.44 Repeat Problem 3.43 for the contour shown in Fig. P3.43(b). 

Solution: In addition to the independent condition that z = 0, the three lines of the 
triangle are represented by the equations y = 0, y = 2 — x, and y = x, respectively. 

(a) 


E-dl — L\ + L 2 + T3, 


Li = 


= J (xxy —y(x 1 + 2y 2 ))-(xdx + y dy + zdz) 

= [ (xy) ly=o, z =o dx - [ {* 2 + 2>’ 2 )l o dy + / (0)1 0 * = 0, 

Jx =0 ' Jy =0 ^ J z —0 

L 2 = J (xxy-y(x 2 + 2y 2 ))-(xdx + ydy + zdz) 


l =2 (xy) \z=o, y = 2 —x dx - l =o {x 2 + 2y 2 ) I v=2 _ ViZ=0 dy + (0) \ y=2 _ x dz 


3 \ 11 

3 


- (4v - 2 y + y 3 ) | y=0 + 0 - 


X=2 


-11 

3 ’ 
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= j (xxy - y(x 2 + 2y 2 )) • (x dx + y dy + z c/z) 

= f (■'>)I,(l 2 + 2v 2 )| „ y ,, 0 <ly+ J (0)|,„* 


- wL + o = l . 


Ijc=1 


Therefore, 


E • dl — 0 —— + - — —3. 


(b) From Eq. (3.105), VxE = —z3x, so that 


VxE- ds = 


[ [ {{~^x)-{zdydx ))\ z=0 

Jx =0 Jy =0 

+ / / ((-z3x)-(zdydx))| z=0 

A=i /y=o 

/*1 rx r2 r 2—x 

— / 3 xdydx— / / 3 xdydx 

Jx=0 J y=0 Jx= 1 J y=0 


= —[ 3x(x — 0)dx—f 3x((2—x)—0 )dx 
Jx—0 Jx— 1 

-(x 3 )|;-(3^-x 3 )|^ 1 -3. 


Problem 3.45 Verify Stokes’s theorem for the vector field B = (rrcos(j) + <jj>sin(|)) 
by evaluating: 

(a) <J> B • d\ over the semicircular contour shown in Fig. P3.46(a), and 

(b) J (VxB)-ds over the surface of the semicircle. 

Solution: 

(a) 

cf>B-dl= [ B dl + [ B-dl + [ B-rfl, 

J Jl { Jl 2 Jl 3 

A A 

B -dl = (rrcos(|) + <|>sin(j)) • (r dr + <|>r d§ + zdz) = rcostydr + rsintydty. 


B-dl=[ rcos(|)<ir) + 

\J r=0 J ^o, z =0 

= (5' J )lLo + ° = 2 . 


' rsin(|) d§ 

<M } / Z =o 
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y y 




Figure P3.46: Contour paths for (a) Problem 3.45 and (b) Problem 3.46. 


B dl = 


L 2 


*71 


B dl = 


'L 3 


rcostydr 

r=2 

0+ ( 2cos4>)|^ =0 = 4, 
0 

rcos([) dr 


+ I / r sin(j) /^(J) 

z =o \J$= 0 


r =2 


= H r 2 )l!U+° = 2 ’ 


B-(71 = 2 + 4 + 2 = 8. 


(b) 


r=2, j=0 


*71 


+ I / rsin([)d(j) 
(J>=7T )Z =0 \Jty=n 


z =0 



y\ 

VxB = Vx(rrcos(]) + <|)sin(|)) 

= f (j-k° - l (Si " W ) + * (l <rC ° S « - 5r° 

+ i ~r (|:( r ( sin *))“^( rcos *) 

= K)+<j>0 + z-(sin(|) + (rsin(|))) = zsin([) M + - ] , 


•71 


V xB ■ ds = 


zsin(|) (1 + — 

(j)=0^r=0 
•2 


(z rdrdfy) 


f [ sin())(r+ 1) drd§ = f (— cos^f^r 2 + r)) 

y<j)=o./r=o V 


2 

r =0 


71 

(|)=0 


= 8 . 


Problem 3.46 Repeat Problem 3.45 for the contour shown in Fig. P3.46(b). 

Solution: 
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<f> Bc/1 = f B-J1+ f B-J1+ f B-J1+ f B • dl, 

J J L\ J L~> J Lt, J La 


Bell = (frcos(f) + <j>sin(|)) • (r dr + <j)r<jf(|) + zdz) = rcostydr + rsin(|)d(|), 


B -dl = 


f r cos dr ) + ( f r sin (() <^(|)) 

'■=' / <j)=0, z=0 \4<t>=o J z=0 

o\,2 _ 3 


1„2\ I 2 


=l+°- O > 


B -dl = 


r 2 \ ( r 1 \ 

' rcos(|)Jr + I / rsin(|)<i(j) 

p=2 J z=0 \J <\|>=0 ) r=2 , z=0 


= 0+ (—2cos(|))|^ 2 ( ) = 2, 


BJ1 = 


B •</! = 


BJ1 = 


(b) 


O rcos(j)<ir^ + ([ rsin())J(|)^ = 0, 

r= 2 J (f)=7r/2, z=0 \y(|)=7r/2 / z= q 

O rcos(j)<ir) + I / rsin(|) d§ ) 

r=1 / z=0 \*/<|)=7 c/ 2 >/ r =l, z=0 

0+ ( —cos <» | J =7t/2 = -1, 

3 5 

- + 2 + 0 — 1 = 


/V 

VxB = Vx(rrcos(|) + <|>sin(|)) 

= f (}| 0 “ f (sin,,,) ) + ' i ’ (!<' cosW - 1 °) 

+ i 7 ( I : 1 ' 1 ''"'* 11 ^ ,Vcos+) j 

= r0 + <j)0 + z-(sin(|) + (rsinc|))) = zsin(|) ^1 + - \ , 


VxB -ds = 


r ,2 [ 2 firing ( 1 + I) 

(>=0 Jr= 1 V \ r J 

rn/2 r2 

' / sin(|)(r+ 1) dr d§ 

(|)=0 Jr= 1 


(zrdr d(j)) 


= ((-cos*(^+r))|y|^ = | 
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^ A 

Problem 3.47 Verify Stokes’s Theorem for the vector field A = Rcos 0 + <|> sin 0 by 
evaluating it on the hemisphere of unit radius. 

Solution: 

A = Rcos0 + <j>sin0 = RA r + 0Ae +<j>A(j,. 

Hence, Ar — cos 0, Ae = 0, A^^sin©. 


VxA = 


/v 1 / 3 . \ ^ l 3 , . a l 3A# 


= R 


= R 


1 


RsinQ 30 
2cos0 


3 (sin 2 0)-e44l(^ sine )-^^( cose ) 


R 


R dR 

* sin 9 f sin 9 

0 —r-b<|> 


R 


R 


R 30 


/V r\ 

For the hemispherical surface, ds = RR sin0d0 d§. 


r2n p%/2 

/ / (v x A) • ds 

j)=o Je =o 

■2n r n/2 /r2 C OS0 


ty=0JQ=0 


R 


- sin 0 - sin 0 

0 —-h<|> 


R 


R 


= 4:iR 


sin 2 0 


71/2 


0 


= 271. 


R=l 


R R~ sinQdQdfy 


R= 1 


The contour C is the circle in the x-y plane bounding the hemispherical surface. 




(Rcos 0 + <j>sin 0) • §Rd (|) 


0 = 71/2 
R= 1 


7?sin0 



9=7c/ 2 ^7t. 

R=\ 


Problem 3.48 Determine if each of the following vector fields is solenoidal, 
conservative, or both: 

(a) A = xx 2 — yy2xy, 

(b) B = ±x 2 — yy 2 + z,2z, 

(c) C = r(sin(|))/r 2 +<j>(cos(|))/r 2 , 

(d) D = R JR, 

(e) E = f(3- T ^)+zz, 

(f) F = (xy + yx) / (x 2 + y 2 ), 

(g) G = x(x 2 + z 2 ) - y(y 2 +x 2 )- z(y 2 + z 2 ), 

(h) H = R {Re~ R ). 
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Solution: 

(a) 


V • (x* 2 — y2.xv) = 2- x 2 — ^-2xv = 2x — 2.x = 0, 

dx dy 


V-A : 

Vx A = V x ( $x z — y2 xy) 


xi ^-0-|-(-2xy)^ +y f^-(x 2 )-^-0 ) +z 


dy dz 
x0 + y0 —z(2 y) / 0. 


dz 


dx 


3 (-2 xy)-^-(x 2 ) 


dx 


dy 


The field A is solenoidal but not conservative. 

(b) 


V-(xx 2 - yy 2 + z2z ) = ^-x 2 

dx 


VB 

VxB = Vx ( xx z - yy z + z2 z) 


xi ^-(2z)-|-(-y 2 ) ) +y 


dy v ^ dz 

xO + yO + zO. 


^-y 2 + t-2.z = 2x - 2y + 2 ± 0, 
dy dz 






The field B is conservative but not solenoidal. 

(c) 


^ f ^sind) -cos(b\ 

Id//sin(b\\ Id/cosd)\ d ^ 
v I —-— I I H—-r— f —o— I + 0 



v-c = 


rdr \ \ r 2 )) r d(]) \ r 2 y d z 

— sin (|) — sin (|) —2 sin (f) 

/3 1 /3 — /3 

VxC = VxU^+*^) 


„. i a d 

r I —^rrO — — 
r dq) dz 


cos(|) 



+<> u - 



sin ()) 



r~ 

sin(|)^^ 


1 ° 


.2 


—2cos(J) 


- 2 )) 


The field C is neither solenoidal nor conservative. 
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(d) 


V-D = V- 


VxD = Vx — 


R 



i a 


R 2 dR 



a, x a 

• ^ i .^r (Osin 9) — ^rr0 
R sin 0 V 30 1 a<]> 



a , , .. a 

WO - 


1 


R sin 9 39 


(0sin9) + 


1 


2 1 

+ 6 - 


i a 


R \ sin 9 3c[) 



R \ <)R 


The field D is conservative but not solenoidal. 

(e) 


- = rO + 00 +<j>0. 


A'sin9 9(|) 


0 = 



-~ R mn 


E = r 3- 


1 +r 


V - E = 


1 d 

- - (rE t ) + - .. 

r or r dq) 

i l( 3 r- — 

r dr V 1 + r 


+ zz, 

1 dE§ dE 


+ 


dz 


1 

r 

1 

r 


_ 2r 
3---+ 


+ 1 

r 2 


+ 1 


1 +r (1 + r) 2 J 
3 + 3r 2 + 6r — 2r — 2r 2 + r 2 


+ 1 = 


2r 2 + 4r + 3 


+ 1 / 0 , 


VxE = r - 


1 dE? dE\ 


<1> 




r 3(J) dz J 


/V 

+<t> 


dEr a E- 


dz 3 r 


.ta, x i dE r 

+d 7 57- 7 a* 


Hence, E is conservative, but not solenoidal. 

(f) 


F = 


V-F = — 


yv . /v 

xy + yx 
x 2 +y 2 

a / ^ 


= X 


J 


+y 


X 


x 2 +y 2 x 2 +_y 2 ’ 

3 / x 


+ 


3x \x 2 +j 2 / dy \x 2 +j 2 


—2 xy 


+ 


—2 xy 


(x 2 +y 2 ) 2 (x 2 +y 2 ) 2 


/ 0 , 
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V x F = x(0 — 0) + y(0 — 0) + z 

1 2x 2 


X 


y 


= z 


[dx \x 2 +y 2 J dy \x 2 +y 2 

1 2y 2 

+ 


= z 


x 2 +y 2 ( x 2 +y 2 ) 2 x 2 +y 2 ( x 2 +y 2 ) 2 

2(y 2 -* 2 ) 


(x 2 +y 2 ) 2 


7^ 0. 


Hence, F is neither solenoidal nor conservative, 
(g) 


G = x(.r + z 2 ) - y(y 2 +X 1 ) - z(y 2 + r), 

v . G =^ + a-|(/W)-|(/ + a 

= 2r — 2y — 2z / 0, 

v x G =* (“I (/ ' +z2)+ 1 (> ' 2 +jJ) )(I <A ' +z2)+ ^ tv2+z2) ) 

= —x2j + y2z —z2x / 0. 


Hence, G is neither solenoidal nor conservative. 

(h) 


H = R{Re~ R ), 

V • H = ^ A (/? V R ) = 1 (3R 2 e~ R - R 3 e R ) = e~ R (3-R)?0, 
V X H = 0. 

Hence, H is conservative, but not solenoidal. 


Problem 3.49 Find the Laplacian of the following scalar functions: 

(a) V = 4xy 2 z 3 , 

(b) V =xy + yz + zx, 

(c) V = 3/(x 2 +y 2 ), 

(d) V = 5e~ r cos(]), 

(e) V = 10e _/? sin9. 

Solution: 

(a) From Eq. (3.110), V 2 (4xyV) = 8xz 3 + 24xy 2 z. 




CHAPTER 3 


159 


(b) V 2 (xy + yz + zx) =0. 

(c) From the inside back cover of the book. 



V 2 ( , 3 = V 2 (3 r~ 2 ) = 12 r~ 4 = 12 


x 2 + y 2 


(x 2 +y 2 ) 2 


V 2 (5e ' cost])) = 5e ' coscf) ( 1- —\ I . 


r r 



V 2 (lOe“ s sin0) = 1 Oe 



r\ ^ 

cos 0 — sin 0 
R 2 sin 0 


Problem 3.50 Find a vector G whose magnitude is 4 and whose direction is 
perpendicular to both vectors E and F, where E = x + y2 — z2 and F = y3 — z6. 

Solution: The cross product of two vectors produces a third vector which is 
perpendicular to both of the original vectors. Two vectors exist that satisfy the stated 
conditions, one along E x F and another along the opposite direction. Hence, 


G = ±4 ExF = h (x + y2-z2)x(y3-z6) 
|ExF| |(x + y2-z2) x (y3-z6)| 
= A 4 (—x6 + y6 + z3) 
v/36 + 36 + 9 


= ±-(-x6 + y 6 + z3) = ± I -x| + y| + z^ 


Problem 3.51 A given line is described by the equation: 

y = x — 1. 

Vector A starts at point Pi (0,2) and ends at point P 2 on the line such that A is 
orthogonal to the line. Find an expression for A. 

Solution: We first plot the given line. 
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y 



Next we find a vector B which connects point P 3 (0,1) to point P 4 (1,0), both of which 
are on the line. Hence, 


B = x(l—0)+y(0 + l)=x + y. 

Vector A starts at Pi (0,2) and ends on the line at P 2 . If the x-coordinate of P 2 is x , 
then its y-coordinate has to be y = x — 1, per the equation for the line. Thus, P 2 is at 
(jc,jc — 1), and vector A is 

A = x (x — 0) + y (x — 1 — 2) = xx + y [x — 3). 

Since A is orthogonal to B, 


A B = 0, 

[x* + y(*-3)]-(x + y) =0 

x+x— 3 =0 
3 


A = xx + y (x 





Finally, 
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Problem 3.52 Vector field E is given by 

-12 

E = R 5/?cos0 — 0 — sin 0 cos (|) + <j>3 sin(|). 

R 

Determine the component of E tangential to the spherical surface R = 2 at point 
P(2,30°,60°). 


Solution: At P, E is given by 

E = R5x 2 cos 30° — 0^ sin 30° cos 60° + <j>3 sin 60° 

= R 8.67 —01.5 + <j>2.6. 

The R component is normal to the spherical surface while the other two are tangential. 
Hence, 

E t = —01.5 +$2.6. 


Problem 3.53 Transform the vector 

A ^ /V r\ A, 

A = Rskr0cos(|) + 0cos“(j) — <|> sin (f> 

into cylindrical coordinates and then evaluate it at P(2,71/2,71/2). 

Solution: From Table 3-2, 

r\ A 

A = (r sin0+ zcos0) sin“ 0cos()) + (rcos0 —zsin0)cos (|> —(j)sin(|) 

= r (sin 3 0 cos § + cos 0 cos 2 ([)) — <j> sin § + z (cos 0 sin 2 0 cos ()) — sin 0 cos 2 (|>) 

At P(2,rc/2,71/2), 

A = -<j>. 


Problem 3.54 Evaluate the line integral of E = xx — yy along the segment P\ to P 2 
of the circular path shown in the figure. 

y 



Pi (0, 3) 


P 2 (-3, 0) 


* 


x 
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Solution: We need to calculate: 


'Pi 


E-dl. 


Pi 


Since the path is along the perimeter of a circle, it is best to use cylindrical 
coordinates, which requires expressing both E and dl in cylindrical coordinates. 
Using Table 3-2, 

A / /A 

E — xx — y y = (r cos([) — <|>sin()))rcos (f> — (r sin (j) + c|> cos (|))r sin ()) 

r\ A A 

= r r(cos (]) — sin“ <j>) — (|)2 r sin ()) cos (j) 

The designated path is along the ^-direction at a constant r — 3. From Table 3-1, the 
applicable component of dl is: 

/V 

dl = <|)r d§. 


Hence, 


‘Pi 


*(J)=180 0 r 


E ■ dl — 

Pi J (t>=90 c 

180° 


A A A /V 

r r(cos^(|) — sin _ (|)) — ((>2rsin(f)cos(f) d§ 


r =3 


90° 
— — 2r 


—2r“ sin (|) cos (|) J([) 


r=3 


2 sin“(|) 


2 , 180° 


(j)=90° 


= 9. 


r =3 


Problem 3.55 Verify Stokes’s theorem for the vector field B = ( r cos § + <j> sin (|>) by 
evaluating: 

(a) £ b • dl over the path comprising a quarter section of a circle, as shown in the 
figure, and 

(b) J (VxB)-ds over the surface of the quarter section. 



(-3,0) T 3 


x 
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Solution: 

(a) 

<f>B-dt = [ B -dt + [ B -di+ [ B -di 
Jc J L\ Jl 2 Jl 3 

Given the shape of the path, it is best to use cylindrical coordinates. B 

expressed in cylindrical coordinates, and we need to choose di in 

coordinates: 

di = r dr + <j)r d§ + z dz. 

Along path L\, d§ — 0 and dz — 0. Hence, dl — v dr and 


r r = 3 

B -d£ = / (r cos()) + (|>sin(j)) r dr 

Li Jr =0 

•3 

cos(|) dr 


r =0 


(J)=90° 
3 


= rcos(|)| r _o 


(J)=90° 


(|)=90 c 


= 0 . 


A 

Along L 2 , dr = dz = 0. Hence, di — <|)r d§ and 

180 ° 

B *di= I (r cos(|) + <j>sin(|))-<j)r d§ 


'l 2 


(J)=90 o 


r=3 


o A 1 180° Q 

= — 3cos(()| 90 o =3. 

Along L 3 , dz — 0 and d§ = 0. Hence, di — v dr and 


r° 

B-d^= / (r cos(]) + ^sin(f>) r dr 

L 3 </r=3 

•0 


f r 3 cos § dr\^ =m o = -r 


0 


(J)= 180° 


= 3. 


Hence, 


B-rf* = 0 + 3 + 3 = 6 . 


(b) 


c 


„ 1 ( a ( dB r 

V x B = z - — [rBq, - — 
r \or \ dq) 

= 2 i(|:(, s in «-|(co S « 

1 2 

= z — (sin (|) H- sin (|)) = z - sin (|). 
r r 

3 rl80° / 2 \ 

z-sin(|) J -zrdrdty 


[(V xB)-ds = [ 3 [ 
JS Jr =0 Jd) 


r=0 J (j)=90° 

— — 2r|;L 0 cos(J) 


180 c 


(J)=90° 


= 6 . 


is already 
cylindrical 
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Hence, Stokes’s theorem is verified. 


Problem 3.56 Find the Laplacian of the following scalar functions: 

(a) V\ = 10r 3 sin2(|) 

(b) V 2 — (2//?^) cos Osin (|) 


Solution: 

(a) 


V z Vi = 


1 a ( avi 


rdr \ dr 

1 a 


1 a 2 Vi a 2 v 

r 2 ad) 2 a z 2 


1 a 2 


= -t— r—(10r sin2(|)) + y(10r sin2())) +0 


rdr\ dr 


r 2 3())‘ 


= -^-(30r 3 sin2(|)) - -4(10r 3 )4sin2(]) 
r dr r z 

= 90 r sin 2(J) — 40r sin 2(|) = 50r sin 2(|). 


(b) 


V 2 V 2 



1 a 

R 2 sin 0 30 

■> 

cos 0 sin (|) 


sin0 


dV 2 

30 


R 2 sin 0 30 


sin0 


R 2 


cos 0 sin (|) 



+ 


1 


d 2 Vi 


R 2 sin 2 9 d§ 2 


+ 


1 


a 2 


7? 2 sin 2 0 3(j) 2 \R 2 


cos 0 sin (|) 


4 . . , 4 _ . , 2 cos0 . 

—r cos 0 sin ©- 7 cos 0 sin ©- 7 —sin © 

R 4 V R 4 V R 4 sin 2 0 V 


2 cos 0 sin (|) 
R 4 sin 2 0 
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Chapter 4: Electrostatics 


Lesson #22 

Chapter — Section: 4-1 to 4-3 

Topics: Charge and current distributions, Coulomb’s law 

Highlights: 

• Maxwell’s Equations reduce to uncoupled electrostatics and magnetostatics when 
charges are either fixed in space or move at constant speed. 

• Line, surface and volume charge distributions 

• Coulomb’s law for various charge distributions 

Special Illustrations: 

• Examples 4-3 and 4-4 

• CD-ROM Modules 4.1 -4.5 

• CD-ROM Demos 4.1 -4.8 


Demo 4.5: Square with Diagonal Symmetry 


.ty 


I 


M T f t 

'x ^ 4 + * 

* * / t \ 

/ft M L 
/ft t M 


■♦-'v x 


4 ■ 

4 *' 


•^Kt i * - 




-6 


mrm 

\ \ tit* 
f 

4 

f i 

/ X l i W'*.' 


-6 


M * * 
i i + \ 


mm 

4 i i / 

t ^ 

■ jr’ 4 4 4 ^ V 


X 


Given: Four point charges on the 

corners of a square, with Qj = 

Q 3 = 1C, and Q 2 = Q 4 = -1C, 

as shown. 


In this demo, arrows are used 
to sketch the electric field 
pattern in the jc-j plane. 


(pj^T) to display the graphical and analytical solution. 

Note: Color intensity is proportional to the strength of the Electric field. 
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Lesson #23 
Chapter — Section: 4-4 
Topics: Gauss’s law 

Highlights: 

• Gauss’s law in differential and integral form 

• The need for symmetry to apply Gauss’s law in practice 

• Coulomb’s law for various charge distributions 

Special Illustrations: 

• Example 4-6 

• CD-ROM Module 4.6 

• CD-ROM Demos 4.9 and 4.10 

Demo 4.10: Two Concentric Spherical Shells of Opposite Polarity 

Given: Two thin* concentric spherical 
shells, of radii a and 
2a. Positive charge Q is 
distributed uniformly over the 
outer shell and negative charge 
-Q is distributed uniformly over 
the inner shell. Sketch the 
electric field pattern in the x-y 
plane. 

Press to display the graphical and 

analytical solution. 

Note: Color intensity is proportional to the strength of the Electric field. 












167 


Lesson #24 
Chapter — Section: 4-5 
Topics: Electric potential 

Highlights: 

• Concept of “potential” 

• Relation to electric field 

• Relation to charges 

• Poisson’s and Laplace’s equations 

Special Illustrations: 

• Example 4-7 
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Lesson #25 

Chapter — Section: 4-6 and 4-7 
Topics: Electrical materials and conductors 

Highlights: 

• Conductivity ranges for conductors, semiconductors, and insulators 

• Ohm’s law 

• Resistance of a wire 

• Joule’s law 

Special Illustrations: 

• Example 4-9 

• Technology Brief on “Resistive Sensors” (CD-ROM) 


Resistive Sensors 


An electrical sensor is a device capable of responding to an applied stimulus by generating an 
electrical signal whose voltage, current, or some other attribute is related to the intensity of the 
stimulus. The family of possible stimuli encompasses a wide array of physical, chemical, and 
biological quantities including temperature, pressure, position, distance, motion, velocity, 
acceleration, concentration (of a gas or liquid), blood flow, etc. The sensing process relies on 
measuring resistance, capacitance, inductance, induced electromotive force (emf), oscillation 
frequency or time delay, among others. This Technology Brief covers resistive sensors. 
Capacitive, inductive, and emf sensors are covered 
separately (in this and later chapters). 


Piezoresistivity 


According to Eq. (4.70), the resistance of a 
cylindrical resistor or wire conductor is given by 
R = 1/cA ), where / is the cylinder’s length, A is its 
cross-sectional area, and a is the conductivity of 
its material. Stretching the wire by an applied 
external force causes / to increase and A to 
decrease. Consequently, R increases (A). 
Conversely, compressing the wire causes R to 
decrease. The Greek word piezein means to press, 
from which the term piezoresistivity is derived. 
This should not be confused with piezoelectricity, 
which is an emf effect (see EMF Sensors). 



COMPRESSION 


► FORCE 


F = 0 


A1. Piezoresistance varies with applied force 
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Lesson #26 

Chapter — Section: 4-8, 4-9 
Topics: Dielectrics, boundary conditions 

Highlights: 

• Relative permittivity and dielectric strength 

• Electrostatic boundary conditions for various dielectric and conductor 
combinations 

Special Illustrations: 

• Example 4-10 
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Lesson #27 
Chapter — Section: 4-10 
Topics: Capacitance 

Highlights: 

• Capacitor as “charge accumulator” 

• General expression for C 

• Capacitance of parallel-plate and coaxial capacitors 

• Joule’s law 

Special Illustrations: 

• Examples 4-11 and 4-12 

• Technology Brief on “Capacitive Sensors” (CD-ROM) 

Capacitive Sensors 

To sense is to respond to a stimulus (see Resistive Sensors). A capacitor can function as a sensor 
if the stimulus changes the capacitor’s geometry— usually the spacing between its conductive 
elements—or the dielectric properties of the insulating material situated between them. 
Capacitive sensors are used in a multitude of 
applications. A few examples follow. 


TO CAPACITIVE BRIDGE CIRCUIT 


Fluid Gauge 

The two metal electrodes in (A), usually rods or 
plates, form a capacitor whose capacitance is 
directly proportional to the permittivity of the 
material between them. If the fluid section is of 
height Hf and the height of the empty space above 
it is (H— Hf), then the overall capacitance is 
equivalent to two capacitors in parallel: 


AIR 



H-H 



TANK 


FLLUID 



where w is the electrode plate width, d is the 
spacing between electrodes, and gf and s a are the 
permittivities of the fluid and air, respectively. 


d 


A. Fluid tank 





















Lesson #28 
Chapter — Section: 4-11 
Topics: Energy 
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Highlights: 

• A charged capacitor is an energy storage device 

• Energy density 

Special Illustrations: 

• Technology Brief on “Non-Contact Sensors” (CD-ROM) 


Non-Contact Sensors 

Precision positioning is a critical ingredient of semiconductor device fabrication, as well as the 
operation and control of many mechanical systems. Non-contact capacitive sensors are used to 
sense the position of silicon wafers during the deposition, etching, and cutting processes, without 
coming in direct contact with the wafers. They are also used to sense and control robot arms in 
equipment manufacturing and to position hard disc drives, photocopier rollers, printing presses, 
and other similar systems. 

Basic Principle 

The concentric plate capacitor (Al) consists of 
two metal plates, sharing the same plane, but 
electrically isolated from each other by an 
insulating material. When connected to a 
voltage source, charges of opposite polarity will 
form on the two plates, resulting in the creation 
of electric-field lines between them. The same 
principle applies to the adjacent-plates capacitor 
in (A2). In both cases, the capacitance is 
determined by the shapes and sizes of the 
conductive elements and by the permittivity of 
the dielectric medium containing the electric 
field lines between them. 


CONDUCTIVE PLATES 



Al. Concentric-plates capacitor 
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Lesson #29 

Chapter — Section: 4-12 
Topics: Image method 

Highlights: 

• Image method useful for solving problems involving charges next to conducting 
planes 

• Remove conducting plane and replace with mirror images for the charges (with 
opposite polarity) 

Special Illustrations: 

• Example 4-13 

• CD-ROM Demos 4.11-4.13 


Demo 4.12: Two Charges of Opposite Polarity Above a Conducting Plane 

6 | 

Vi!; j I .71 1 , j 

Given: Qi= 1C and Q 2 = -1C, with 
both located above a 
conducting plane situated in the 
x-y plane, as shown. Sketch the 
electric field pattern in the x-y 
plane. 

Press to display the graphical and 
analytical solution. 

Note: Color intensity is proportional to the strength of the Electric field. 


‘X ^ 

•■4X4 X •+—«-■ 


* * f t 
fff t 
i i * t * * 


\ t 1 

f 1 X- 
f X 


4 — 4 - ■*- - — 4 - 4 - - 4 - 


->/r/n r/fttnn/tn 

-6 


v t 4 4 * \ 


////////////////// 
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Chapter 4 

Sections 4-2: Charge and Current Distributions 

Problem 4.1 A cube 2 m on a side is located in the first octant in a Cartesian 
coordinate system, with one of its corners at the origin. Find the total charge 
contained in the cube if the charge density is given by p v = xy 2 e~ 2z (mC/m 3 ). 

Solution: For the cube shown in Fig. P4.1, application of Eq. (4.5) gives 



x 


Figure P4.1: Cube of Problem 4.1. 


Problem 4.2 Find the total charge contained in a cylindrical volume defined by 
r < 2 m and 0 < z < 3 m if p v = 20rz (mC/m 3 ). 

Solution: For the cylinder shown in Fig. P4.2, application of Eq. (4.5) gives 

r 3 r2n r2 

Q— / / 20 rzrdrd§dz 

J £=0 J (j)=0 J r =0 

2 2 tt 3 

r=() (j)=0 z=0 



48071 (mC)= 1.5 C. 








Problem 4.3 Find the total charge contained in a cone defined by R < 2 m and 
0 < 0 < 7 t/4 , given that p v = 10 /? 2 cos 2 0 (mC/m 3 ). 

Solution: For the cone of Fig. P4.3, application of Eq. (4.5) gives 


271 rn/4 rl 


(j)=O70=O JR =0 


10 /? 2 cos 2 0 R 2 sin 0 dR dQ d§ 

v |2 171/4 1271 


-2 


R 5 ( |)cos 3 0 


128ti (fV2 


R=0 10=0 l(|)=0 


= 86.65 (mC). 
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f a _ 

p s ()£ r rdrd<\) = 2np s o / re r dr 

Jo 


= 2np s0 \-re r -e r ]" 
= 27ip s0 [l-e _a (l+fl)]. 



— Ps 0 [l — e fl (l +a)]-n — 7ip s0 [l — e a {l+a)[. 


Problem 4.6 If J = y4 xz (A/m 2 ), find the current I flowing through a square with 
corners at (0,0,0), (2,0,0), (2,0,2), and (0,0,2). 

Solution: Using Eq. (4.12), the net current flowing through the square shown in Fig. 
P4.6 is 




• (y dxdz) = (x 2 z 2 ) 

y =o 


2 2 

= 16 A. 

A=0 z=0 


z 



Figure P4.6: Square surface. 
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Problem 4.7 If J = R5 /R (A/m 2 ), find I through the surface R = 5 m. 
Solution: Using Eq. (4.12), we have 




(R R 2 sinOdO d§) 


Ti 2n 

—5/?(])cos0 = 1007t = 314.2 

R =5 0=0 (J)=0 



Problem 4.8 An electron beam shaped like a circular cylinder of radius ro carries a 
charge density given by 

( ~ P0 A _3\ 


Pv = 


1 + r 


(C/nr), 


where po is a positive constant and the beam’s axis is coincident with the z-axis. 

(a) Determine the total charge contained in length L of the beam. 

(b) If the electrons are moving in the +z-direction with uniform speed u , determine 
the magnitude and direction of the current crossing the z-plane. 

Solution: 

(a) 


(b) 


a L pro rL / 

p v dr= / / 

=0 Jr=0Jz=0 \ 


=0 Jz =o \ l+r 


2nrdrdz 


—2%PqL / T—jdr = -7tp 0 Lln(l +r5) 
Jo 1 + r 


J = p vU = -z Lip ° (A/m 2 ), 

H -r l 

1— J J-ds 

r r 2n ( , m \„ , ,. 

— / —z - T z rdrdp 

Jr =0 7(j)=0 V 1 + r / 

r r o ^ « 

= -27twp 0 / —- - a - c/r = -7CMp 0 ln(l +r 0 ) (A), 

Jo 1 + r z 


Current direction is along — z. 
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Section 4-3: Coulomb’s Law 

Problem 4.9 A square with sides 2 m each has a charge of 40 juC at each of its four 
corners. Determine the electric field at a point 5 m above the center of the square. 


z 



Figure P4.9: Square with charges at the corners. 

Solution: The distance \R\ between any of the charges and point P is 
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R | = Vl 2 + l 2 + 5 2 = V27- 


_ Q Ri R 2 R 3 R 4 
_ 47180 L |R | 3 + |R | 3 + |R | 3 + |R| 3 _ 


G -*- /v i /v C /V i /V £T , a, . S' c *•!*•! ^ C ~ 

—x — y + z5 x — y + z5 —x + y + z5 x + y + z5 

4^ [ (27) 3 / 2 + (27) 3 /2 + (27) 3 / 2 + (27) 3 / 2 


. , 5 x 40 /vC 

Z (27) 3 / 2 7I£o Z (27) 3 / 2 JISo 


1 42 

— x 10 “ 6 (V/m) = 251.2 (kV/m). 

718q 


Problem 4.10 Three point charges, each with <7 = 3 nC, are located at the corners 
of a triangle in the jt-y plane, with one corner at the origin, another at (2 cm, 0 , 0 ), 
and the third at (0,2 cm,0). Find the force acting on the charge located at the origin. 

Solution: Use Eq. (4.19) to determine the electric field at the origin due to the other 
two point charges [Fig. P4.10]: 


1 [3 nC (—x0.02) 1 3 nC (-y0.02) 

4ne [ ( 0 . 02) 3 J + ( 0 . 02) 3 


—67.4(x + y) (kV/m) at R = 0. 


Employ Eq. (4.14) to find the force F = qE = —202.2(x + y) (ji N). 



Figure P4.10: Locations of charges in Problem 4.10. 


Problem 4.11 Charge q\ — 6 juC is located at (1 cm, 1 cm, 0) and charge q 2 
is located at (0,0,4 cm). What should ^2 be so that E at (0,2 cm,0) has no 
y-component? 

Solution: For the configuration of Fig. P4.11, use of Eq. (4.19) gives 
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Figure P4.11: Locations of charges in Problem 4.11. 


E(R = y2cm) 


1 |’ 6 i uC(—x + y) x 10 2 r/ 2 (y2-z4) x 10 2 

47 te [ (2x 10 ~ 2 )V 2 + (20 x 10 “ 2 ) 3 / 2 

-[-121.21 x 10 ~ 6 + y(21.21 x 10 ~ 6 + 0.224c/A 
47te L 

-z0.447c/ 2 ] (V/m). 


If E y = 0. then q 2 = -21.21 x 10^/0.224 » -94.69 (pC). 


Problem 4.12 A line of charge with uniform density p/ = 8 (pC/m) exists in air 
along the z-axis between z = 0 and z = 5 cm. Find E at (0,10 cm,0). 

Solution: Use of Eq. (4.21c) for the line of charge shown in Fig. P4.12 gives 


E 

R' 


1 


R 


,p idl' 

4JI8 0 Jv " R' 2 ’ 
yO.l -zz 

■0.05 

47I8 0 J z =( 


1 r0.05 

— / (8 x 10 -6 ) 

rt8 0 Jz= o 


8x 10 
47180 


-6 


ylOz + z 
\/( 0 . 1 ) 2 +z 2 


(yO.l -zz) 
[( 0 . 1 )~ + z 2 ] 2 / 2 

0.05 


dz 


z=0 


= 71.86 x 10 3 [y4.47-z 1.06] =y 321.4 x 10 ; 


z76.2 x 10 3 (V/m). 




Problem 4.13 Electric charge is distributed along an arc located in the x-y plane 
and defined by r = 2 cm and 0 < (|) < 7 t/ 4 . If p/ =5 (/rC/m), find E at (0,0, z) and 
then evaluate it at (a) the origin, (b) z = 5 cm, and (c) z = — 5 cm. 

Solution: For the arc of charge shown in Fig. P4.13, dl = r d§ = 0.02 J(|), and 
R' — —x0.02cos(|) —y0.02sin(|) + zz. Use of Eq. (4.21c) gives 


E = 


1 


gPidl' 


4jie 0 Jv ' R' 2 

1 r K ! A (—x 0 . 02 cos(|) — y 0.02 sin (|) + fe) 


47t8o J( j)=0 

898.8 


Pi 


0.02 d§ 


((0.02) 2 + z 2 ) 3/2 


((0.02 ) 2 +Z 2 )3/2 

[—x0.014 — y0.006 + z0.78z] (V/m). 


(a) At z = 0, E = — x 1.6 — y0.66 (MV/m). 

(b) Atz = 5 cm, E = -x81.4-y33.7+ z226 (kV/m). 

(c) Atz = — 5 cm, E = —x81.4 — y 33.7 — z226 (kV/m). 



Problem 4.14 A line of charge with uniform density p / extends between z — —L/2 
and z = L/2 along the z-axis. Apply Coulomb’s law to obtain an expression for the 
electric field at any point P(r,(j),0) on the x-y plane. Show that your result reduces to 
the expression given by Eq. (4.33) as the length L is extended to infinity. 

Solution: Consider an element of charge of height dz at height z. Call it element 1. 
The electric field at P due to this element is dE\. Similarly, an element at — z 
produces dE 2 . These two electric fields have equal z-components, but in opposite 
directions, and hence they will cancel. Their components along r will add. Thus, the 
net field due to both elements is 


dE = dE 1 + d ^2 — r 


2 p/cos0dz 

4m { )R 2 


rp/cos0 dz 
27 i£()R 2 


where the cos 0 factor provides the components of dE \ and dE 2 along r. 

Our integration variable is z, but it will be easier to integrate over the variable 0 
from 0 = 0 to 


0 o = sin 


1 


L/2 

r 2 + (L/2) 2 



CHAPTER 4 


183 



Figure P4.14: Line charge of length L. 


Hence, with R — r/ cos0, and z — rtan0 and dz — rsec 2 0 J0, we have 


■L/2 rQ o 

E = / dE = 

z=0 JQ=0 


dE = 


■0o 


= r 


r 

Pi 


Pl COS 3 0 9 
-t— rsec“0d0 


o 27t8o r* 


■0o 


= r 


2ne 0 r Jo 
Pi 


COS0J0 


For L r. 


2m 0 r 


L/2 


sin 0q = r 


Pi 


L/2 


2TOo r + ; / /2 1 - 


v'^+TW 


rs^ 


i 
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and 


E = ? 


P/ 

27I8 0 r 


(infinite line of charge). 


Problem 4.15 Repeat Example 4-5 for the circular disk of charge of radius a, but 
in the present case assume the surface charge density to vary with r as 

p s = PsO'' 2 (C/m 2 ), 


where p s o is a constant. 

Solution: We start with the expression for dE given in Example 4-5 but we replace 

Ps with psor 2 : 


F _,Pso/j f a r 3 dr 

~ Z 280 Jo (r 2 + /? 2 ) 3 / 2 ■ 

To perform the integration, we use 

R 2 — r 2 + /j 2 , 


2 RdR = 2 rdr. 


E — z 


Pso* 





r(a 2 +h 2 ) i r- ( R 2 -h 2 )dR 

Jh R 2 


\a 2 +h 2 ) { l 2 r(a 2 +h 2 ) 1 / 2 

dR— —rdR 

'h Jh R 2 


yja 2 +h 2 + 


h 2 


y/a 2 + h 2 


-2 h 


Problem 4.16 Multiple charges at different locations are said to be in equilibrium 
if the force acting on any one of them is identical in magnitude and direction to the 
force acting on any of the others. Suppose we have two negative charges, one located 
at the origin and carrying charge — 9e , and the other located on the positive x-axis at 
a distance d from the first one and carrying charge —36^. Determine the location, 
polarity and magnitude of a third charge whose placement would bring the entire 
system into equilibrium. 

Solution: If 


Fi = force on <2i? 
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Q\ = -9e 

x=0 



Q 2 = -36e 





Figure P4.16: Three collinear charges. 


F 2 = force on < 22 ? 
F 3 = force on £> 3 , 


then equilibrium means that 

Fi = F 2 = F 3 . 

The two original charges are both negative, which mean they would repel each other. 
The third charge has to be positive and has to lie somewhere between them in order 
to counteract their repulsion force. The forces acting on charges Q\, Q 2 , and Q 2 are 
respectively 

^ R 2 i2i2 2 , I*3i2i23 . 324<? 2 „ 9eQ 2 

47C8o/?2i 47180^31 4718 {)d 2 4 tIZqX 2 

_ &12Q[Q2 1*32 83 82 _ ~ 324i 2 ^^ 36ig 3 

47t8o7 ? 2 2 4718 o/? 3 2 4mod 2 4neo(d — x) 2 ' 

^ R13G1G3 1*238283 , 9eQ 2 „ 36^03 

47t8()7 ? 2 3 47t8()T?23 47t8()X 2 47C8o(rf — *) 2 ' 


Hence, equilibrium requires that 

324i 9g 3 _ 324g 36g 3 _ 9Q 3 36 Q 3 

d 2 + x 2 d 2 (d—x) 2 x 2 ~^(d—x) 2 ' 

Solution of the above equations yields 

d 

@3 =4e, x = - . 


Section 4-4: Gauss’s Law 

Problem 4.17 Three infinite lines of charge, all parallel to the z-axis, are located at 
the three corners of the kite-shaped arrangement shown in Fig. 4-29 (P4.17). If the 
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two right triangles are symmetrical and of equal corresponding sides, show that the 
electric field is zero at the origin. 


y 



Figure P4.17: Kite-shaped arrangment of line charges for Problem 4.17. 

Solution: The field due to an infinite line of charge is given by Eq. (4.33). In the 
present case, the total E at the origin is 


E — Ei + E2 + E3. 

The components of Ei and E 2 along x cancel and their components along — y add. 
Also, E 3 is along y because the line charge on the y-axis is negative. Hence, 


^ 2 p/cos 0 ^ 2 p/ 

E = -y n +y 


2tzE()R 1 


27180^2 


But cos 0 = R\/R 2 . Hence, 


E = —y ——— — + y —= 0 . 


7t8()T?i R 2 7t8()/^2 


Problem 4.18 Three infinite lines of charge, Pi { =3 (nC/m), p / 2 = —3 (nC/m), and 
P/ 3 = 3 (nC/m), are all parallel to the z-axis. If they pass through the respective points 
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Figure P4.18: Three parallel line charges. 


(0, —b), (0,0), and (0,fc) in the x-y plane, find the electric field at (a,0,0). Evaluate 
your result for a = 2 cm and b — 1 cm. 

Solution: 


P/i = 3 (nC/m), 

P i 2 = -3 (nC/m), 

P/3 = P/l J 

E = E i + E 2 + E 3 . 


Components of line charges 1 and 3 along y cancel and components along x add. 
Hence, using Eq. (4.33), 

E = X —cos e + x —. 

27t £()/?! 27I£ 0 fl 

with cos 9 = : and R \ — Va 2 + b 2 , 

\ a 1 +b 2 


x3 ’ 2 a 
2 tC£q _a 2 + b 2 


x 10 -9 (V/m). 


a 
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For a— 2 cm and b — 1 cm, 


E = x 1.62 (kV/m). 


Problem 4.19 A horizontal strip lying in the x-y plane is of width d in the 
y-direction and infinitely long in the x-direction. If the strip is in air and has a 
uniform charge distribution p s , use Coulomb’s law to obtain an explicit expression 
for the electric field at a point P located at a distance h above the centerline of the 
strip. Extend your result to the special case where d is infinite and compare it with 
Eq. (4.25). 


z 



/ 

/ 


Figure P4.19: Horizontal strip of charge. 


Solution: The strip of charge density p s (C/m 2 ) can be treated as a set of adjacent line 
charges each of charge p/ = p s dy and width dy. At point P, the fields of line charge 
at distance y and line charge at distance — y give contributions that cancel each other 
along y and add along z. For each such pair, 


dE = z 


2p s dycos0 


2 K£qR 
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With R — h/ cos0, we integrate from y = 0 to d/2, which corresponds to 0 = 0 to 
0 q = sin -1 [(d/2)/(/z 2 + (d/2) 2 ) 1 / 2 ]. Thus, 



- d / 2 D s 

dE = z-^- 
0 7l£() 




718 0 




For an infinitely wide sheet, 0o 
(4.25). 


7i/2 and E = 

28q 


which is identical with Eq. 


Problem 4.20 Given the electric flux density 

D = x2(x+y) + y(3x - 2y) (C/m 2 ), 


determine 

(a) p v by applying Eq. (4.26), 

(b) the total charge Q enclosed in a cube 2 m on a side, located in the first octant 
with three of its sides coincident with the jc-, y-, and z-axes and one of its 
corners at the origin, and 

(c) the total charge Q in the cube, obtained by applying Eq. (4.29). 

Solution: 

(a) By applying Eq. (4.26) 

p v = V-D = ^-(2x + 2y) + ^-(3.x — 2y) — 0. 

(b) Integrate the charge density over the volume as in Eq. (4.27): 

Q— [ V-D dV = [ [ [ 0dxdydz = 0. 

J V J x=0 J y=0 J z=0 


(c) Apply Gauss’ law to calculate the total charge from Eq. (4.29) 
Q = / D • ds — Ffront T ^back 4“ bright T Geft 4“ Tj 0 p 4“ ^bottom? 


F front — 


•2 r 2 

r >—0 J z =0 

•2 r2 
'y =0 Jz=0 


(x2(x+y)+y(3x-2y)) 


(x dz dy ) 


x=2 


2 {x+y) 


x=2 


dz dy = \2z[2y + -y 


z =0 


= 24, 


>•=0 
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^back = [ [ (x2(x+y) + y(3x —2y)) •(- xdzdy ) 

Jy=0Jz =0 

*=0 


— f f 2(x+y) dzdy = -[zy' 

J y= 0 J z=0 x=o \ 


= -§, 


2=0/ I }’=0 


[ [ (x2(x+y)+y(3x-2y)) -(ydzdx) 

J x=0 J 2=0 


"right 


[ f (3* - 2y) 

J A=0 J z= 0 


iy=2 

/ , 3 \ 
dzdx = I z I -x 2 — 4x I 

,v=2 \ ' z=o. 


x=0 


Fieft — f [ (x2(x+y)+y(3x-2y)) -(-ydzdx) 
Jx—0 J 7=0 


[ [ (3x —2y) 

J X=0 v 7=0 


A=0 «/ 2=0 


[ [ (x2(x+y)+y(3x-2y)) • (z dydx) 

Jx =0 J 2—0 

2=2 


ly=0 

/ / 3 \ 
dzdv = — z I -x 2 j 

J=0 V ' ' 2=0 


— — 12 , 


*=0 


2 /*2 


dy dx = 0, 


A=0 J 2=0 


^bottom = [ [ (x2(x+y)+y(3x-2y)) -(zdydx) 

Jx =0 «/ 2=0 

2=0 


2=2 


2 /*2 


A=0 J 2=0 


dy dx = 0. 


2=0 


Thus 2 = <£D-ds = 24 — 8 — 4— 12 + 0 + 0 = 0. 


Problem 4.21 Repeat Problem 4.20 for D = xxy 3 z 3 (C/m z ). 

Solution: 

(a) From Eq. (4.26), p v = V D = — (xy 3 z 3 ) = y 3 z 3 . 

ox 


(b) Total charge Q is given by Eq. (4.27): 


r r 2 r 2 r 2 rv 4 Z 4 

Q — I V-D dn/— / / / +V dxdydz — - -- -■ 

Jv J 2=0 Jy=0 Jx=() 16 


2 ,2 i2 


= 32 C. 


A=0 1)7=0 2=0 




CHAPTER 4 


191 


(c) Using Gauss’ law we have 


<J> D • ds — F front + Fback H - F ight Ueft H - Uop H - ^bottom- 

Note that D = xD x , so only Ff ront and Fb ac k (integration over z surfaces) will contribute 
to the integral. 


*2 r 2 


Ffront — 


(xxyV) 


:=0 Jy =0 


{xdydz) 


x=2 


*2 /*2 


z =0 «/y=0 


3 3 

xy z 


dydz — 2 


jc=2 


4 4 

y z* 

16~ 


-32, 


*2 r 2 


Fback — 


(xxyV) 


;=() Jy=0 


{-xdydz) = - 


y =o 

2 cl 


z=0 


x=0 


z=0 Jy =0 


3 3 

xyV 


dydz = 0. 


*=o 


Thus g = cFD-ds = 32 + 0 + 0 + 0 + 0 + 0 = 32 C. 


Problem 4.22 Charge Q\ is uniformly distributed over a thin spherical shell of 
radius a , and charge Q 2 is uniformly distributed over a second spherical shell of 
radius b , with b > a. Apply Gauss’s law to find E in the regions R < a, a < R < b, 
and R> b. 

Solution: Using symmetry considerations, we know D = RDr. From Table 3.1, 
ds — RF 2 sin0f/0f/(|) for an element of a spherical surface. Using Gauss’s law in 
integral form (Eq. (4.29)), 



D -ds — Qtot, 


where Q tot is the total charge enclosed in S. For a spherical surface of radius F, 




(RDr) • (RF 2 sin0 dQ d§) 



•> 


D R F 2 (27t)[— cos0]q = 

Dr = 


Q tot? 

<2tot 

47tF 2 ’ 


From Eq. (4.15), we know a linear, isotropic material has the constitutive relationship 
D = eE. Thus, we find E from D. 
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(a) In the region R < a, 


<2 tot — o? 


(b) In the region a <R < b, 


/v ROtot 

e=r£r =4Ji= o <v/m) - 


Gtot — 21 ? 


A 

E = R£ r = (V/m). 

4tiR 2 z 


(c) In the region R> b. 


Qtot — Qi + 22 ? 


= <v,m) 


Problem 4.23 The electric flux density inside a dielectric sphere of radius a 
centered at the origin is given by 


D = Rp oR (C/m 2 ), 

where po is a constant. Find the total charge inside the sphere. 

Solution: 



Problem 4.24 In a certain region of space, the charge density is given in cylindrical 
coordinates by the function: 



Apply Gauss’s law to find D. 

Solution: 
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Figure P4.24: Gaussian surface. 


Method 1: Integral Form of Gauss’s Law 

Since p v varies as a function of r only, so will D. Hence, we construct a cylinder of 
radius r and length L, coincident with the z-axis. Symmetry suggests that D has the 
functional form D = r D. Hence, 


<j>D-ds — <2, 

I rD ds — D(2nrL), 


2nL / 50re r -rdr 

J o 

mrwrr ,2 r . 


- 1007tL[—+ 2(1 — e~ r { \ + r))], 


= rD = 


r50 -(1— e r (l + r)) — re 
r 


Method 2: Differential Method 


V-D = p v , D = rD, 


with D r being a function of r. 


- — (rD r ) = 50re r , 
r dr 



194 


CHAPTER 4 


4 (>D, ) = 50*-', 



rD r = 50[2(l— £ r (l+r)) — r 2 e r ], 


D = r rD, = f 50 


-(1— <T r (l + r))—re 
r 



Problem 4.25 An infinitely long cylindrical shell extending between r — 1 m and 
r — 3 m contains a uniform charge density p v o- Apply Gauss’s law to find D in all 
regions. 

Solution: For r < 1 m, D = 0. 

For 1 < r < 3 m, 



rD r • ds = Q , 


D r • 27trL = p v0 • 7tL(r 2 - l 2 ), 


D = f Dr = r 


p v0 7tL(r 2 - 1) 
2nrL 




1 < r < 3 m. 


For r > 3 m, 


D r • 27trL = p v ()7tL(3 2 - l 2 ) 

4pv0 


D = rDr = r 


8pvo7tL, 


r 


r > 3 m. 
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z 



Figure P4.25: Cylindrical shell. 


Problem 4.26 If the charge density increases linearly with distance from the origin 
such that p v = 0 at the origin and p v = 40 C/m 3 at R — 2 m, find the corresponding 
variation of D. 


Solution: 


pv(tf) = a + bR, 
p v (0) — a — 0, 
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p v (2) =26 = 40. 


Hence, b = 20. 


p v (tf) = 20tf (C/m 3 ). 

Applying Gauss’s law to a spherical surface of radius R , 

D-ds = [ p w dV, 


Dr • AtiR 2 = 


V 

■/? #4 

20/? • 47t/? 2 d/? = 8071 —, 
o 4 


D r = 5R 2 (C/m 2 ), 

D = RD r = R5R 2 (C/m 2 ). 


Section 4-5: Electric Potential 


Problem 4.27 A square in the x-y plane in free space has a point charge of +Q at 
corner (a/2,a/2) and the same at corner (a/2,— a/2) and a point charge of —2 at 
each of the other two corners. 

(a) Find the electric potential at any point P along the x-axis. 

(b) Evaluate V at x — a/2. 

Solution: R\ = R 2 and /? 3 = /? 4 . 



G 


+ 


G 


-G -£ 
+ -—^- + 


47re ( )/?i 47t8()/?2 47t8 0 /?3 47t8 0 /?4 


— f-- 1 ) 

27ie ( ) V^i R3J 


with 


At x = a/2, 




1 






a 





•> 




0.55 Q 

7t8oa 




Problem 4.28 The circular disk of radius a shown in Fig. 4-7 (P4.28) has uniform 
charge density p s across its surface. 

(a) Obtain an expression for the electric potential V at a point P(0,0,z) on the 
z-axis. 

(b) Use your result to find E and then evaluate it for z — h. Compare your final 
expression with Eq. (4.24), which was obtained on the basis of Coulomb’s law. 

Solution: 

(a) Consider a ring of charge at a radial distance r. The charge contained in 
width dr is 

dq — p s (27tr dr) = 27tp s rdr. 

The potential at P is 

dV - dq - 2 lz P* rdr 

47t8o R 47te 0 ( r 2 + z 2 ) 1 / 2 * 

The potential due to the entire disk is 




rdr 

(r 2 +Z 2 ) 1 / 2 


&W 1 


0 
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z 



Figure P4.28: Circular disk of charge. 





z 

Va 2 + z 2 . 


The expression for E reduces to Eq. (4.24) when z = h. 


Problem 4.29 A circular ring of charge of radius a lies in the x-y plane and is 
centered at the origin. If the ring is in air and carries a uniform density p /, (a) show 
that the electrical potential at (0,0, z) is given by V = p/tf/[2eo(tf 2 + z 2 ) 1 ^ 2 ], and (b) 
find the corresponding electric field E. 

Solution: 

(a) For the ring of charge shown in Fig. P4.29, using Eq. (3.67) in Eq. (4.48c) gives 


V(R) 


1 

4t££o 



1 


•271 


47T£o J (|)'=o yj cP T r 2 


Pi 

2arcos ((j)' — ())) + z 2 



Point (0,0, z) in Cartesian coordinates corresponds to (r,([),z) = (0,(j),z) in cylindrical 
coordinates. Hence, for r — 0, 


v(om 


1 f 2K Pi Pi a 

4jc£q J (D'=q yja 2 -hz 2 2eoy/a 2 + z 2 
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Figure P4.29: Ring of charge. 


(b) From Eq. (4.51), 



^|v+zT ,,2 = ^—Hr; 

2e 0 3z 2s 0 («2 +z 2)3/2 


(V/m). 


Problem 4.30 Show that the electric potential difference V\ 2 between two points in 
air at radial distances r\ and r 2 from an infinite line of charge with density p / along 
the z-axis is V i2 = (p//2ne 0 ) ln(r 2 /ri). 

Solution: From Eq. (4.33), the electric field due to an infinite line of charge is 


E = rE r = r 


Pi 


27ie 0 r 


Hence, the potential difference is 



Problem 4.31 Find the electric potential V at a location a distance b from the origin 
in the x-y plane due to a line charge with charge density p / and of length /. The line 
charge is coincident with the z-axis and extends from z = —1/2 to z = l /2. 
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z 



Figure P4.31: Line of charge of length t. 


Solution: From Eq. (4.48c), we can find the voltage at a distance b away from a line 
of charge [Fig. P4.31]: 

V(b) = -L f — dl' = f ' /2 -j 4 L= = -p-]n ( 1 + V/ ; +Abl V 

4718 Jv R r 4718 J-1/2 y/z 2 + b 2 4718 \ - / + Vl 2 + 4 b 2 ) 


Problem 4.32 For the electric dipole shown in Fig. 4-13, d = 1 cm and |E| = 4 
(mV/m) at R = 1 m and 0 = 0°. Find E at R — 2 m and 0 = 90°. 


Solution: ForR = 1 m and 0 = 0°, E —4 mV/m, we can solve for q using Eq. (4.56): 



qd 

4718 0 /? 3 


(R2cos0 + 0sin0). 


Hence, 


|E| = ( 2 = 4 mV/m at 0 = 0°, 

\4K£ q J 

10~ 3 X 87180 10~ 3 X 87t8 0 

q = - 7 - = - 77^2 - = 0.87180 (C). 


d 


10 


Again using Eq. (4.56) to find E at R — 2 m and 0 = 90°, we have 
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Problem 4.33 For each of the following distributions of the electric potential V, 
sketch the corresponding distribution of E (in all cases, the vertical axis is in volts 
and the horizontal axis is in meters): 

Solution: 


v 



E 


10 









-1U 






V 



E 



(b) 
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v 



E 



Figure P4.33: Electric potential distributions of Problem 4.33. 


Problem 4.34 Given the electric field 

, 18 

E = R^2 ( v/m )> 


find the electric potential of point A with respect to point B where A is at +2 m and 
B at —4 m, both on the z-axis. 


Solution: 


Vab = V a -V b = - [ A E-dl. 

Jb 

18 


Along z-direction, R = z and E = z — for z > 0, and R = — z and E = — z 
z < 0. Hence, 


Z' 


18 


v 


for 
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Figure P4.34: Potential between B and A. 


Problem 4.35 An infinitely long line of charge with uniform density pi = 9 (nC/m) 
lies in the x-y plane parallel to the y-axis at x = 2 m. Find the potential Vab at point 
A(3 m,0,4 m) in Cartesian coordinates with respect to point 5(0,0,0) by applying 
the result of Problem 4.30. 

Solution: According to Problem 4.30, 


V = In ( — 
2tc£o V n 


where r\ and V 2 are the distances of A and B. In this case, 


n = yj (3 — 2) 2 +4 2 = y/vf m, 
r 2 — 2 m. 


Hence, 


_ 9x10-9 / 2 

AB 271 x 8.85 x 10- 12 n V^/l7 


= -117.09 V. 




Problem 4.36 The x-y plane contains a uniform sheet of charge with p Sl = 0.2 
(nC/m 2 ) and a second sheet with p S2 = —0.2 (nC/m 2 ) occupies the plane z = 6m. 
Find Vab, Vbc , and Vac for A(0,0,6 m), 5(0,0,0), and C(0, — 2 m,2 m). 

Solution: We start by finding the E field in the region between the plates. For any 
point above the x-y plane, Ei due to the charge on x-y plane is, from Eq. (4.25), 


E, = z 


Psi 

28 


0 


In the region below the top plate, E would point downwards for positive p S2 on the 
top plate. In this case, p S2 = — p Sl . Hence, 


Ps, 


Ps 2 A ^Psi 


E = Ei+E 2 = zP--zP- 

2£q 2e 0 2e 0 


= z 


Psi 

£o 


Since E is along z, only change in position along z can result in change in voltage. 




e 0 


6 


6p Sl _ 6 x 0.2 x 10 9 

_ iJT = 8.85 x 10- 12 


o 


= -135.59 V. 
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z 



Figure P4.36: Two parallel planes of charge. 


The voltage at C depends only on the ^-coordinate of C. Hence, with point A being at 
the lowest potential and B at the highest potential, 


Vbc 

Vac 


v ab = 
o 

Vab + Vbc 


<- 13 , 5 ' 59) . 45.20 V, 

3 

— 135.59 + 45.20 = —90.39 V. 


Section 4-7: Conductors 

Problem 4.37 A cylindrical bar of silicon has a radius of 4 mm and a length of 8 cm. 
If a voltage of 5 V is applied between the ends of the bar and = 0.13 (m 2 /V-s), 
/ih = 0.05 (m 2 /V-s), N e = 1.5 x 10 16 electrons/m 3 , and Ah = A e , find 

(a) the conductivity of silicon, 

(b) the current I flowing in the bar, 

(c) the drift velocities u e and Uh, 

(d) the resistance of the bar, and 

(e) the power dissipated in the bar. 
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Solution: 

(a) Conductivity is given in Eq. (4.65), 
a = (N e ju e + NhfJh)e 


= (1.5 x 10 1C| )(0.13 + 0.05)(1.6 x 10 -19 ) = 4.32 x 10 -4 (S/m). 

(b) Similarly to Example 4.8, parts b and c, 

I = JA = cEA = (4.32 x 10“ 4 ) ( 2E ) (^(4 x 10“ 3 ) 2 ) = 1.36 (juA). 

\0.08 J 

(c) From Eqs. (4.62a) and (4.62b), 

, x ( 5 \ E E 

U e = -^E = -(0.13) ((jQg J = “ 8 - 125 ^ ( m/s )r 

u K — UhE — +(0.05) (^) i|| =3.125|| (m/s). 

(d) To find the resistance, we use what we calculated above, 

R = 7 = TJ^X = 3 ' 68 <M£y ' 

(e) Power dissipated in the bar is P = IV = (5V)(1.36 /jA) = 6.8 (juW). 


Problem 4.38 Repeat Problem 4.37 for a bar of germanium with jj q — 0.4 (m 2 /V-s), 
/ih = 0.2 (m 2 /V-s), and N e = = 2.4 x 10 19 electrons or holes/m 3 . 

Solution: 

(a) Conductivity is given in Eq. (4.65), 

a = (N e /u e + N u /u u )e — (2.4 x 10 19 )(0.4 + 0.2)(1.6 x 10 -19 ) = 2.3 (S/m). 

(b) Similarly to Example 4.8, parts b and c, 

I — JA — cEA = (2.3) ( 2E J (ti( 4 x 10“ 3 ) 2 ) = 7.225 (mA). 

\0.08 J 

(c) From Eqs. (4.62a) and (4.62b), 


U e = -^eE = “(0.4) 


0.08 J |E| 


(m/s), 


5 

008 


= 12.5 


(m/s), 


u h = /J hE = (0.2) 
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(d) To find the resistance, we use what we calculated above, 


V _ 5V 
7 ~ 7.225 mA 


0.69 (kfl). 


(e) Power dissipated in the bar is P = IV = (5V)(7.225 mA) = 36.125 (mW). 
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Figure P4.41: Cross section of hollow cylinder of Problem 4.41. 
For air Gi = 0 (S/m), G 2 = 3 x 10 4 (S/m); hence, 

R = 371 X 10 4 ((0.03) 2 - (0.02) 2 ) = 4-2 (m ^ )- 


Problem 4.42 A 2 x 10 -3 -mm-thick square sheet of aluminum has 5 cm x 5 cm 
faces. Find: 

(a) the resistance between opposite edges on a square face, and 

(b) the resistance between the two square faces. (See Appendix B for the electrical 
constants of materials). 


Solution: 

(a) 


/ 

R = —. 
gA 


For aluminum, G = 3.5 x 10 7 (S/m) [Appendix B]. 


/ = 5 cm, 


A = 5 cm x 2 x 10 3 mm = 10 x 10 2 x 10 6 = 1 x 10 7 ~~ 2 


m 


R = 


5 x 10 


-2 


3.5 x 10 7 x 1 x 10~ 7 


= 14 (mil). 


(b) Now, / = 2 x 10 3 mm and A = 5 cm x 5 cm = 2.5 x 10 3 m 2 . 

2 x10 -6 


3.5 x 10 7 x 2.5 x lO- 3 


22.8 pfi. 
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Section 4-9: Boundary Conditions 


Problem 4.43 With reference to Fig. 4-19, find Ei if E 2 = x3 — y2 + z2 (V/m), 
£1 = 2 £o, 82 = I 880 , and the boundary has a surface charge density 

p s = 3.54 x 10 -1 1 (C/m 2 ). What angle does E 2 make with the z-axis? 

Solution: We know that Ei t = E 2 t for any 2 media. Hence, Ei t = E 2 t = x3 — y2. 
Also, (Di — D 2 ) -ii = p s (from Table 4.3). Hence, 81 (Ei -n) — 82 (E 2 -n) = p s , which 
gives 


Eiz — 


Ps + 


z 


3.54 x 10"_“ 18(2) 


3.54 x 10 


-11 


+ 18 = 20 (V/m). 


81 2eo '2 2 x 8.85 x 10 -12 

Hence, Ei = x3 — y2 + z20 (V/m). Finding the angle E 2 makes with the z-axis: 


E 2 • z = |E 2 1 cos 0 , 2 — V9 + 4 + 4cos 0 , 



Problem 4.44 An infinitely long conducting cylinder of radius a has a surface 
charge density p s . The cylinder is surrounded by a dielectric medium with e r = 4 
and contains no free charges. If the tangential component of the electric field in the 
region r > a is given by E t = —<|>cos 2 (|)/r 2 , find p s . 

Solution: Let the conducting cylinder be medium 1 and the surrounding dielectric 
medium be medium 2. In medium 2, 

E 2 = yE x — 6-4 cos 2 6 , 

r z 

with E r , the normal component of E 2 , unknown. The surface charge density is related 
to E r . To find E r , we invoke Gauss’s law in medium 2: 

V • D 2 = 0, 


or 



which leads to 

9, x 3/1 o \ 

¥ (,£ ' ) = 3+b“ s V 

Integrating both sides with respect to r, 



sin (|) cos (|). 


— (rE r ) dr = —2sin())cos(|) 


rE x — -sin())cos(|), 
r 
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or 


Hence, 



-=■ sin d) cos d). 
r z 



According to Eq. (4.93), 

n 2 -(Di — D 2 ) = p s , 

where n 2 is the normal to the boundary and points away from medium 1. Hence, 
A 2 = f. Also, D 1 = 0 because the cylinder is a conductor. Consequently, 



■r-D 2 |,- =Q 

-r-e 2 E 2 L =a 


-r • e r e 0 


1 


r -r sin (|) cos (j) — <|) -? cos § 


r—a 


880 9 

sin(|)cos (|) (dm). 


a‘ 


Problem 4.45 A 2-cm conducting sphere is embedded in a charge-free dielectric 
medium with 82 r = 9. If E 2 = R3cos0 — 03sin0 (V/m) in the surrounding region, 
find the charge density on the sphere’s surface. 

Solution: According to Eq. (4.93), 

A2 * (Di — D2) = Ps- 

In the present case, A 2 = R and Di = 0. Hence, 

Ps = R ' H21 r—2 cm 

= —R- 82 (E 3 cos 0 — 03sin0) 

— —278qcos0 (C/m 2 ). 


Problem 4.46 If E = R150 (V/m) at the surface of a 5-cm conducting sphere 
centered at the origin, what is the total charge Q on the sphere’s surface? 

Solution: From Table 4-3, n • (Di — D 2 ) = p s - E 2 inside the sphere is zero, since we 
assume it is a perfect conductor. Hence, for a sphere with surface area S = 4na 2 , 



Q_ 

580 ’ 


^1R — Ps? 
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Q = E R Se 0 = ( 150)4ti(0.05) 2 So = ^ (C). 


Problem 4.47 Figure 4-34(a) (P4.47) shows three planar dielectric slabs of equal 
thickness but with different dielectric constants. If Eo in air makes an angle of 45° 
with respect to the z-axis, find the angle of E in each of the other layers. 

z 



Figure P4.47: Dielectric slabs in Problem 4.47. 


Solution: Labeling the upper air region as region 0 and using Eq. (4.99), 


01 = tan 


02 = tan 


03 = tan 


1 1 — tan6 0 
£o 

— tan0] 
£1 

- 1 1 — tan 0 2 
£2 


= tan 1 (3tan45°) = 71.6°, 


= tan 1 I - tan71.6° ) =78.7°, 
tan -1 f ^tan78.7° ] =81.9°. 


In the lower air region, the angle is again 45°. 


Sections 4-10 and 4-11: Capacitance and Electrical Energy 

Problem 4.48 Determine the force of attraction in a parallel-plate capacitor with 
A = 5 cm 2 , d — 2 cm, and £ r = 4 if the voltage across it is 50 V. 
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Solution: From Eq. (4.131), 



—z2e 0 (5 x 1(T 4 ) 


50 

002 


= —z55.3 x 1(T 9 (N). 


Problem 4.49 Dielectric breakdown occurs in a material whenever the magnitude 
of the field E exceeds the dielectric strength anywhere in that material. In the coaxial 
capacitor of Example 4-12, 

(a) At what value of r is \E\ maximum? 

(b) What is the breakdown voltage if a = 1 cm, b — 2 cm, and the dielectric 
material is mica with e r = 6? 

Solution: 

(a) From Eq. (4.114), E = — rp//27t£r for a < r < b. Thus, it is evident that |E| is 
maximum at r — a. 

(b) The dielectric breaks down when |E| > 200 (MV/m) (see Table 4-2), or 

|E| = -^- = - - %— .. =200 (MV/m), 

2718 r 27t(6eo)(10 -2 ) 

which gives p/ = (200 MV/m)(27t)6(8.854 x 10“ 12 )(0.01) = 667.6 (/rC/m). 

From Eq. (4.115), we can find the voltage corresponding to that charge density, 



(667.6/rC/m) 
12 ti( 8.854 x 10- 12 F/m) 


ln(2) = 1.39 


(MV). 


Thus, V = 1.39 (MV) is the breakdown voltage for this capacitor. 


Problem 4.50 An electron with charge <2e = — 1.6 x 10 -19 C and mass 
m e = 9.1 x 10“ 31 kg is injected at a point adjacent to the negatively charged plate in 
the region between the plates of an air-filled parallel-plate capacitor with separation 
of 1 cm and rectangular plates each 10 cm 2 in area Fig. 4-33 (P4.50). If the voltage 
across the capacitor is 10 V, find 

(a) the force acting on the electron, 

(b) the acceleration of the electron, and 

(c) the time it takes the electron to reach the positively charged plate, assuming 
that it starts from rest. 

Solution: 

(a) The electric force acting on a charge Q e is given by Eq. (4.14) and the electric 
field in a capacitor is given by Eq. (4.112). Combining these two relations, we have 

F — Q e E — qX- = -1.6 x 10- 19 ^ = -1.6 x 1(T 16 (N). 

a 0.01 
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Figure P4.50: Electron between charged plates of Problem 4.50. 


The force is directed from the negatively charged plate towards the positively charged 
plate. 

(b) 



1.6 x 10 -16 
9.1 x 10- 31 


= 1.76 x 10 14 


(m/s 2 ). 


(c) The electron does not get fast enough at the end of its short trip for relativity to 
manifest itself; classical mechanics is adequate to find the transit time. From classical 
mechanics, d — do + uot + jat 2 , where in the present case the start position is do — 0, 
the total distance traveled is d = 1 cm, the initial velocity u o = 0, and the acceleration 
is given by part (b). Solving for the time t , 



2x0.01 
1.76 x 10 14 


= 10.7 x 10~ 9 


10.7 (ns). 


Problem 4.51 In a dielectric medium with e r = 4, the electric field is given by 

E = x(x 2 + 2 z) + yx 2 - z (y + z) (V/m). 

Calculate the electrostatic energy stored in the region — 1 m < i < 1 m, 0<y<2m, 
and 0<z<3m. 
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Solution: Electrostatic potential energy is given by Eq. (4.124), 



4£q 

2 



2 : 2 9 3 4 a 

-.ryz + -zr y + -z J xy + 





3 


z=0 


4e 0 /1304 \ 
) 


= 4.62 x 1(T 9 



Problem 4.52 Figure 4-34a (P4.52(a)) depicts a capacitor consisting of two 
parallel, conducting plates separated by a distance d. The space between the plates 




+ 


V 



Figure P4.52: (a) Capacitor with parallel dielectric section, and (b) equivalent circuit. 

contains two adjacent dielectrics, one with permittivity 8 i and surface area A i 
and another with 82 and A 2 . The objective of this problem is to show that the 
capacitance C of the configuration shown in Fig. 4-34a (P4.52(a)) is equivalent to 
two capacitances in parallel, as illustrated in Fig. 4-34b (P4.52(b)), with 


C = Ci+C 2 , 


(4.132) 
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where 



(4.133) 

(4.134) 


To this end, you are asked to proceed as follows: 

(a) Find the electric fields Ei and E 2 in the two dielectric layers. 

(b) Calculate the energy stored in each section and use the result to calculate C\ 
and C 2 . 

(c) Use the total energy stored in the capacitor to obtain an expression for C. Show 
that Eq. (4.132) is indeed a valid result. 


Solution: 



(c) 


Figure P4.52: (c) Electric field inside of capacitor. 


(a) Within each dielectric section, E will point from the plate with positive voltage 
to the plate with negative voltage, as shown in Fig. P4-52(c). From V — Ed , 


(b) 


E\ — Ei — — . 
“ d 


1 V 


1 


2 Ai 


.4 ld =-e,r d 

But, from Eq. (4.121), 

W ei = \ciV 2 - 

A\ A 2 

Hence C\ = 8i —. Similarly, C 2 = e 2 


d 

(c) Total energy is 


d 


1 V 2 . 1 2 

w e = We, + (eiAi +e 2 A 2 ) = -CV 2 . 
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Problem 4.53 Use the result of Problem 4.52 to determine the capacitance for each 
of the following configurations: 

(a) conducting plates arc on top and bottom faces of rectangular structure in Fig. 
4-35(a) (P4.53(a)), 

(b) conducting plates are on front and back faces of structure in Fig. 4-35(a) 
(P4.53(a)), 

(c) conducting plates arc on top and bottom faces of the cylindrical structure in 
Fig. 4-35(b) (P4.53(b)). 

Solution: 

(a) The two capacitors share the same voltage; hence they arc in parallel. 


(b) 


d 

A 2 


n (5 x i) x itr 4 _7 

; 261 2 x 10-2 = 5e » x 10 ~'’ 

. (5 x 3) x 10 -4 

4g 0 o xx ,n-2 = 30eo X 10 


2 ~d = " t() 2 x 10-2 

C\ + C2 = (5£q + 308o) > 


A 1U 

308q) x 10“ 2 = 0.3580 = 3.1 x 10“ 12 F. 


.. '1 „„ (2x1) xlO- 4 

E| ¥ “ 2e ° 5 x 10-2 

r '3l , r (3x2)xl0- 

2 ~d~ 4 0 5 xlfF2 

Ci+C 2 =0.5x 10“ 12 F. 


0.8£o x 10 2 , 

24 „_ 9 

y £ 0 x 10 


o 4l (^ 1 ) _ 47l£ 0 ro w 1 A—3^2_A A/I X/ 1 A—12 

E| T- 8ei, 27KH-lF5 (2xl ° > - 0 - 04xl() 

^ = 4£o ( ; ( U [(4 x I0~ 3 f - (2 x 10-V] 


2 x 10- 2 


o _in * 2 ) _ n£ 0 r/o,/iA-3d ( A w 1A-3U1 

£3 T- 2e ° 2 x 10 -2 -To^ [( 8x1 ° )-( 4x10 )] 

Cl + C 2 + C 3 = 0.22 x 10~ 12 F. 


= 0.06 x 10 


= 0.12 x 10 


-12 


-12 
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1 cm 

H—►[-*-3 cm-H 




£i = 8 e 0 ; e 2 = 4e 0 ; e 3 = 2e 0 

(b) 


Figure P4.53: Dielectric sections for Problems 4.53 and 4.55. 
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Problem 4.54 The capacitor shown in Fig. 4-36 (P4.54) consists of two parallel 
dielectric layers. We wish to use energy considerations to show that the equivalent 
capacitance of the overall capacitor, C, is equal to the series combination of the 
capacitances of the individual layers, C\ and C 2 , namely 


where 



CiC 2 

Ci+C 2 ’ 



C2 = £2 -7- * 

C12 


(4.136) 



V 





+ 

— V 


(b) 

Figure P4.54: (a) Capacitor with parallel dielectric layers, and (b) equivalent circuit 
(Problem 4.54). 

(a) Let V\ and V 2 be the electric potentials across the upper and lower dielectrics, 
respectively. What are the corresponding electric fields E\ and £ 2 ? By 
applying the appropriate boundary condition at the interface between the two 
dielectrics, obtain explicit expressions for E\ and £ 2 in terms of 81 , 82 , V , and 
the indicated dimensions of the capacitor. 

(b) Calculate the energy stored in each of the dielectric layers and then use the sum 
to obtain an expression for C. 
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Figure P4.54: (c) Electric fields inside of capacitor. 


(c) Show that C is given by Eq. (4.136). 

Solution: 

(a) If V\ is the voltage across the top layer and V 2 across the bottom layer, then 


and 




V2 

d2 


According to boundary conditions, the normal component of D is continuous across 
the boundary (in the absence of surface charge). This means that at the interface 
between the two dielectric layers, 



or 

£i£i = £ 2 ^ 2 - 


Hence, 


V — E\d\ -\~E 2 d 2 


E\d\ + 


£1^1 

£2 





which can be solved for E\\ 



V 

d \ H—- ^2 
£2 


Similarly, 


V 
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(b) 


2 £ i £ r-^i 


= 2 £l 


d\ H—— d2 
£2 


Adi = - U 


8182 AJ 1 

( 82 ^ 1 + 81 J 2 ) 2 . 7 


- 82^2 ’ ^2 


= 2 82 


r /2 H-^1 

Cl 


Ad 2 = 


l y 2 I" 8f8 2 AJ 2 

2 (81^2 + £2^1 ) 2 


= W ei +W e2 = 


But We = ACV 2 , hence, 


1 2 "eiM^i + £iM^2 

2 _ (81^2 + £2^1 ) 2 


£ _ Z\^Ad\ + 8 2 8 2 A ^/ 2 _ 8 8 ^4 (Ml + M2) 
(Mi + M2) 2 (Mi + 81 ^2 ) 2 


8182 A 
82^1 H - £1^2 


(c) Multiplying numerator and denominator of the expression for C by A/d\d 2 , we 
have 

81 A 8 2 A 

^ rfi d 2 C1C2 


C = 


M M C 1 +C 2 ’ 

d\ d2 


where 


Ci = 


81 A 


C 2 = 


8 2 A 


Problem 4.55 Use the expressions given in Problem 4.54 to determine the 
capacitance for the configurations in Fig. 4.35(a) (P4.55) when the conducting plates 
are placed on the right and left faces of the structure. 

Solution: 

A (2 x 5) x 10 ~ 4 

C 1 = £1 — = 2e 0 --— = 20e 0 x 10 2 = 1.77 x 10 12 F, 

d\ 1 x 10 - 

A (2 x 5) x 10 ~ 4 _ P 

C 2 =£27 = 4e 0 v - ,» n — = 1.18x10 12 F, 

d 2 3 x 10 - 


CiC 2 


1.77 x 1.18 


C 1 +C 2 1.77 + 1.18 


x 10 “ 12 =0.71 x 10 “ 12 F. 
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1 cm 

H—►(-«-3 cm-H 



Figure P4.55: Dielectric section for Problem 4.55. 

Section 4-12: Image Method 

Problem 4.56 With reference to Fig. 4-37 (P4.56), charge Q is located at a 
distance d above a grounded half-plane located in the x-y plane and at a distance d 
from another grounded half-plane in the x-z plane. Use the image method to 

(a) establish the magnitudes, polarities, and locations of the images of charge Q 
with respect to each of the two ground planes (as if each is infinite in extent), 
and 

(b) then find the electric potential and electric field at an arbitrary point P(0,y,z). 


z 



Figure P4.56: Charge Q next to two perpendicular, grounded, conducting half planes. 

Solution: 

(a) The original charge has magnitude and polarity +Q at location (0, d). Since 

the negative y-axis is shielded from the region of interest, there might as well be a 
conducting half-plane extending in the — y direction as well as the +y direction. This 
ground plane gives rise to an image charge of magnitude and polarity —Q at location 














222 


CHAPTER 4 


z 


-G* d 


- "I- 

~d 

Q • -d- 


---•Q 


>P(y, z) 


d 

• -G 




Figure P4.56: (a) Image charges. 


(0,d,— d). In addition, since charges exist on the conducting half plane in the +z 
direction, an image of this conducting half plane also appears in the — z direction. 
This ground plane in the x-z plane gives rise to the image charges of — Q at (0, —d,d) 
and +Q at (0, —6?, —d). 

(b) Using Eq. (4.47) with N = 4, 


V{x,y,z) = 


Q 


l 


l 


4ne \\xx + y(y-d) + z(z~d)\ |xx + y(y + d) + z(z - d)\ 

1 1 

+ 


%x + y(y+d) +z(z + d)\ \xx + y(y-d)+z(z + d)\ 


Q 


l 


l 


4ne 


\Jx 2 + (y — d) 2 + (z - d) 2 \Jx 2 + {y + d) 2 + (z — d ) 


+ 


1 


1 


\Jx 2 + (y + dy + (z + dy \jx 2 + ( y — d) 2 + {z + d) 


Q 


l 


4ft£ y sjx 2 + y 2 — 2yd + z 2 — 2 zd + 2d 2 

1 


+ 


\Jx 2 + y 2 + 2 yd + z 2 — 2 zd + 2d 2 

1 

\Jx~ + y 2 + 2yd + z 2 + 2zd + 2d 2 

1 

\Jx 2 + y 2 — 2yd + z 2 + 2 zd + 2d 2 


(V). 
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From Eq. (4.51), 


E = — W 


Q 


4tze 


V 


7 

\Jx 2 + {y-d) +(z — d)~ \Jx 2 + (y + d)~+ (z — d) 


+ V 


, \ =^-v- r = = 

yx 2 + (y + d) 2 + (z + d) 1 yx 2 + {y-d) ? + (z + d ) 


Q f xx + y(y - d) +z(z- d) xx + y(y+ d)+z(z-d) 

471:8 \(x 2 + (y - d) 2 + (z- d) 2 f^ 2 (x 2 + (y + d) 2 + (z- d) 2 f^ 

%x + y{y + d) + z(z + d) xx + y(y-d)+z(z + d) 


+ 


(. x 2 + (y + d ) 2 + [z + dff 2 (x 2 + (y-d) 2 + (z + d) 2 f^ 


(V/m). 


Problem 4.57 Conducting wires above a conducting plane carry currents I\ and 
I 2 in the directions shown in Fig. 4-38 (P4.57). Keeping in mind that the direction 






Figure P4.57: Currents above a conducting plane (Problem 4.57). 

of a current is defined in terms of the movement of positive charges, what are the 
directions of the image currents corresponding to I\ and 

Solution: 

(a) In the image current, movement of negative charges downward = movement of 
positive charges upward. Hence, image of l\ is same as l\. 
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. + q @ t=t[ 

* + q @ /=() 


h 

(image) 


• -q@t =0 
y - ^ @ t = t1 


Figure P4.57: (a) Solution for part (a). 


(b) In the image current, movement of negative charges to right = movement of 
positive charges to left. 



@t=0 
+ q 


+ q @ t=t\ 


-q 

@t=o 


- q @ t=t i 



(image) 


Figure P4.57: (b) Solution for part (b). 


Problem 4.58 Use the image method to find the capacitance per unit length of an 
infinitely long conducting cylinder of radius a situated at a distance d from a parallel 
conducting plane, as shown in Fig. 4-39 (P4.58). 

Solution: Let us distribute charge p/ (C/m) on the conducting cylinder. Its image 
cylinder at z = —d will have charge density — p/. 

For the line at z — d, the electric field at any point z (at a distance of d — z from the 
center of the cylinder) is, from Eq. (4.33), 

Ei = -z- r —v 

2 ji Eo(d-z) 
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V =0 


Figure P4.58: Conducting cylinder above a conducting plane (Problem 4.58). 


T 


d 



Pi 


d 


1 



-Pi 


Figure P4.58: (a) Cylinder and its image. 


where —z is the direction away from the cylinder. Similarly for the image cylinder at 
distance (d + z) and carrying charge —p/, 

g _ ^ _ 

27t8 0 {d + z) 27t8 0 {d+z) ' 

The potential difference between the cylinders is obtained by integrating the total 
electric field from z = —(d — a) to z= ( d — a ): 




2jie 0 



1 

d — z 
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Pi 


‘d—a 


1 l 
+ 


dz 


2to 0 J -(d-a) \d - z d + Z 

Pi r i / i _\ , i._ tj i _\i d—a 


2heq 
p / 

2K£() 

pi 


7l£ 0 


In 


[-ln(J-z)+ln(rf + z)] t _ ( ^_ a) 

[— In (a) + ln(2 d — a) + ln(2 d — a) — In (a)] 
2d —a 


a 


For a length L, Q = p/L and 


G = __ 

V (p//7T8o)ln[(2J — a)/a] ’ 


and the capacitance per unit length is 



In [(2 d/a) — 1 


(C/m). 


Problem 4.59 A circular beam of charge of radius a consists of electrons moving 
with a constant speed u along the +z direction. The beam’s axis is coincident with 
the z-axis and the electron charge density is given by 

p v = — cr 2 (c/m 3 ) 

where c is a constant and r is the radial distance from the axis of the beam. 

(a) Determine the charge density per unit length. 

(b) Determine the current crossing the z-plane. 

Solution: 

(a) 
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J = 

/ = 



Problem 4.60 A line of charge of uniform density p/ occupies a semicircle of 
radius b as shown in the figure. Use the material presented in Example 4-4 to 
determine the electric field at the origin. 



Solution: Since we have only half of a circle, we need to integrate the expression for 
JEi given in Example 4-4 over ([) from 0 to 7t. Before we do that, however, we need 
to set h = 0 (the problem asks for E at the origin). Hence, 


dYL\ — 


p ib (— vb + zh) 


E, = 


47t8 0 ( b 2 + h 2 ) 3 / 2 

j^r # 

47t8()& 

‘ n — rp/ 

' ( J )=0 48 q /? 


ck j> 


h =0 


Problem 4.61 A spherical shell with outer radius b surrounds a charge-free cavity 
of radius a < b. If the shell contains a charge density given by 



a <R < b. 


where p v o is a positive constant, determine D in all regions. 
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Solution: Symmetry dictates that D is radially oriented. Thus, 


At any R, Gauss’s law gives 


D = R D r . 


Dds = Q 


RD R -Rds = Q 
4tt R 2 D r = Q 
D r = 


Q 


4nR 2 


(a) For R < a, no charge is contained in the cavity. Hence, Q — 0, and 

Dr = 0, R < a. 


(b) For a < R<b, 




PvO 

R 2 


• 47 iR 2 dR 


-47tp v0 (R-a). 


Hence, 


^ Pvo(^ a ) 
Dr= — 


•> 


a < R < b. 
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(c) For R>b, 



-4np v o(b-a) 



pvo (b-a) 

R 2 


R> b. 


Problem 4.62 Two infinite lines of charge, both parallel to the z-axis, lie in the x-z 
plane, one with density p/ and located at x — a and the other with density —p / and 
located at x = —a. Obtain an expression for the electric potential V (jt,y) at a point 
P(x,y) relative to the potential at the origin. 



Solution: According to the result of Problem 4.30, the electric potential difference 
between a point at a distance r\ and another at a distance r 2 from a line charge of 
density p/ is 




Applying this result to the line charge at x = a, which is at a distance a from the 
origin: 



(r 2 = a and r\ — r') 


_P/_ ^ f a 
2k£q y \J (x — a) 2 +y 2 


Similarly, for the negative line charge at x = —a, 

V" = - In ( (r 2 = a and r\ — r) 
27T8o Vr'V v y 

= ^lnf . \ V 

27ieo l v /(x + a ) 2 + v 2 ) 
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The potential due to both lines is 


V = V' + V" = -^~ 

27180 

At the origin, V — 0, as it should be since the origin is the reference point. The 
potential is also zero along all points on the y-axis (x = 0). 


In 


a 


y/(x-a) 2 +y 2 


-In 


a 


\/(x + a) 2 +y 2 


Problem 4.63 A cylinder-shaped carbon resistor is 8 cm in length and its circular 
cross section has a diameter d = 1 mm. 

(a) Determine the resistance R. 

(b) To reduce its resistance by 40%, the carbon resistor is coated with a layer of 
copper of thickness t. Use the result of Problem 4.40 to determine t. 


Solution: 

(a) From (4.70), and using the value of a for carbon from Appendix B, 


«= 2 _ = 


1 


8 x 10 


-2 


cA cn(d/2) 2 3 x 10 4 7i(10 _3 /2) 2 


= 3.4 0, 


(b) The 40%-reduced resistance is: 


R' = 0.6 R = 0.6 x 3.4 = 2.04 Cl. 


Using the result of Problem 4.40: 


R' = 


n(c [a 2 + c 2 {b 2 — a 2 )) 


= 2.04 Q. 


With Gi = 3.4 x 10 4 S/m (carbon), o 2 = 5.8 x 10 7 S/m (copper), a = 1 mm/2 
5 x 10 -4 m, and b unknown, we have 

b = 5.00086 x 10~ 4 m 


and 

t = b — a = (5.00086 - 5) x 10“ 4 

= 0.00086 x 10 -4 m = 0.086 pm. 

Thus, the addition of a copper coating less than 0.1 pm in thickness reduces the 
resistance by 40%. 
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Problem 4.64 A coaxial capacitor consists of two concentric, conducting, 
cylindrical surfaces, one of radius a and another of radius b , as shown in the figure. 
The insulating layer separating the two conducting surfaces is divided equally into 
two semi-cylindrical sections, one filled with dielectric £i and the other filled with 
dielectric 82 . 



(a) Develop an expression for C in terms of the length / and the given quantities. 

(b) Evaluate the value of C for a — 2 mm, b — 6 mm, £ n = 2, — 4, and 

/ = 4 cm. 

Solution: 

(a) For the indicated voltage polarity, the E field inside the capacitor exists in only 
the dielectric materials and points radially inward. Let Ei be the field in dielectric £1 
and E 2 be the field in dielectric £ 2 . At the interface between the two dielectric 
sections, Ei is parallel to E 2 and both are tangential to the interface. Since boundary 
conditions require that the tangential components of Ei and E 2 be the same, it follows 
that: 


Ei — E2 — —vE. 
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Air — a (surface of inner conductor), in medium 1, the boundary condition on D, as 
stated by (4.101), leads to 


Di =£iEi = npsi 
-r£iE = rp s ] 


or 



Similarly, in medium 2 



Thus, the E fields will be the same in the two dielectrics, but the charge densities will 
be different along the two sides of the inner conducting cylinder. 

Since the same voltage applies for the two sections of the capacitor, we can treat 
them as two capacitors in parallel. For the capacitor half that includes dielectric Ei, 
we can apply the results of Eqs. (4.114)—(4.116), but we have to keep in mind that Q 
is now the charge on only one half of the inner cylinder. Hence, 


718 \l 

In {b/a) 


Similarly, 


and 




? 


C = C!+C 2 = 


Jt/(£i +e 2 ) 

In (b/a) 


7 ix 4 xlO 2 (2+ 4) x 8.85 x 10 12 

ln( 6 / 2 ) 


6.07 pF. 
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Chapter 5: Magnetostatics 


Lesson #30 

Chapter — Section: 5-1 
Topics: Magnetic forces and torques 

Highlights: 

• Lorentz force on a charged particle 

• Magnetic force on a current in a magnetic field 

• Torque on a loop 

Special Illustrations: 

• Examples 5-1 



234 


Lesson #31 

Chapter — Section: 5-2 
Topics: Biot-Savart law 

Highlights: 

• Magnetic field induction by electric currents 

• Magnetic field due to linear conductor 

• Magnetic dipole 

Special Illustrations: 

• Example 5-2 

• Example 5-3 

• CD-ROM Modules 5.3 and 5.4 


Module 5.3: Field at Center of a Square 



In example 5-2 in the text, it was shown that the 
magnetic flux density at a distance r from the 
midpoint of a conductor of length / is: 


B = uoH = <j> 


fi 0 ll 


2 Jt/V 4r 2 + / 2 


(T). 


(5.29) 


Q. Use the above result to determine B at the center 
of a square of sides /. 

' select^ B — 0 

(Ste) B= zlVlfJol/izl 
(l^D B = -z 2v / 2u 0 //jt/ 

£ select B — zy/lfiol/2nl 
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Lesson #32 

Chapter — Section: 5-3, 5-4 
Topics: Magnetic force, Ampere’s law 

Highlights: 

• Attraction and repulsion forces between currents 

• Gauss’s law for magnetics 

• Ampere’s law 

Special Illustrations: 

• Example 5-6 

• CD-ROM Modules 5.1 and 5.2 


Module 52: Wire Next to a Loop 



Given: A wire loop lies in the same plane as an infinitely long 
wire. Initially, neither wire is carrying a current. 

Q1. If /|=0 and a current A is made to flow through the loop 
in the direction shown, what will happen to the loop? 

select Nothing. 

select It will try to expand. 

select It will contract. 

Q2. If in addition to /i,a strong current l\ is made to flow 

through the linear wire, what is likely to happen to the 
loop? 

select Nothing. 

select It will try to expand. 

select It will contract. 
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Lesson #33 

Chapter — Section: 5-5, 5-6 

Topics: Vector magnetic potential, magnetic materials 

Highlights: 

• Relation of A to B 

• Vector Poisson’s Eq. 

• Magnetic permeability 

• Ferromagnetism, hysteresis 

Special Illustrations: 

• Technology Brief on “Electromagnetic and magnetic switches” (CD-ROM) 


Electromagnets and Magnetic Relays 

William Sturgeon developed the first practical electromagnet in the 1820s. Today the principle of 
the electromagnet is used in motors, relay switches in read/write heads for hard disks and tape 
drives, loudspeakers, magnetic levitation and many other applications. 

Basic Principle 

Electromagnets can be constmcted in various shapes, 
including the linear solenoid described in Section 5-8.1. 

When an electric current generated by a power source, 
such as a battery, flows through the wire coiled around 
the central core, it induces a magnetic field with field 
lines resembling those generated by a bar magnet (Al). 

The strength of the magnetic field is proportional to the 
current, the number of turns, and the magnetic 
permeability of the core material. By using a 
ferromagnetic core, the field strength can be increased 
by several orders of magnitude, depending on the purity 
of the iron material. When subjected to a magnetic 
field, ferromagnetic materials, such as iron or nickel, 
get magnetized and act like magnets themselves. 






Lesson #34 

Chapter — Section: 5-7 

Topics: Boundary conditions 
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Highlights: 

• Analogy with electric-field boundary conditions 

Special Illustrations: 

• Technology Brief on “Magnetic Recording” (CD-ROM) 


Magnetic Recording 


Valdemar Poulsen, a Danish engineer, invented magnetic recording by demonstrating in 1900 that 
speech can be recorded on a thin steel wire using a simple electromagnet. Magnetic tapes were 
developed as an alternative medium to wires in the 1940s and became very popular for recording 
and playing music well into the 1960s. Videotapes were introduced in the late 1950s for 
recording motion pictures for later replay on television. Because video signals occupy a much 
wider bandwidth, tape speeds for video recording (past the magnetic head) have to be at rates on 
the order of 5 m/s, compared with only 0.3 m/s for audio. Other types of magnetic recording 
media were developed since then, including the flexible plastic disks called “floppies,” the hard 
disks made of glass or aluminum, the magnetic drum, and the magnetic bubble memory. All take 
advantage of the same fundamental principle of being able to store electrical information through 
selective magnetization of a magnetic material, as well as the ability to retrieve it (playback) 
when so desired. 




I, 


If. J A I, A A A A A /> 

/VMWVW\ 

f * 


A. Tape recording process 


LOUDSPEAKER 


/ 



B. Replay process 


AMRJFIER 

► 


AMFLIFIER 



RECORDING HEAD 


MAGNETIC FIELD 
INDUCED BY SIGNAL 

6= 



ELECTROMAGNET 

4 


i 


MAGNETIC TAFE 


“3 
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PICK-UP HEAD 


MAGNETIC FIELD 
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Lesson #35 
Chapter — Section: 5-8 
Topics: Inductance 

Highlights: 

• Solenoid 

• Self inductance 

Special Illustrations: 

• Example 5-8 

• Technology Brief on “Inductive Sensors” (CD-ROM) 


Inductive Sensors 

Magnetic coupling between different coils forms the basis of several different types of inductive 
sensors. Applications include the measurement of position and displacement (with sub-millimeter 
resolution) in device fabrications processes, proximity detection of conductive objects, and other 
related applications. 

Linear Variable Differential Transformer (LVDT) 

A LVDT comprises a primary coil connected to an 
ac source, typically a sine wave at a frequency in 
the 1-10 KHz range, and a pair of secondary coils, 
all sharing a common ferromagnetic core (Al). 

The magnetic core serves to couple the magnetic 
flux generated by the primary coil into the two 
secondaries, thereby inducing an output voltage 
across each of them. The secondary coils are 
connected in opposition, so that when the core is 
positioned at the magnetic center of the LVDT, the 
individual output signals of the secondaries cancel 
each other out, producing a null output voltage. 

The core is connected to the outside world via a 
nonmagnetic rod. When the rod moves the core 
away from the magnetic center, the magnetic 
fluxes induced in the secondary coils are no longer 
equal, resulting in a non-zero output voltage. The 
LVDT is called a “linear” transformer because the 
output voltage is a linear function of displacement 
over a wide operating range. 


in 


PRIMARY 




COIL 


PUSH ROD 




Al. LVDT circuit 
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Lesson #36 
Chapter — Section: 5-9 
Topics: Magnetic energy 

Highlights: 

• Magnetic energy density 

• Magnetic energy in a coax 

Special Illustrations: 

• Example 5-9 
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Chapter 5 

Sections 5-1: Forces and Torques 

Problem 5.1 An electron with a speed of 8 x 10 6 m/s is projected along the 
positive x-direction into a medium containing a uniform magnetic flux density 
B = (x4 — z3) T. Given that e = 1.6 x 10 -19 C and the mass of an electron is 
m e —9.1 x 10 -31 kg, determine the initial acceleration vector of the electron (at the 
moment it is projected into the medium). 

Solution: The acceleration vector of a free particle is the net force vector divided by 
the particle mass. Neglecting gravity, and using Eq. (5.3), we have 

= -£ = - 1 - 6 x 10 19 iq6 _ 
m e m e 9.1 x 10“ 31 v ' v ’ 

= —y4.22 x 10 18 (m/s 2 ). 


Problem 5.2 When a particle with charge q and mass m is introduced into a medium 
with a uniform field B such that the initial velocity of the particle u is perpendicular 
to B, as shown in Fig. 5-31 (P5.2), the magnetic force exerted on the particle causes it 
to move in a circle of radius a. By equating F m to the centripetal force on the particle, 
determine a in terms of q , m, u , and B. 

Solution: The centripetal force acting on the particle is given by F c — mu 2 /a. 



Figure P5.2: Particle of charge q projected with velocity u into a medium with a 
uniform field B perpendicular to u (Problem 5.2). 
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Equating F c to F m given by Eq. (5.4), we have mu 2 /a — quB sin0. Since the magnetic 
field is perpendicular to the particle velocity, sin0 = 1. Hence, a = mu/qB. 


Problem 5.3 The circuit shown in Fig. 5-32 (P5.3) uses two identical springs to 
support a 10-cm-long horizontal wire with a mass of 20 g. In the absence of a 
magnetic field, the weight of the wire causes the springs to stretch a distance of 
0.2 cm each. When a uniform magnetic field is turned on in the region containing the 
horizontal wire, the springs are observed to stretch an additional 0.5 cm. What is the 
intensity of the magnetic flux density B? The force equation for a spring is F = kd , 
where k is the spring constant and d is the distance it has been stretched. 


4£l 


12V 





© ® © 
-*-10 cm-► 




Figure P5.3: Configuration of Problem 5.3. 


Solution: Springs are characterized by a spring constant k where F = kd is the 
force exerted on the spring and d is the amount the spring is stretched from its rest 
configuration. In this instance, each spring sees half the weight of the wire: 


F — \mg — kd , 



20 x 10“ 3 x 9.8 
2 x 2 x 10“ 3 


49 (N/m). 


Therefore, when the springs are further stretched by an additional 0.5 cm, this 
amounts to an additional force of F — 49 N/m x (5 x 10 3 m) = 245 mN per spring, 
or a total additional force of F — 0.49 N. This force is equal to the force exerted 
on the wire by the interaction of the magnetic field and the current as described by 
Eq. (5.12): F m = l£x B, where £ and B are at right angles. Moreover £ x B is in the 
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downward direction, and / — V/R — 12 V/4 £2 = 3 A. Therefore, 



i\\e\\B 



0.49 

3x0.1 


1.63 (T). 


Problem 5.4 The rectangular loop shown in Fig. 5-33 (P5.4) consists of 20 closely 
wrapped turns and is hinged along the z-axis. The plane of the loop makes an 
angle of 30° with the y-axis, and the current in the windings is 0.5 A. What 
is the magnitude of the torque exerted on the loop in the presence of a uniform 
field B = y2.4 T? When viewed from above, is the expected direction of rotation 
clockwise or counterclockwise? 


t 



Figure P5.4: Hinged rectangular loop of Problem 5.4. 


Solution: The magnetic torque on a loop is given by T = m x B (Eq. (5.20)), where 
m = n NIA (Eq. (5.19)). For this problem, it is given that I = 0.5 A, N = 20 turns, and 
A = 0.2 m x 0.4 m = 0.08 m 2 . From the figure, n = —xcos30° +ysin30°. Therefore, 
m = nO.8 (A-m 2 ) and T = nO.8 (A-m 2 ) x y2.4 T = —zl.66 (N-m). As the torque is 
negative, the direction of rotation is clockwise, looking from above. 


Problem 5.5 In a cylindrical coordinate system, a 2-m-long straight wire carrying 
a current of 5 A in the positive z-direction is located at r = 4 cm, (j) = 7t/2, and 
— 1 m < z < 1 m. 

(a) If B = r 0.2 cos(|) (T), what is the magnetic force acting on the wire? 
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Figure P5.5: Problem 5.5. 


(b) How much work is required to rotate the wire once about the z-axis in the 
negative (^-direction (while maintaining r — 4 cm)? 

(c) At what angle (]) is the force a maximum? 

Solution: 

(a) 


F-/fxB 

= 5z2 x [r 0.2cos(|)] 

/V 

= <|>2cos(|). 

At § = 7c/ 2, <|> = —x. Hence, 


F = —x2cos(7t/2) = 0. 





<j> [2cos(|)] *(— <j>)r d§ 


r=4 cm 




COS (|) ^(j) 


= —8 x 10 -2 [sin^]f = 0. 

r =4 cm 


The force is in the +(|)-direction, which means that rotating it in the —^-direction 
would require work. However, the force varies as cos(|), which means it is positive 
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when —n/2 < (]) < 7t/2 and negative over the second half of the circle. Thus, work 
is provided by the force between § = n/2 and § = — tt/2 (when rotated in the 

A 

—^-direction), and work is supplied for the second half of the rotation, resulting in a 
net work of zero. 

(c) The force F is maximum when cos(|) = 1, or § = 0. 


Problem 5.6 A 20-turn rectangular coil with side / = 20 cm and w — 10 cm is 
placed in the y-z plane as shown in Fig. 5-34 (P5.6). 



Figure P5.6: Rectangular loop of Problem 5.6. 

(a) If the coil, which carries a current I = 10 A, is in the presence of a magnetic 
flux density 

B = 2 x 10 -2 (x + y2) (T), 

determine the torque acting on the coil. 

(b) At what angle ([) is the torque zero? 

(c) At what angle ([) is the torque maximum? Determine its value. 

Solution: 

(a) The magnetic field is in direction (x + y2), which makes an angle 
<>0 = tan- 1 ! = 63.43°. 

The magnetic moment of the loop is 

m = n NIA = n20 x 10 x (30 x 10) x 10“ 4 = n6 (A-m 2 ), 
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z 



Figure P5.6: (a) Direction of B. 


where n is the surface normal in accordance with the right-hand rule. When the loop 
is in the negative-y of the y-z plane, n is equal to x, but when the plane of the loop is 
moved to an angle (|), n becomes 

n = xcos(|) + ysin(j), 

T = mxB = n6x2x 10“ 2 (x + y2) 

= (xcos(|) + ysin<|))6 x 2 x 10 _2 (x + y2) 

= z0.12[2cos(|) — sin(j)] (N-m). 

(b) The torque is zero when 

2 cos (|) — sin(|) = 0, 


or 

tan(|) = 2, (|) = 63.43° or —116.57°. 

Thus, when n is parallel to B, T = 0. 

(c) The torque is a maximum when n is perpendicular to B, which occurs at 

<|> = 63.43 ±90° = -26.57° or +153.43°. 


Mathematically, we can obtain the same result by taking the derivative of T and 
equating it to zero to find the values of § at which |T| is a maximum. Thus, 


dT 

3(J) 



(0.12(2cos(|) 


sin(|>)) = 0 
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or 


which gives tan(|) 



—2sin(|) + cos(|) = 0, 


(|> = -26.57° or 153.43°, 


at which T = z0.27 (N-m). 


Section 5-2: Biot-Savart Law 

Problem 5.7 An 8 cm x 12 cm rectangular loop of wire is situated in the x-y 
plane with the center of the loop at the origin and its long sides parallel to the x-axis. 
The loop has a current of 50 A flowing with clockwise direction (when viewed from 
above). Determine the magnetic field at the center of the loop. 

Solution: The total magnetic field is the vector sum of the individual fields of each 
of the four wire segments: 6=61+62 + 63 + 64. An expression for the magnetic 
field from a wire segment is given by Eq. (5.29). 


z 



Figure P5.7: Problem 5.7. 


For all segments shown in Fig. P5.7, the combination of the direction of the current 
and the right-hand rule gives the direction of the magnetic field as — z direction at the 
origin. With r — 6 cm and / = 8 cm, 



/jII 

27 iry /4 r 2 + / 2 


4n x 10 7 x 50 x 0.08 

= —z 


2n x 0.06 x V4 x 0.06 2 + 0.08 2 


z9.24 x IQ” 5 (T). 
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For segment 2, r — 4 cm and / = 12 cm, 


jull 


2%ryJ 4 r 2 + / 2 

4ttx10- 7 x 50x0.12 


z 20.80 x 10 " 5 (T). 



Similarly, 


B 3 = —z9.24 x 10 ~ 5 (T), B 4 = -z20.80 x 10 “ 5 (T). 

The total field is then 6 = 61+62 + 63 + 64 = —z0.60 (mT). 

Problem 5.8 Use the approach outlined in Example 5-2 to develop an expression 
for the magnetic field H at an arbitrary point P due to the linear conductor defined by 
the geometry shown in Fig. 5-35 (P5.8). If the conductor extends between z\ — 3 m 
and Z 2 = 7 m and carries a current / = 15 A, find H at P(2,(|),0). 



Figure P5.8: Current-carrying linear conductor of Problem 5.8. 


Solution: The solution follows Example 5-2 up through Eq. (5.27), but the 
expressions for the cosines of the angles should be generalized to read as 


z — z 1 


Z-Z2 


1 — 




cos 0 


cos 02 = 
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instead of the expressions in Eq. (5.28), which are specialized to a wire centered at 
the origin. Plugging these expressions back into Eq. (5.27), the magnetic field is 
given as 



For the specific geometry of Fig. P5.8, 



/V 

f 


15 


0-3 


471 x 2 L \/3 2 + 2 2 


0-7 

y/1 2 + 2 2 


= <j>77.4 x 10“ 3 (A/m) = <j>77.4 


(mA/m). 


Problem 5.9 The loop shown in Fig. 5-36 (P5.9) consists of radial lines and 
segments of circles whose centers are at point P. Determine the magnetic field H 
at P in terms of a , b , 0, and /. 



Figure P5.9: Configuration of Problem 5.9. 


Solution: From the solution to Example 5-3, if we denote the z-axis as passing out 
of the page through point P, the magnetic field pointing out of the page at P due to 
the current flowing in the outer arc is H oute r = —iJQ/4nb and the field pointing out 
of the page at P due to the current flowing in the inner arc is Hi nner = zIQ/Ana. The 
other wire segments do not contribute to the magnetic field at P. Therefore, the total 
field flowing directly out of the page at P is 


H = H 


outer 


+ Hi nner — Z 


70 ( l 


4tc V a 


= JQ{b-a) 
b ) 4nab 


Problem 5.10 An infinitely long, thin conducting sheet defined over the space 
0 <x<w and — °o < y < <x> is carrying a current with a uniform surface current 
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z 



m o, Z ) 


\R\ 


R 




x 


0 

<- 


x 


w 


Figure P5.10: Conducting sheet of width w in x-y plane. 


density J s = y5 (A/m). Obtain an expression for the magnetic field at point P(0,0,z) 
in Cartesian coordinates. 

Solution: The sheet can be considered to be a large number of infinitely long but 
narrow wires each dx wide lying next to each other, with each carrying a current 
I x = J s dx. The wire at a distance x from the origin is at a distance vector R from 
point P, with 


R = —xx + z z. 

Equation (5.30) provides an expression for the magnetic field due to an infinitely long 
wire carrying a current I as 


«= » = *l. 

/Jo 27tr 


We now need to adapt this expression to the present situation by replacing I with 
I x — J s dx , replacing r with R = (x 2 +z 2 ) 1 ' 2 , as shown in Fig. P5.10, and by assigning 
the proper direction for the magnetic field. From the Biot-Savart law, the direction 
of H is governed by 1 x R, where 1 is the direction of current flow. In the present case, 
1 is in the y direction. Hence, the direction of the field is 


lx R 
lx R 


yx(-xv + zz) _ xz + zx 
yx (~xx + zz)\ (x 2 +Z 2 ) 1 / 2 ' 
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Therefore, the field d\\ due to the current I x is 


dH = 


xz + zx I x (xz + zx)/ s dx 


and the total field is 


H(0,0,z) = 


' vv ^ x J s dx 


J, 


*vv 


. , (XZ + zx) -= -;r 

2nJ x=0 y x 2 -\-z~ 

J s (* f w dx „ 
xz / „ . „ + z 


<W 


xdx 


2k 
J, 


x=o x 2 + z 2 Jx= o x 2 + z 2 


2k 

5_ 

2k 

5 

271 


s / ~ / 1 -1 IX 

xz - tan 


z 


x27ttan 


z 


VT 


x=0 


+ z (±ln(x 2 + z 2 )) 


W 

x=0 


-1 


W 


— ) +zi(ln(w 2 + z 2 ) -ln(0 + z 2 )) 


for z / 0, 


S2«a„->|-Wln(^±r 


(A/m) for z ^ 0. 


An alternative approach is to employ Eq. (5.24a) directly. 


Problem 5.11 An infinitely long wire carrying a 25-A current in the positive 
x-direction is placed along the x-axis in the vicinity of a 20-turn circular loop located 
in the x-y plane as shown in Fig. 5-37 (P5.11(a)). If the magnetic field at the center 
of the loop is zero, what is the direction and magnitude of the current flowing in the 
loop? 


d = 2m 







x 


Figure P5.ll: (a) Circular loop next to a linear current (Problem 5.11). 


Solution: From Eq. (5.30), the magnetic flux density at the center of the loop due to 
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Q 

Figure P5.11: (b) Direction of I 2 . 


the wire is 


jy * PO j 

B|=Z 2i/'' 


where z is out of the page. Since the net field is zero at the center of the 
be clockwise, as seen from above, in order to oppose I \. The field due 
Eq. (5.35), 

JJ0NI2 


B = jjqH = -z 


2 a 


Equating the magnitudes of the two fields, we obtain the result 


loop, I 2 must 
to I 2 is, from 


or 


Nh _ h 

2 a 2nd ’ 


2al\ 

2nNd 


1 x25 
n x 20 x 2 


-0.2 A. 


Problem 5.12 Two infinitely long, parallel wires carry 6-A currents in opposite 
directions. Determine the magnetic flux density at point P in Fig. 5-38 (P5.12). 


I\ = 6A 


I 2 = 6A 


P 

0.5m 


2m 


Figure P5.12: Arrangement for Problem 5.12. 


Solution: 


B —(j) 


poh 


27t(0.5) 


, * Poh Jjuo 

+ *MTs) =,, ¥ (6+2)= *- 


n 


(T). 
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Problem 5.13 A long, East-West oriented power cable carrying an unknown 
current I is at a height of 8 m above the Earth’s surface. If the magnetic flux density 
recorded by a magnetic-field meter placed at the surface is 15 juT when the current is 
flowing through the cable and 20 juT when the current is zero, what is the magnitude 
of/? 


Solution: The power cable is producing a magnetic flux density that opposes Earth’s, 
own magnetic field. An East-West cable would produce a field whose direction at 
the surface is along North-South. The flux density due to the cable is 

B = (20 — 15) juT = 5juT. 


As a magnet, the Earth’s field lines are directed from the South Pole to the North 
Pole inside the Earth and the opposite on the surface. Thus the lines at the surface are 
from North to South, which means that the field created by the cable is from South 
to North. Hence, by the right-hand rule, the current direction is toward the East. Its 
magnitude is obtained from 


5 pT = 5 x 1(T 6 


fjpl 

2nd 


4n x 10 7 / 
2n x 8 


which gives I = 200 A. 


Problem 5.14 Two parallel, circular loops carrying a current of 40 A each are 
arranged as shown in Fig. 5-39 (P5.14). The first loop is situated in the x-y plane 
with its center at the origin and the second loop’s center is at z = 2 m. If the two 
loops have the same radius a = 3 m, determine the magnetic field at: 

(a) z = 0, 

(b) z = 1 m, 

(c) z = 2 m. 

Solution: The magnetic field due to a circular loop is given by (5.34) for a loop in 

/V 

the x-y plane carrying a current I in the +(|)-direction. Considering that the bottom 

/V 

loop in Fig. P5.14 is in the x-y plane, but the current direction is along — <|>, 

H = _^_——_ 

1 2(a 2 + z 2 ) 3 / 2 ’ 

where z is the observation point along the z-axis. For the second loop, which is at a 
height of 2 m, we can use the same expression but z should be replaced with (z — 2). 
Hence, 

IT - Ia2 

2_ Z 2[a 2 + (z — 2) 2 ] 3 / 2 ’ 
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z 



Figure P5.14: Parallel circular loops of Problem 5.14. 


The total field is 


H = Hj +H 2 = —z 


lev 


1 


+ 


1 


2 [ (fl 2 +z 2 ) 3 / 2 [fl 2 + (z —2) 2 ] 3 / 2 _ 


A/m. 


(a) At z = 0, and with a = 3 m and / = 40 A, 


H = —z 


40x9 


1 

TT + 


1 


2 [3 3 (9 + 4) 3 / 2 _ 


= — z 10.5 A/m. 


(b) At z = 1 m (midway between the loops): 


H = —z 


40x9 


1 


+ 


1 


2 L(9+l) 3 / 2 (9 +1) 3 / 2 _ 


= -z 11.38 A/m. 


(c) At z = 2 m, H should be the same as at z = 0. Thus, 


H = -z 10.5 A/m. 


Section 5-3: Forces between Currents 

Problem 5.15 The long, straight conductor shown in Fig. 5-40 (P5.15) lies in the 
plane of the rectangular loop at a distance d — 0.1 m. The loop has dimensions 
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h 


b = 0.5m 


7 2 ,, 


d = 0.1m 


a = 0.2m 


Figure P5.15: Current loop next to a conducting wire (Problem 5.15). 


a = 0.2 m and b = 0.5 m, and the currents are I\ = 20 A and h = 30 A. Determine 
the net magnetic force acting on the loop. 

Solution: The net magnetic force on the loop is due to the magnetic field surrounding 
the wire carrying current I \. The magnetic forces on the loop as a whole due to the 
current in the loop itself are canceled out by symmetry. Consider the wire carrying 
I\ to coincide with the z-axis, and the loop to lie in the +x side of the x-z plane. 
Assuming the wire and the loop are surrounded by free space or other nonmagnetic 
material, Eq. (5.30) gives 



27tr 


In the plane of the loop, this magnetic field is 




Then, from Eq. (5.12), the force on the side of the loop nearest the wire is 



The force on the side of the loop farthest from the wire is 
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The other two sides do not contribute any net forces to the loop because they are 
equal in magnitude and opposite in direction. Therefore, the total force on the loop is 


F = F m i + F m 2 

_ - Pohhb . pohhb 
2nd X 2n(a + d) 

. ix^hhab 
~ ~ x - 7 - r 

2nd {a + d) 

An x 10 -7 x 20 x 30 x 0.2 x 0.5 
X 271x0.1x0.3 

The force is pulling the loop toward the wire. 


—x0.4 (mN). 


Problem 5.16 In the arrangement shown in Fig. 5-41 (P5.16), each of the two long, 
parallel conductors carries a current /, is supported by 8-cm-long strings, and has a 
mass per unit length of 1.2 g/cm. Due to the repulsive force acting on the conductors, 
the angle 0 between the supporting strings is 10°. Determine the magnitude of 1 and 
the relative directions of the currents in the two conductors. 


z 



z 



Figure P5.16: Parallel conductors supported by strings (Problem 5.16). 


Solution: While the vertical component of the tension in the strings is counteracting 
the force of gravity on the wires, the horizontal component of the tension in the strings 
is counteracting the magnetic force, which is pushing the wires apart. According 
to Section 5-3, the magnetic force is repulsive when the currents are in opposite 
directions. 

Figure P5.16(b) shows forces on wire 1 of part (a). The quantity ¥' is the tension 
force per unit length of wire due to the mass per unit length m 1 — 1.2 g/cm = 0.12 
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kg/m. The vertical component of F' balances out the gravitational force. 


T->/ / 

= m g, 


(19) 


where g = 9.8 (m/s 2 ). But 


F V ' = F' cos(0/2) 


( 20 ) 


Hence, 



m'g 

cos(0/2) 



The horizontal component of F ' must be equal to the repulsion magnitude force given 
by Eq. (5.42): 


F I = = A'o /2 

h “ 2nd ~ 27t[2^sin(6/2)] 1 



where d is the spacing between the wires and i is the length of the string, as shown 
in Fig. P5.16(c). From Fig. 5.16(b), 


F h ; = F / sin(6/2) 


m'g 

cos(0/2) 


sin(0/2) 


m / gtan(0/2). 


Equating Eqs. (22) and (23) and then solving for /, we have 



I = sin (0/2) 


47 ilm'g 
ju o cos (0/2) 


= sin 5° 


471 x 0.08 x 0.12 x 9.8 
47t x 10 _7 cos5° 


84.8 (A). 


Problem 5.17 An infinitely long, thin conducting sheet of width w along the 
x-direction lies in the x-y plane and carries a current I in the —y-direction. Determine 
(a) the magnetic field at a point P midway between the edges of the sheet and at a 
height h above it (Fig. 5-42 (P5.17)), and then (b) determine the force per unit length 
exerted on an infinitely long wire passing through point P and parallel to the sheet 
if the current through the wire is equal in magnitude but opposite in direction to that 
carried by the sheet. 

Solution: 

(a) The sheet can be considered to consist of a large number of infinitely long but 
narrow wires each dx wide lying next to each other, with each carrying a current 
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I 



Figure P5.17: A linear current source above a current sheet (Problem 5.17). 


I x — Idx/w. If we choose the coordinate system shown in Fig. P5.17, the wire at a 
distance x from the origin is at a distance vector R from point P, with 

R = —ibc + zh. 


Equation (5.30) provides an expression for the magnetic field due to an infinitely long 
wire carrying a current I as 


Po 



We now need to adapt this expression to the present situation by replacing I with 
I x = Idx/w , replacing r with R — (x 2 + hr ) 1//2 , and by assigning the proper direction 
for the magnetic field. From the Biot-Savart law, the direction of H is governed by 
1 x R, where 1 is the direction of current flow. In the present case, 1 is out of the page, 
which is the — y direction. Hence, the direction of the field is 


1 x R 
|1 x R 


—y x (—xx + zh) —(xh + zx) 

— y x (— ibc + zh)\ (x 2 H-Zz 2 ) 1 / 2 ' 


Therefore, the field d H due to current I x is 



— (xh + zx) I x 
(x 2 +h 2 yt 2 2 kR 


— (xh + zx)Idx 
27 iw(x 2 +h 2 ) 


and the total field is 


H(0,0,/7) = 


>w/2 N Idx 

’x=- w/ 2 ~ { +Zx) 2nw( x 2+h2) 

-I r w / 2 


2nw Jx=-w/2 


(xh + zx) 


x " 


dx 
+ h 2 


-I ( r w / 2 

xh 


2nw 


dx ^ r w / 2 xdx 
= -w/2 X 2 + h 2 + Z Jx=-w/2 X 2 + h 2 


■) 
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-7 

2nw 



— — x 


tan 


-i 


7 IW 


W 

2h 



w/2 

+ Z (3 In (x 2 + h 2 )) 

x=—w/2 


(A/m). 



At P in Fig. P5.17, the field is pointing to the left. The z-component could have 
been assumed zero with a symmetry argument. An alternative solution is to employ 
Eq. (5.24a) directly. 

(b) From Eq. (5.9), a differential force is of the form d¥ m — I dl x B or, assuming 
dl = a^ d£, the force per unit length is given by 




7a^ x B = /y x 



= z -tan 

71 w 




The force is repulsive; the wire is experiencing a force pushing it up. 


Problem 5.18 Three long, parallel wires are arranged as shown in Fig. 5-43 
(P5.18(a)). Determine the force per unit length acting on the wire carrying / 3 . 






2m 



1 

1 

1 



/, = 10A 


1 

1 

1 

1 

1 

1 

1 


1 

1 

1 

1 

1 

1 

1 


2m 




10A 


Figure P5.18: (a) Three parallel wires of Problem 5.18. 

Solution: Since I\ and I 2 are equal in magnitude and opposite in direction, and 
equidistant from 73 , our intuitive answer might be that the net force on 73 is zero. As 
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x 


Figure P5.18: (b) B fields due to I\ and I 2 at location of I 3 



x 


hO 


Figure P5.18: (c) Forces acting on I 3 . 


we will see, that’s not the correct answer. The field due to I\ (which is along y) at 
location of 1 3 is 

R -h M)/l 
B| 2kRi 


A 

where bi is the unit vector in the direction of Bi shown in the figure, which is 
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perpendicular - to R]. The force per unit length exerted on /3 is 


r; 1 = '^(yx6 1 ) = -Ri'' 0 ' 1 ' 3 


27 iR 


27 iR 


Similarly, the force per unit length excited on / 3 by the field due to I 2 (which is 
along —y) is 




Pohh 

2tzR 2 


The two forces have opposite components along x and equal components along z. 
Hence, with R\ = R 2 = \/ 8 m and 0 = sin _ 1 (2/\/8) = sin _ 1 (l/\/2) = 45°, 



F' 31 +F'„ = 


32 


x fpohh , pohh\ . Q 

z "t; -h ^ - sm9 

\ 27t/? 1 2 kR 2 J 

47 t x 10 - 7 x 10 x 20 


= z 2 


1 


271 x \/8 


x 


V2 


= z2 x 10 “ 5 N/m 


Problem 5.19 A square loop placed as shown in Fig. 5-44 (P5.19) has 2-m sides and 
carries a current I\ = 5 A. If a straight, long conductor carrying a current 1 2 = 10 A is 
introduced and placed just above the midpoints of two of the loop’s sides, determine 
the net force acting on the loop. 


z 



Figure P5.19: Long wire carrying current 1 2 , just above a square loop carrying 1 1 
(Problem 5.19). 

Solution: Since I 2 is just barely above the loop, we can treat it as if it’s in the same 
plane as the loop. For side 1, I\ and I 2 are in the same direction, hence the force on 
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side 1 is attractive. That is, 


Fi=y 


Poll ha 
2jt(a/2) 


= y 


47 t x 10 7 x 5 x 10 x 2 
271 x 1 


y2 x 1(T 5 N. 


1 1 and I 2 are in opposite directions for side 3. Hence, the force on side 3 is repulsive, 
which means it is also along y. That is, F 3 =F\. 

The net forces on sides 2 and 4 are zero. Total net force on the loop is 


F = 2Fj = y4 x 10 “ 5 N. 


Section 5-4: Gauss’s Law for Magnetism and Ampere’s Law 


Problem 5.20 Current I flows along the positive z-direction in the inner conductor 
of a long coaxial cable and returns through the outer conductor. The inner conductor 
has radius a , and the inner and outer radii of the outer conductor are b and c, 
respectively. 

(a) Determine the magnetic field in each of the following regions: 0 < r < a, 
a < r <b, b <r < c, and r >c. 

(b) Plot the magnitude of H as a function of r over the range from r = 0 to 
r = 10 cm, given that I — 10 A, a = 2 cm, b — 4 cm, and c — 5 cm. 

Solution: 

(a) Following the solution to Example 5-5, the magnetic field in the region r < a, 



i 


and in the region a <r < b, 



The total area of the outer conductor is A = 7 i(c 2 — b 2 ) and the fraction of the area 
of the outer conductor enclosed by a circular contour centered at r = 0 in the region 
b < r < c is 


7l(r 2 — b 2 ) 
n(c 2 — b 2 ) 


r 2 — b 2 
c 2 — b 2 


The total current enclosed by a contour of radius r is therefore 

t t( i ^ — b 2 ^ r c 2 — r 2 

/enclosed = 1 ~ ^2 J = ’ 
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and the resulting magnetic field is 


tt 1 ^enclosed ? ^ 

H = r— = <> 


2 2 


27 ir 


27 ir \ c 2 — b 2 


For r > c, the total enclosed current is zero: the total current flowing on the inner 
conductor is equal to the total current flowing on the outer conductor, but they are 
flowing in opposite directions. Therefore, H = 0. 

(b) See Fig. P5.20. 



Radial distance r (cm) 


Figure P5.20: Problem 5.20(b). 


Problem 5.21 A long cylindrical conductor whose axis is coincident with the z-axis 
has a radius a and carries a current characterized by a current density J = z/o/r, 
where Jq is a constant and r is the radial distance from the cylinder’s axis. Obtain an 
expression for the magnetic field H for (a) 0 <r < a and (b) r> a. 

Solution: This problem is very similar to Example 5-5. 

(a) For 0 < r\ < a , the total current flowing within the contour C\ is 




•271 pr\ 

4>=0 Jr= 0 



r\ 


{zrdrdty) = 2n I Jo dr = 2nr\Jo. 

r =0 





CHAPTER 5 


263 


Therefore, since 1 1 = 2nr\H\, H\ — Jo within the wire and Hi = <|>/o- 

(b) For r > a, the total current flowing within the contour is the total current flowing 
within the wire: 



f 2lz r* /tJo\ 
Jty=0 Jr= 0 \ r J 


■ (z rdrd§) —2n Jo dr = 2naJo- 

Jr =0 


Therefore, since I = 2nrH2 , H 2 = Joa/r within the wire and H 2 



Problem 5.22 Repeat Problem 5.21 for a current density J = zJoe r 


z 



Figure P5.22: Cylindrical current. 


Solution: 
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(a) For r < a, Ampere’s law is 


Hence, 




I = J J-ds, 


rr rr 

<j)//-<j>27tr = / J-ds— zJ§e~ r -z2nrdr, 

Jo Jo 


27 irH = 2nJ 0 I re r dr 

f o 


— 27L/q [—e r (r + 1 )]q — 27L/q[1 — e r ( r +l)] 


H = <j>//=<j> —[1 — e r (r+l)], for r < a. 

r 


(b) For r>a, 


2nrH = 27iJ 0 [-e~ r (r+ l)]g - 2nJ 0 [l -e~ a (a+ 1)], 
H = <j>//=<j) — [l-^- a (n+l)] , r > a. 


Problem 5.23 In a certain conducting region, the magnetic field is given in 
cylindrical coordinates by 

H = <j)-[l — (1 + 3r)e~ 3r ], 
r 


Find the current density J. 

Solution: 


J = VxH = z- 2- (V• — [1 — (1 + 3r)e 3r ] 

r or \ r 


1 


= z- [12^ 2r (l + 2r) - I2e- Zr ] = z24e- ir A/nr. 
r 


-2 r 


3 r 


Section 5-5: Magnetic Potential 

Problem 5.24 With reference to Fig. 5-10, (a) derive an expression for the vector 
magnetic potential A at a point P located at a distance r from the wire in the x-y plane, 
and then (b) derive B from A. Show that your result is identical with the expression 
given by Eq. (5.29), which was derived by applying the Biot-Savart law. 
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Solution: 

(a) From the text immediately following Eq. (5.65), that equation may take the 
form 





(b) From Eq. (5.53), 
B = VxA 




which is the same as Eq. (5.29). 


Problem 5.25 In a given region of space, the vector magnetic potential is given by 
A = x5 cos ny + z(2 + sin7tx) (Wb/m). 
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(a) Determine B. 

(b) Use Eq. (5.66) to calculate the magnetic flux passing through a square loop 
with 0.25-m-long edges if the loop is in the x-y plane, its center is at the origin, 
and its edges are parallel to the x- and y- axes. 

(c) Calculate <I> again using Eq. (5.67). 

Solution: 

(a) From Eq. (5.53), B = VxA = z57tsin7ty — y7tcos7Lr. 

(b) From Eq. (5.66), 



<!>=// B-ds = 


*0.125 m r 0.125 m 

y=—0.125 m A=-0.125 m 
COS Tly x 1 0. 1 25 


= -5nx- 


K 


(z57tsin7ty — y7tcos7Lr) • (z dxdy) 
0.125 


-5 f fiz 
—— cos — j — cos 

4 V V8 


*=-0.125 

—71 


8 


>=-0.125 

= 0 . 


(c) From Eq. (5.67), <T>= cj> A -di, where C is the square loop in the x-y plane with 
sides of length 0.25 m centered at the origin. Thus, the integral can be written as 


^ A • d£ — Sffont T ^back T S\eft T bright ? 


where Sf ront , Sback> Si e ft> and 5 r i g ht are the sides of the loop. 


5front — 


*0.125 

r *=—0.125 
*0.125 

r *=—0.125 


(x5 cos Tly + z(2 + sinn*)) | ai25 -(xdx) 


5 cos7iy| >!= _ 0 125 dx 


((5xcos Tly ) |y = — 0 !2 5 ) 


0.125 5 /- n \ 5 ,71 

= - cos —— = - cos — . , 
*=—0.125 4 \ 8 7 4 \8 ) 


^back — 


*0.125 

r *=-0.125 
*0.125 


(x5cos7ty + z(2 + sin7U;))| y=0 125 -{—xdx) 


*=—0.125 


5cosny| 0 125 dx 


= ((—5xcos 7ty) | >1=0 ! 25 ) 


0.125 5 

*=-0.125 4 \8 ) 


5*1 eft — 


*0.125 


r >’=-0.125 


(x5cos7ry + z(2 + sin7u))| x= _ 0 125 • (-y dy) 
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Problem 5.26 A uniform current density given by 

J = zJo (A/m 2 ), 

gives rise to a vector magnetic potential 

A = — z (x 2 + y 2 ) (Wb/m). 

(a) Apply the vector Poisson’s equation to confirm the above statement. 

(b) Use the expression for A to find H. 

(c) Use the expression for J in conjunction with Ampere’s law to find H. Compare 
your result with that obtained in part (b). 


Solution: 

(a) 


V 2 A = SV% + yV% + iV 2 A ; =z + ^ + [-»j(r + v 2 ) 


= — (2 + 2) = zjjqJq. 

Hence, V 2 A = — juoJ is verified. 

(b) 

xx 1 _ . 1 r fdA 7 dA y \ ^ fdA x dA,\ ^ ( 

H= « VxA ++-i+ y br-a+ z ( 

— _L /x v ) 

a'o V 3y y dx ) 


dA y dA 


1 T/v 3 ( h ( 2 , 2\\ - ^ / 2 , 2\ 

= « N r"°4 (v + - v (i + - v > 

= (A/m). 
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z 



Figure P5.26: Current cylinder of Problem 5.26. 




Hdl 



/V /V r\ 

§H ( j, • (|) 27 rr = Jq • nr , 


h = ^ = K^- 


We need to convert the expression from cylindrical to Cartesian coordinates. From 
Table 3-2, 
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Hence 



which is identical with the result of part (b). 


Problem 5.27 A thin current element extending between z — —L/2 and z — L/2 
carries a current I along +z through a circular cross section of radius a. 

(a) Find A at a point P located very far from the origin (assume R is so much larger 
than L that point P may be considered to be at approximately the same distance 
from every point along the current element). 

(b) Determine the corresponding H. 


z 



Figure P5.27: Current element of length L observed at distance R^> L. 


Solution: 

(a) Since R L, we can assume that P is approximately equidistant from all 
segments of the current element. Hence, with R treated as constant, (5.65) gives 



m / J , ,/ a'o f , i _ 2 . , m 1 

— — d'V = —— / z -—7 la dz — z —— 

4n Jv' R 47 iR J-V ( 7 la 2 ) 47 iR 
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— Vx A 


W) 


1 

", dA z „ dA z 

W) 

l dy y 3xJ 


1 

Po 



ppTL 

4n 


( - 1 

V \Jx 1 +y 1 A 



IL 

4n 


/V , /V 

-x)’ + yx 

(x 2 +y 2 +z 2 ) 3 / 2 



PqIL 

4n 


( _I— 

Vv^+7+ 



Section 5-6: Magnetic Properties of Materials 


Problem 5.28 In the model of the hydrogen atom proposed by Bohr in 1913, the 
electron moves around the nucleus at a speed of 2 x 10 6 m/s in a circular orbit of 
radius 5 x 10“ 11 m. What is the magnitude of the magnetic moment generated by the 
electron’s motion? 

Solution: From Eq. (5.69), the magnitude of the orbital magnetic moment of an 
electron is 


m 0 


— ^eur 


= \x 1.6 x 1(T 19 x 2 x 10 6 x 5 x KT 11 - 8 x 10“ 24 



Problem 5.29 Iron contains 8.5 x 10 28 atoms/m 3 . At saturation, the alignment 
of the electrons’ spin magnetic moments in iron can contribute 1.5 T to the total 
magnetic flux density B. If the spin magnetic moment of a single electron is 
9.27 x 10“ 24 (A-m 2 ), how many electrons per atom contribute to the saturated field? 

Solution: From the first paragraph of Section 5-6.2, the magnetic flux density of a 
magnetized material is B m = /tqM, where M is the vector sum of the microscopic 
magnetic dipoles within the material: M = A e m s , where m s is the magnitude of the 
spin magnetic moment of an electron in the direction of the mean magnetization, and 
N e is net number of electrons per unit volume contributing to the bulk magnetization. 
If the number of electrons per atom contributing to the bulk magnetization is n Q , then 
N e = n e N atoms where A atoms = 8.5 x 10 28 atoms/m 3 is the number density of atoms 
for iron. Therefore, 

_ N q _ M _ B _ 1.5 

N atoms tfl s N atoms /iO^s^atoms 471 X 10 X 9.27 X 10 24 X 8.5 X 10^ 

= 1.5 (electrons/atom). 
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Section 5-7: Magnetic Boundary Conditions 

Problem 5.30 The x-y plane separates two magnetic media with magnetic 
permeabilities ju\ and jj 2 , as shown in Fig. 5-45 (P5.30). If there is no surface current 
at the interface and the magnetic field in medium 1 is 


Hi =xH[ x + yHi y + zH{ z , 


find: 

(a) H 2 , 

(b) 0i and 0 2 , and 

(c) evaluate H 2 , 0i, and 0 2 for H\ x — 2 (A/m), H\ y — 0 , H\ z — 4 (A/m), jj\ = ju 0 , 
and /J 2 — 4^q . 



Figure P5.30: Adjacent magnetic media (Problem 5.30). 


Solution: 

(a) From (5.80), 

P\H\ n —/^ 2 F/ 2n , 

and in the absence of surface currents at the interface, (5.85) states 

In this case, H\ z — H i n , and H\ x and H\ y are tangential fields. Hence, 

inHlz = lilHlz; 

H hx = H 2x , 

H\y — 112X • 
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H 2 = x2 + z^-4 = x2 + z (A/m), 
01 = tan -1 = 26.56°, 

02 = tan -1 = 63.44°. 


Problem 5.31 Given that a current sheet with surface current density J s = x 8 (A/m) 
exists at y — 0, the interface between two magnetic media, and Hi = z 11 (A/m) in 
medium 1 (y > 0), determine H 2 in medium 2 (y < 0). 

Solution: 

J s = x8 A/m, 

Hi = z 11 A/m. 

Hi is tangential to the boundary, and therefore H 2 is also. With n 2 = y, from Eq. 
(5.84), we have 

n 2 x(H!-H 2 )=J s , 
y x (z 11 — H 2 ) = x8, 
xll—yxH 2 = x8, 

or 

yxH 2 = x3, 
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Figure P5.31: Adjacent magnetic media with J s on boundary. 

which implies that H 2 does not have an x-component. Also, since n\H\ y — /J 2 H 2 y and 
Hi does not have a y-component, it follows that H 2 does not have a y-component 
either. Consequently, we conclude that 

H 2 = z3. 


Problem 5.32 In Fig. 5-46 (P5.32), the plane defined by x — y = 1 separates 
medium 1 of permeability jj\ from medium 2 of permeability JJ 2 . If no surface current 
exists on the boundary and 

Bj = x2 + y3 (T), 

find B 2 and then evaluate your result for /j\ — 5 /^ 2 - Hint: Start out by deriving the 
equation for the unit vector normal to the given plane. 

Solution: We need to find A 2 . To do so, we start by finding any two vectors in the 
plane x — y = 1, and to do that, we need three non-collinear points in that plane. We 
choose ( 0 , — 1 , 0 ), ( 1 , 0 , 0 ), and ( 1 , 0 , 1 ). 

Vector Ai is from (0, —1,0) to (1,0,0): 

Ai = x 1 +y 1 . 

Vector A 2 is from (1,0,0) to (1,0,1): 

A 2 = z 1. 


Hence, if we take the cross product A 2 x Ai, we end up in a direction normal to the 
given plane, from medium 2 to medium 1 , 


n 2 = 


A 2 x Ai 
A 2 x Ai 


z 1 x (x 1 + y 1 ) y 1 — x 1 
A 2 x Ai| _ y/l + l 


/V /V 

y x 

V2 V2 ' 
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y 



Figure P5.32: Magnetic media separated by the plane x — y=l (Problem 5.32). 


In medium 1, normal component is 


B[ n — ^2 — 


Bi n = A2#ln = 


X • (x2 + y3) = 3 


1 


V2 y/2 

A A \ 1 

y x \ 1 


y/2 y/2 y/2' 


y/2 y/2) y/2 2 2' 


Tangential component is 


A A 

y x 


= B ln = (x2 + y3)- ( ) = x2.5 + y2.5 


Boundary conditions: 


A A 


^ y x 

^ln ~ ^ 2 n? Or B 2 n — 2 2 ’ 


Hit=H 2 u or 


Bit B 


it 


Pi Pi 


Hence, 


B 2t = —B lt = — (x2.5 + y2.5). 
Pi P 1 


Finally, 


A A 


B 2 = B 2n + B 2t = ( | | J + ^ (x2.5 + y2.5) 


For ^1 = 5ju 2 , 


B 2 = y (T). 
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Problem 5.33 The plane boundary defined by z — 0 separates air from a block of 
iron. If Bi = x4 — y 6 + z 8 in air (z > 0), find B 2 in iron (z < 0), given that ju — 5000/ro 
for iron. 

Solution: From Eq. (5.2), 


Hi = — = — (x4-y6 + z8 ). 

Pi Pi 

The z component is the normal component to the boundary at z — 0. Therefore, from 
Eq. (5.79), B 2 Z = Bi z = 8 while, from Eq. (5.85), 

H 2x = H ix = — 4 , 

Pi 

or 

B 2x = = - 4 , 

Pi 

where /J 2 /pi — p r — 5000. Therefore, 

B 2 = x20000 — y30000 + z8. 


H 2 y - H\y — 6 , 

Pi 


B 2y — p 2 H 2y — —— 6 , 

Pi 


Problem 5.34 Show that if no surface current densities exist at the parallel 
interfaces shown in Fig. 5-47 (P5.34), the relationship between 64 and 0i is 
independent of /j 2 . 


k 4 

b 3 

M-3 

B 2 1 


'02 03! 

1 

M-2 

Bl/ 

Hi 

bT; 

1 



Figure P5.34: Three magnetic media with parallel interfaces (Problem 5.34). 
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Solution: 


Bn 

tan 0i = — , 


B 


In 


and 


tan 02 = 


#2t 

#2n 


Bn B n 


But Z?2n =B in and — = — . Hence, 

B2 B\ 


f a B h B2 B2 a 
tan 02 —-— — tan 0 \. 

B In IX 1 /J\ 


We note that 02 = 0s and 


LIT „ LIT „ LIT ill ^ UT 

tan 04 = — tan 03 = — tan 02 =-tan 01 = — tan 01, 

B2 V2 ix 2 ix i ix i 


which is independent of /J 2 . 


Sections 5-8 and 5-9: Inductance and Magnetic Energy 

Problem 5.35 Obtain an expression for the self-inductance per unit length for the 
parallel wire transmission line of Fig. 5-27(a) in terms of a , d, and /r, where a is 
the radius of the wires, d is the axis-to-axis distance between the wires, and /j is the 
permeability of the medium in which they reside. 

Solution: Let us place the two wires in the x-z plane and orient the current in one 
of them to be along the +z-direction and the current in the other one to be along the 
—z-direction, as shown in Fig. P5.35. From Eq. (5.30), the magnetic field at point 
P(x,0,z) due to wire 1 is 



, jxl 
y— 
2nx 


? 


where the permeability has been generalized from free space to any substance with 

/V 

permeability jj, and it has been recognized that in the x-z plane, <|> = y and r — x as 
long as x > 0. 

Given that the current in wire 2 is opposite that in wire 1, the magnetic field created 
by wire 2 at point P(x,0,z) is in the same direction as that created by wire 1, and it is 
given by 

.. id 

2 _y 27 
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Figure P5.35: Parallel wire transmission line. 


Therefore, the total magnetic field in the region between the wires is 

B-B,+B 2 -,- + 

From Eq. (5.91), the flux crossing the surface area between the wires over a length / 
of the wire structure is 

^ = ■‘ ,s = EZL 1° 

/1 , ( X \\\ d ~ a 


- -In - 

2n \d \d — x 


I x=a 


2n \ \ a I \d —a 


ull _ f d — a\ ull , f d —a 

= x21n - = —In - 

271 \ a 71 \ a 
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Since the number of ‘turns’ in this structure is 1, Eq. (5.93) states that the flux linkage 
is the same as magnetic flux: A = <T>. Then Eq. (5.94) gives a total inductance over 
the length / as 


A <I> /jl ( d — a\ 
I I n n \ a ) 



Therefore, the inductance per unit length is 


L' = - = -\a 
l K 



d — a 
a 




(H/m), 


where the last approximation recognizes that the wires are thin compared to the 
separation distance (i.e., that d 2> a). This has been an implied condition from the 
beginning of this analysis, where the flux passing through the wires themselves have 
been ignored. This is the thin-wire limit in Table 2-1 for the two wire line. 


Problem 5.36 A solenoid with a length of 20 cm and a radius of 5 cm consists 
of 400 turns and carries a current of 12 A. If z = 0 represents the midpoint of the 
solenoid, generate a plot for |H(z)| as a function of z along the axis of the solenoid 
for the range —20 cm < z < 20 cm in 1-cm steps. 


Solution: Let the length of the solenoid be / = 20 cm. From Eq. (5.88a) and Eq. 
(5.88b), z = tftanO and a 2 + t 2 = rrsec 2 0, which implies that z/Vz 2 + a 2 = sin0. 
Generalizing this to an arbitrary observation point z! on the axis of the solenoid, 

C z-z')/\Jiz-z') 2 +a 2 = sin0. Using this in Eq. (5.89), 


H(0,0,z 7 ) 


— = z— (sin 02 — sin 0i) 





(A/m). 


A plot of the magnitude of this function of z! with a — 5 cm, n — 400 turns/20 cm = 
20,000 turns/m, and / = 12 A appears in Fig. P5.36. 




Problem 5.37 In terms of the d-c current /, how much magnetic energy is stored in 
the insulating medium of a 3-m-long, air-filled section of a coaxial transmission line, 
given that the radius of the inner conductor is 5 cm and the inner radius of the outer 
conductor is 10 cm? 


Solution: From Eq. (5.99), the inductance per unit length of an air-filled coaxial 
cable is given by 



(H/m). 


Over a length of 2 m, the inductance is 


L — 111 


3 x 47t x 10 7 
2n 




=416 x10 -9 



From Eq. (5.104), W m = LI 2 /2 = 208 1 2 (nJ), where W m is in nanojoules when I is in 
amperes. Alternatively, we can use Eq. (5.106) to compute W m : 



- [ HoH 2 dV. 
2 Jv 
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From Eq. (5.97), H — B/po — I/2nr , and 



1 

2 


• 3/77 p2% rb 


z=0 J §=Q J r=a 


M) 



2 

rdrdtydz = 208/ 2 



Problem 5.38 The rectangular loop shown in Fig. 5-48 (P5.38) is coplanar with 
the long, straight wire carrying the current l — 20 A. Determine the magnetic flux 
through the loop. 


z 



Figure P5.38: Loop and wire arrangement for Problem 5.38. 


Solution: The field due to the long wire is, from Eq. (5.30), 

« x * Hoi . 

B = <p-= —x-= —x-, 

T 2nr 2nr 2ily 

/\ 

where in the plane of the loop, <|> becomes —x and r becomes y. 

The flux through the loop is along — x, and the magnitude of the flux is 


= / B • ds = 


Bo I f 20cm x 

j -x(30cmx<iy) 

5 cm y 

'°- 2 dy 


2k 

Pol 


= —— x 0.3 


2k 
0.3ju 0 


o.o5 y 


x 20 x In 


0.2 


= 1.66 x 10 -6 (Wb) 


2k 


0.05 






















CHAPTER 5 


281 


Problem 5.39 A circular loop of radius a carrying current I\ is located in the x-y 
plane as shown in the figure. In addition, an infinitely long wire carrying current / 2 
in a direction parallel with the z-axis is located at y = yo- 



(a) Determine H at P(0,0,/z). 

(b) Evaluate H for a — 3 cm, yo = 10 cm, h — 4 cm, /1 = 10 A, and I 2 = 20 A. 


Solution: 

(a) The magnetic field at P(0 7 0,/z) is composed of Hi due to the loop and H 2 due 
to the wire: 

H = H!+H 2 . 


From (5.34), with z — K 



ha 2 

Z 2(fl 2 + /7 2 ) 3 /2 


(A/m). 


From (5.30), the field due to the wire at a distance r = yo is 

H9 =<j>2=- 
- v 2ny 0 

where (|) is defined with respect to the coordinate system of the wire. Point P is located 
at an angel (j) = —90° with respect to the wire coordinates. From Table 3-2, 


/V 

<|> = — xsin(|) + ycos(|) 

— x (at (|) = -90°). 


Hence, 

ha 2 . h 

2 (a 2 + h 2 ) 3 / 2 27lyo 


H = z 


(A/m). 
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H = 436+ *31.83 (A/m). 


Problem 5.40 A cylindrical conductor whose axis is coincident with the z-axis has 
an internal magnetic field given by 

H = <j> ^[1 — (4r+ 1) e~ 4 ''] (A/m) for r < a 

where a is the conductor’s radius. If a = 5 cm, what is the total current flowing in the 
conductor? 

Solution: We can follow either of two possible approaches. The first involves the 
use of Ampere’s law and the second one involves finding J from H and then I from J. 
We will demonstrate both. 


Approach 1: Ampere’s law 

Applying Ampere’s law at r = a, 



£« -dl\ r=a 

<j>-[l — (4r+ l)e ~ 4r ] -<j>rd(|> 
r 

/ = 4ji[1 — (4a + \)e~ 4a ] (A). 


= / 
= 1 


For a = 5 cm, I = 0.22 (A). 
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Approach 2: H ->■ J —> I 


J = V x H 


= z 1 [—8e~ 4r + 8 (4r + 1 ) e~ 4r ] 
= z32e- 4r . 




ds — 



z32e 4r -z2nrdr 


r =0 


= 6471 [ re 4/ dr 
Jr =0 


6471 

lef 


[1 — (4a + l)e _4a ] 


= 471 [1 — (4a + l)e~ 4a ] (A). 


Problem 5.41 Determine the mutual inductance between the circular loop and the 
linear current shown in the figure. 



x 


Solution: To calculate the magnetic flux through the loop due to the current in the 
conductor, we consider a thin strip of thickness dy at location y, as shown. The 
magnetic field is the same at all points across the strip because they are all equidistant 
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(at r = d + y) from the linear conductor. The magnetic flux through the strip is 


d ( P\2 — 


m - ds=l 20wy n[al - yl) ' nd y 


^I(a 2 -y 2 ) 1 / 2 
n{d + y) 


dy 


1 


L\i = — J d® 12 


Afo f a {a 2 -y 2 ) i/2 dy 
ft Jy=—a 


(d+y) 


Let z — d + y dz — dy. Hence, 


T Po 
L 12 = — 


' d + a y/a 2 — ( z — d ) 2 




J Z=d—a Z 

Ho f d+a \/(ci 2 — d 2 ) + 2dz — z 2 


ft Jd—a 

1*0 f Vr 

71 


Z 


dz 


dz 


z 


where R — ao + boz + cqz 2 and 


a 2 — d 2 


ao = 
bo — 2d 
co = ~ 1 

A = 4aoCo — bo = —4 a 2 < 0 

From Gradshteyn and Ryzhik, Table of Integrals, Series, and Products (Academic 
Press, 1980, p. 84), we have 


Vr 


Z 


dz — CR + ao J 


dz + b Q 


dz 


zCr z J Vr 


For 


d-\-a 


Vr = Va 2 — d 2 + 2 dz — z 2 


z=d—a 


d+a 
z—d—a 


= 0-0 = 0 . 


For 


dz 


zVR 


, several solutions exist depending on the sign of ao and A. 
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For this problem, A < 0, also let a o < 0 (i.e., d > a). Using the table of integrals, 
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Chapter 6: Maxwell’s Equations for Time-Varying Fields 


Lesson #37 

Chapter — Section: 6-1, 6-2 

Topics: Faraday’s law, stationary loop in changing magnetic field 

Highlights: 

• Faraday’s law 

• EMF 

Special Illustrations: 

• Example 6-1 

• Example 6-2 

• CD-ROM Demo 6.1 

• CD-ROM Modules 6.1 and 6.2 

Demo 6.1: Circular Loop in Time-varying Magnetic Field 

The circular wire loop shown in the figure is connected to a simple circuit 
composed of a resistor R in series with a current meter. The time-varying magnetic 
flux linking the surface of the loop induces a V emf , and hence a current through R. 
The purpose of this demo is to illustrate in the form of a slow-motion video how 
the current / varies with time, in both magnitude and direction, when B(t) =B () c os 
c or. 




[Note that lit) is a maximum when the slope of Bit) is a maximum, which occurs 
when B itself is zero!] 












Lesson #38 

Chapter — Section: 6-3, 6-4 

Topics: Ideal transformer, moving conductor 
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Highlights: 

• Transformer voltage and current relations 

• EMF for moving conductor 

Special Illustrations: 

• CD-ROM Modules 6.3 and 6.4 

• CD-ROM Demo 6.2 

Demo 6.2: Rotating Wire Loop in Constant Magnetic Field 

The rectangular wire loop rotates at an angular frequency w in a constant magnetic 
flux density B {) . The purpose of the demo is to illustrate how the current varies in 
time relative to the loop's position. 


Z 



Note the direction of the current, and its 
intensity (indicated by its brightness). 

Stop Animation 
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Lesson #39 

Chapter — Section: 6-5, 6-6 

Topics: EM Generator, moving conductor in changing field 

Highlights: 

• Motor and generator reciprocity 

• EMF for combination of motional and transformer 

Special Illustrations: 

• Technology Brief on “EMF Sensors” (CD-ROM) 


EMF Sensors 

An electromotive force (emf) sensor is a device that can generate an induced voltage in response to an 
external stimulus. Three types of emf sensors are profiled in this Technical Brief: the piezoelectric 
transducer, the Faraday magnetic flux sensor, and the thermocouple. 



A1. No force 




A2. Compressed crystal 



A3. Stretched crystal 


Piezoelectric Transducers 

Piezoelectricity refers to the property of certain 
crystals, such as quartz, to become electrically 
polarized when the crystal is subjected to 
mechanical pressure, thereby exhibiting a 
voltage across it. The crystal consists of polar 
domains represented by equivalent dipoles (A). 
Under the absence of an external force, the polar 
domains are randomly oriented throughout the 
material (Al), but when compressive or tensile 
(stretching) stress is applied to the crystal, the 
polar domains align themselves along one of the 
principal axes of the crystal, leading to a net 
polarization (electric charge) at the crystal 
surfaces (A2 and A3). Compression and 
stretching generate voltages of opposite polarity. 
The piezoelectric effect ( piezein means to press 


or squeeze in Greek) was discovered by the 
Curie brothers, Pierre and Paul-Jacques, in 1880, 
and a year later Lippmann predicted the 
converse property, namely that if subjected to an 
electric field, the crystal would change in shape. 
Thus, the piezoelectric effect is a reversible 
(bidirectional) electro-mechanical process. 


Case 

Epoxy 

Potting 


Backing 

Malenal 

Electrodes 


Piezoelectnc 

Element 




Coaxial Cable Connector 
Signal Wire 
Ground Wire 


Wear Plate 
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Lesson #40 

Chapter — Section: 6-7, 6-8 

Topics: Displacement current, boundary conditions 

Highlights: 

• Concept of “displacement current” 

• Boundary conditions for the dynamic case 

Special Illustrations: 

• Example 6-7 
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Lesson #41 

Chapter — Section: 6-9, 6-10 

Topics: Charge-current continuity, charge dissipation 

Highlights: 

• Continuity equation 

• Relaxation time constant 

Special Illustrations: 
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Lesson #42 
Chapter — Section: 6-11 
Topics: EM potentials 

Highlights: 

• Retarded potential 

• Relation of potentials to fields in the dynamic case 

Special Illustrations: 

Example 6-8 
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Chapter 6 

Sections 6-1 to 6-6: Faraday’s Law and its Applications 

Problem 6.1 The switch in the bottom loop of Fig. 6-17 (P6.1) is closed at t = 0 
and then opened at a later time t\. What is the direction of the current I in the top 
loop (clockwise or counterclockwise) at each of these two times? 




I 


Figure P6.1: Loops of Problem 6.1. 


Solution: The magnetic coupling will be strongest at the point where the wires of 
the two loops come closest. When the switch is closed the current in the bottom loop 
will start to flow clockwise, which is from left to right in the top portion of the bottom 
loop. To oppose this change, a current will momentarily flow in the bottom of the 
top loop from right to left. Thus the current in the top loop is momentarily clockwise 
when the switch is closed. Similarly, when the switch is opened, the current in the 
top loop is momentarily counterclockwise. 


Problem 6.2 The loop in Fig. 6-18 (P6.2) is in the x-y plane and B = zBq since? 

/V /V 

with B o positive. What is the direction of I (<|> or — <|>) at (a) t — 0, (b) g# = 71/4, and 
(c) CO t = 7T/2? 

Solution: I = V em f/R. Since the single-turn loop is not moving or changing shape 
with time, V™ lf = 0V and Vemf = Therefore, from Eq. (6.8), 


I = V^/R = AfM. ds . 

If we take the surface normal to be +z, then the right hand rule gives positive 
flowing current to be in the +<|> direction. 

—A d . —ABo co 

I = — Bo sin co t = ——— cos co t (A), 
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z 



Figure P6.2: Loop of Problem 6.2. 


where A is the area of the loop. 

(a) A, co and R are positive quantities. At t = 0, cos cor = 1 so I < 0 and the 

/V 

current is flowing in the — <|) direction (so as to produce an induced magnetic field 
that opposes B). 

(b) At co t — 7i/4, cos cor = y/2/2 so I < 0 and the current is still flowing in the — <|> 
direction. 

(c) At cor = 7c/2, cos cor = 0 so / = 0. There is no current flowing in either direction. 


Problem 6.3 A coil consists of 100 turns of wire wrapped around a square frame 
of sides 0.25 m. The coil is centered at the origin with each of its sides parallel to 
the x- or y-axis. Find the induced emf across the open-circuited ends of the coil if the 
magnetic field is given by 

(a) B = z20£ -3? (T), 

(b) B = z20cosx cos 10 3 r (T), 

(c) B = z20cosx sin2y cos 10 3 r (T). 

Solution: Since the coil is not moving or changing shape, V e ™ f — 0 V and 
Vemf = Kmf, From Eq. (6.6), 

dr d r 012 5 r 0 - 125 

Vemf = —N— / B • ds = —N— / / B • (z dxdy) , 

dt Js dt 7 — 0.125 7 - 0.125 

where N = 100 and the surface normal was chosen to be in the +z direction. 

(a) For B = z20e _3? (T), 

Femf = —100-^-(20e _3r (0.25) 2 ) = 375e _3f (V). 
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(b) For B = z20cosxcos 10 3 ? (T), 


V emf = -100-^ ^20cos 10 ?tj 


•0.125 r 0.125 

/ cos xdxdy ) = 124.6sinlOT (kV). 

:=—0.125 Jy=- 0.125 / 




(c) For B = z20cosxsin2ycos 10 3 t (T), 


d ( /-0.125 /• 0.125 

Vemf = —100— ( 20cos I0 3 t / / cosvsin2 ydxdy ) = 0. 

dt \ 0.125 «Ay=—0.125 


Problem 6.4 A stationary conducting loop with internal resistance of 0.5 £1 is 
placed in a time-varying magnetic field. When the loop is closed, a current of 5 A 
flows through it. What will the current be if the loop is opened to create a small gap 
and a 2-£2 resistor is connected across its open ends? 

Solution: Vemf is independent of the resistance which is in the loop. Therefore, when 
the loop is intact and the internal resistance is only 0.5 £1, 

V emf = 5 A x 0.5 £1 = 2.5 V. 

When the small gap is created, the total resistance in the loop is infinite and the 
current flow is zero. With a 2-£2 resistor in the gap, 

/ = V emf /(2 £2 + 0.5 £2) = 2.5 V/2.5 £2 = 1 (A). 


Problem 6.5 A circular-loop TV antenna with 0.02 m 2 area is in the presence of a 
uniform-amplitude 300-MHz signal. When oriented for maximum response, the loop 
develops an emf with a peak value of 30 (mV). What is the peak magnitude of B of 
the incident wave? 


Solution: TV loop antennas have one turn. At maximum orientation, Eq. (6.5) 
evaluates to T> = / B • ds = ±BA for a loop of area A and a uniform magnetic field 
with magnitude B = |B|. Since we know the frequency of the field is / = 300 MHz, 
we can express B as B = Bocos (to t + OCo) with co = 2 tt x 300 x 10 6 rad/s and oco an 
arbitrary reference phase. From Eq. (6.6), 


d<i> d 

Vemf = —N— = -A— [Bo COS (cot + 0C())] = A£ ( )<JL)sin(<JL)f + OCo) 

tt L it L 

V em f is maximum when sin(cof + 0Cq) = 1. Hence, 


30 x 10 3 = ABq co = 0.02 xB 0 x6nx 10 


8 


•> 





CHAPTER 6 


295 


which yields Bq — 0-8 (nA/m). 


Problem 6.6 The square loop shown in Fig. 6-19 (P6.6) is coplanar with a long, 
straight wire carrying a current 

I(t) = 5cos27t x 10 4 t (A). 

(a) Determine the emf induced across a small gap created in the loop. 

(b) Determine the direction and magnitude of the current that would flow through 
a 4 -Q resistor connected across the gap. The loop has an internal resistance of 
1 Q. 


z 



Figure P6.6: Loop coplanar with long wire (Problem 6.6). 


Solution: 

(a) The magnetic field due to the wire is 



„ Hoi 

—X- 

2ny 


1 


/V 

where in the plane of the loop, <|) 


x and r — y. The flux passing through the loop 
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/7 0 / x 10 _1 15 

=-In — 

2ti 5 

471 x 10 -7 x 5cos(27i x 10 4 ?) x 10 _1 


2n 

= 1.1 x 10“ 7 cos(27i x 10 4 7) (Wb). 


x 1.1 



d<P 

dt 


— 1.1 x 271 x 10 4 sin(27t x 10 4 7) x 10 7 
= 6.9 x 10~ 3 sin(27i x 10 4 7) (V). 



/ind = ~ - ^ X ^ — sin(27i x 10 4 t) = 1.38sin(27t x 10 4 t) (mA). 

• | - 1 - 3 

At t = 0, B is a maximum, it points in — x-direction, and since it varies as 
cos(271 x 10 4 7), it is decreasing. Hence, the induced current has to be CCW when 
looking down on the loop, as shown in the figure. 


Problem 6.7 The rectangular conducting loop shown in Fig. 6-20 (P6.7) rotates at 
6,000 revolutions per minute in a uniform magnetic flux density given by 

B = y50 (mT). 


Determine the current induced in the loop if its internal resistance is 0.5 £2. 

Solution: 


<P = y_B -dS = y50 x 1(T 3 -y(2 x 3 x 10“ 4 )cos^)(7) = 3 x 10“ 5 cos^)(7), 


27ix6xl0 3 . ... 

(07 = --- 7 = 20 0717 (rad/s), 


60 


<K0 : 

4> = 3x 10 -5 cos (200717) (Wb), 

V em r = —— = 3 x 10- 5 x 20071 sin(200717) = 18.85 x 10~ 3 sin(200ro) (V), 

L 

V f 

/ ind = -HE. = 37.7 sin (200717) (mA). 

V_/ ■ w/ 
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z 



Figure P6.7: Rotating loop in a magnetic field (Problem 6.7). 

The direction of the current is CW (if looking at it along —x-direction) when the loop 
is in the first quadrant (0 < (]) < k/2). The current reverses direction in the second 
quadrant, and reverses again every quadrant. 


Problem 6.8 A rectangular conducting loop 5 cm x 10 cm with a small air gap in 
one of its sides is spinning at 7200 revolutions per minute. If the field B is normal to 
the loop axis and its magnitude is 6 x 10 -6 T, what is the peak voltage induced across 
the air gap? 

Solution: 

2n rad/cycle x 7200 cycles/min 

co =-——-— : -= 24071 rad/s. 

60 s/mm 

A— 5 cm x 10 cm/(100 cm/m) 2 = 5.0 x 10~ 3 m 2 . 

From Eqs. (6.36) or (6.38), Vemf = AcoBo sin cor; it can be seen that the peak voltage is 

= Ao)B 0 = 5.0 x 10“ 3 x 24071 x 6 x 10“ 6 = 22.62 fciV). 


Problem 6.9 A 50-cm-long metal rod rotates about the z-axis at 90 revolutions per 
minute, with end 1 fixed at the origin as shown in Fig. 6-21 (P6.9). Determine the 
induced emf Vn if B = z2 x 10 -4 T. 


Solution: Since B is constant, Vemf = V e ™ f . The velocity u for any point on the bar 

/V 

is given by u = <|>rco, where 


co = 


2n rad/cycle x (90 cycles/min) 
(60 s/min) 


= 37t rad/s. 
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Figure P6.9: Rotating rod of Problem 6.9. 


From Eq. (6.24), 


-in 


Vl2 = 




■0 


r=0.5 


(<j)37tr x z2 x 10 4 )-r dr 


*o 


= 671 x 10 4 / rdr 

Jr= 0.5 

A ~ 0 

— 3nx 10 4 r 2 


0.5 


- -3tt x 10" 4 x 0.25 = -236 (jiV) 


Problem 6.10 The loop shown in Fig. 6-22 (P6.10) moves away from a wire 
carrying a current 1 1 = 10 (A) at a constant velocity u = y7.5 (m/s). If R = 10 £1 
and the direction of I 2 is as defined in the figure, find I 2 as a function of yo> the 
distance between the wire and the loop. Ignore the internal resistance of the loop. 

Solution: Assume that the wire carrying current I\ is in the same plane as the loop. 
The two identical resistors are in series, so I 2 = V em f/2R, where the induced voltage 
is due to motion of the loop and is given by Eq. (6.26): 

Vemf = V^f= £(UXB)-J1. 

The magnetic field B is created by the wire carrying I \. Choosing z to coincide with 
the direction of A, Eq. (5.30) gives the external magnetic field of a long wire to be 
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1 

/i = 10 A ♦ 


20 cm 



u 


u 


R 



T 



Figure P6.10: Moving loop of Problem 6.10. 


For positive values of yo in the y-z plane, y = r, so 


u x B = y u x B = r u x<p- — z - 

2nr 27 lr 


Integrating around the four sides of the loop with d\ — z dz and the limits of 
integration chosen in accordance with the assumed direction of 1 2 , and recognizing 
that only the two sides without the resistors contribute to V e ™ f , we have 


V m 


• 0.2 


emf 


pohu 
2tc r 


r=y 0 


, x , (~Pohu 

{zdz)+ L 


(z dz) 


r=y 0 +0.1 


471 x 10 -7 x 10x7.5x0.2 ( 1 


1 


2n 


= 3 x 10“ 6 I — - 


1 


1 


yo jo+ 0.1 


jo Jo+ 0.1 
(V), 


and therefore 


h = ^ = 150 (— -— 

2 R VJo Jo+ 0.1 


(nA). 


Problem 6.11 The conducting cylinder shown in Fig. 6-23 (P6. 11) rotates about its 
axis at 1,200 revolutions per minute in a radial field given by 


B = r6 (T). 
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10 cm 



Figure P6.11: Rotating cylinder in a magnetic field (Problem 6.11). 


The cylinder, whose radius is 5 cm and height 10 cm, has sliding contacts at its top 
and bottom connected to a voltmeter. Determine the induced voltage. 

Solution: The surface of the cylinder has velocity u given by 

/v /v 1 200 _7 ~ 

u — (|)C0 r — x - x 5 x 10 = <|>27t (m/s), 

rL r0.\ 

V\ 2 — I (uxB) -dl — / (<j)27t xr6)-zdz = -3.77 (V). 


o 


o 


Problem 6.12 The electromagnetic generator shown in Fig. 6-12 is connected to an 
electric bulb with a resistance of 150 £1 If the loop area is 0.1 m 2 and it rotates 
at 3,600 revolutions per minute in a uniform magnetic flux density Bo = 0.4 T, 
determine the amplitude of the current generated in the light bulb. 

Solution: From Eq. (6.38), the sinusoidal voltage generated by the a-c generator is 
Vemf = Aco/?osin(co t + Cq) = Vosin(co t + Co). Hence, 


Vo = AcdZ? 0 = 0.1 x 

V 0 _ 15-08 _ 
” 'R ~ 150 “ 


2n x 3,600 
60 


0.1 (A). 


x 0.4 = 15.08 



? 


Problem 6.13 The circular disk shown in Fig. 6-24 (P6.13) lies in the x-y plane 
and rotates with uniform angular velocity co about the z-axis. The disk is of radius a 
and is present in a uniform magnetic flux density B = zBq. Obtain an expression for 
the emf induced at the rim relative to the center of the disk. 
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Figure P6.13: Rotating circular disk in a magnetic field (Problem 6.13). 



Figure P6.13: (a) Velocity vector u. 


Solution: At a radial distance r, the velocity is 

/V 

u = <|>C 0 r 

where § is the angle in the x-y plane shown in the figure. The induced voltage is 


‘a 


‘a 


V— (u X B) ■ d\ — / [(<j> COr) X zi?o] • ? dr. 

( o Jo 


/v 

<|> x z is along r. Hence, 


_ ,' a j vBoa 2 

V = CO Bo / rdr = —-— 
f o 2 


Section 6-7: Displacement Current 

Problem 6.14 The plates of a parallel-plate capacitor have areas 10 cm 2 each 
and are separated by 2 cm. The capacitor is filled with a dielectric material with 
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e = 4£o, and the voltage across it is given by V(t) — 30cos27t x 10 6 7 (V). Find the 
displacement current. 

Solution: Since the voltage is of the form given by Eq. (6.46) with Vo = 30 V and 
co = 2% x 10 6 rad/s, the displacement current is given by Eq. (6.49): 



£A 

—-Voco sin co7 
a 

4 x 8.854 x 10 -12 x 10 x 10“ 4 
2 x 10- 2 

—0.33 sin (271 x 10 6 l) (mA). 


x 30 x 271 x 10 6 sin(27t x 10 6 ?) 


Problem 6.15 A coaxial capacitor of length 1 — 6 cm uses an insulating dielectric 
material with e r = 9. The radii of the cylindrical conductors are 0.5 cm and 1 cm. If 
the voltage applied across the capacitor is 

V{t) = 50sin( 120717) (V), 

what is the displacement current? 



/ 





i 


2b 



Solution: To find the displacement current, we need to know E in the dielectric space 
between the cylindrical conductors. From Eqs. (4.114) and (4.115), 

Q 


Hence, 


E = -r 


27 izrl ’ 

V = ln(- 
2tce Z V a 


V 


^ (!) 


— —r 


50 sin (120717) 


72 1 

= —r—— sin( 120717) (V/m), 


E = -r 


rln2 


r 
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D = eE 

= £r£()E 

= —r9 x 8.85 x 10 -12 x -^^-sin(120ra) 

r 

= — r ^ ^ X ^ sin( 12071/) (C/m 2 ). 

r 

The displacement current flows between the conductors through an imaginary 
cylindrical surface of length / and radius r. The current flowing from the outer 
conductor to the inner conductor along — r crosses surface S where 

S = —v2nrl. 


Hence, 



5.75 x 1CT 9 


sin (12071/)^ 


(—r 27ir/) 


= 5.75 x 10 9 x 12071 x 27t/cos(120717) 
= 0.82cos(1207t/) (jjA). 


Alternatively, since the coaxial capacitor is lossless, its displacement current has to 
be equal to the conduction current flowing through the wires connected to the voltage 
sources. The capacitance of a coaxial capacitor is given by (4.116) as 


2718 / 



The current is 


I — C 


dV_ 

dt 


2m l 

Ml) 


12071 x 50cos( 12071/)] = 0.82cos( 12071/) 


O'A), 


which is the same answer we obtained before. 


Problem 6.16 The parallel-plate capacitor shown in Fig. 6-25 (P6.16) is filled 
with a lossy dielectric material of relative permittivity 8 r and conductivity a. The 
separation between the plates is d and each plate is of area A. The capacitor is 
connected to a time-varying voltage source V(t). 

(a) Obtain an expression for 7 C , the conduction current flowing between the plates 
inside the capacitor, in terms of the given quantities. 
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Figure P6.16: Parallel-plate capacitor containing a lossy dielectric material (Problem 
6.16). 


(b) Obtain an expression for I&, the displacement current flowing inside the 
capacitor. 

(c) Based on your expression for parts (a) and (b), give an equivalent-circuit 
representation for the capacitor. 

(d) Evaluate the values of the circuit elements for A = 4 cm 2 , d = 0.5 cm, £,- = 4, 
o = 2.5 (S/m), and V(t) = 10cos(37t x 10 3 f) (V). 


Solution: 

(a) 

(b) 




VcA 

~d~' 



dD dE 

I d = — -A = eA — 
dt dt 


£A dV 
d dt 


(c) The conduction current is directly proportional to V, as characteristic of a 
resistor, whereas the displacement current varies as dV/dt, which is characteristic 
of a capacitor. Hence, 





0.5 x 10~ 2 
2.5 x 4 x 10 4 
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Actual Circuit 




Figure P6.16: (a) Equivalent circuit. 



4 x 8.85 x 10 -12 x 4 x 10 -4 
0.5 x 10- 2 


= 2.84 x 10~ 12 F. 


Problem 6.17 An electromagnetic wave propagating in seawater has an electric 
field with a time variation given by E = zE'ocoscoc If the permittivity of water is 
8l£o and its conductivity is 4 (S/m), find the ratio of the magnitudes of the conduction 
current density to displacement current density at each of the following frequencies: 
(a) 1 kHz, (b) 1 MHz, (c) 1 GHz, (d) 100 GHz. 

Solution: From Eq. (6.44), the displacement current density is given by 

3 3 

Jd = r-D = e—E 

a t dt 


and, from Eq. (4.67), the conduction current is J = gE. Converting to phasors and 
taking the ratio of the magnitudes, 


J 


gE 

G 

Jd 


jG)£ r £()E 

CO£ r £o 


(a) At / = 1 kHz, co = 271 x 10 3 rad/s, and 


Jd 


4 

271 x 10 3 x 81 x 8.854 x 10- 12 


= 888 x10 3 . 


The displacement current is negligible. 

(b) At / = 1 MHz, co = 271 x 10 6 rad/s, and 


J^ 

Jd 


4 


27t x 10 6 x 81 x 8.854 x 10“ 12 


= 888 . 
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The displacement current is practically negligible, 
(c) At / = 1 GHz, co = 27t x 10 9 rad/s, and 


2tt x 10 9 x 81 x 8.854 x lO- 12 


= 0 . 888 . 


Neither the displacement current nor the conduction current are negligible, 
(d) At f = 100 GHz, co = 27t x 10 11 rad/s, and 


27t x 10 n x 81 x 8.854 xlO- 12 


= 8.88 x 10 


The conduction current is practically negligible. 


Sections 6-9 and 6-10: Continuity Equation and Charge Dissipation 

Problem 6.18 At t = 0, charge density p v o was introduced into the interior of a 
material with a relative permittivity e r = 9. If at t — 1 jjs the charge density has 
dissipated down to 10 _3 p v o, what is the conductivity of the material? 

Solution: We start by using Eq. (6.61) to find T r : 

Pv(0 = PvO^ ^ r ■) 


which gives 


10 3 p v0 = p v0 e 10 “' ,/Tr , 


In 10~ 3 = - 


10 -6 

= L45 x 10-7 

In 10 - - 5 


But x r — e/a — 9eo/g. Hence 


a = 


9£o _ 9 x 8.854 x 10 
"xT = 1.45 x 10- 7 


5.5 x 10^ 4 (S/m). 
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Problem 6.19 If the current density in a conducting medium is given by 

J(x, y,z;t) — (xr - y4y 2 + z2x) cos cot, 

determine the corresponding charge distribution p v (x,y,z;t). 

Solution: Eq. (6.58) is given by 


VJ = - 


dt ' 


The divergence of J is 


(24) 


V • J = + y2- + • (xz 2 - y4y 2 + z2x ) cos cot 

3 9 

= —■4— (y cos co t) — —8y cos cor. 

dy 

Using this result in Eq. (24) and then integrating both sides with respect to t gives 

p v = — J (V-J)dr = — J — 8y cos cor dt — ^ sin cor + Co, 

where Cq is a constant of integration. 


Problem 6.20 In a certain medium, the direction of current density J points in the 
radial direction in cylindrical coordinates and its magnitude is independent of both (|) 
and z- Determine J, given that the charge density in the medium is 

Pv = Porcoscor (C/m 3 ). 


Solution: Based on the given information, 

J = tJ T (r). 

With =J Z = 0, in cylindrical coordinates the divergence is given by 

V • J = —4 (?'/ r ). 

r dr 


From Eq. (6.54), 


dp v d 

zr = — — (porcoscor) = porcosincor 
dr dr 


V-J = 
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Hence 


and 


o 


i a , . 

(rJ r ) = porcosinco?, 

r or 

(rJ T ) = por 2 cosincor, 
dr 

r 3 [ r ? 

rr- (r/ r ) Jr = poCOsinCM / r <ir, 
dr Jo 


r/ r 


r 

0 


(pocosincof) — 


0 


/r = 


pocor 


sincitf, 


-2 


x . , , Pocor . 2 

J = rJ Y = r —-— sin 00 / (A/m), 


Problem 6.21 If we were to characterize how good a material is as an insulator by 
its resistance to dissipating charge, which of the following two materials is the better 
insulator? 

Dry Soil: 8 r = 2.5, a = 10 -4 (S/m) 

Fresh Water: £ r = 80, a = 10 3 (S/m) 

Solution: Relaxation time constant x r = |. 

2 5 

For dry soil, T r = — 2.5 x 10 4 s. 

80 4 

For fresh water, T r =- T = 8x10 s. 

10- 3 

Since it takes longer for charge to dissipate in fresh water, it is a better insulator than 
dry soil. 


Sections 6-11: Electromagnetic Potentials 

Problem 6.22 The electric field of an electromagnetic wave propagating in air is 
given by 


E(z,f) = x4cos(6 x 10 8 r — 2z) +y3sin(6 x 10 8 t — 2z) (V/m). 
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Find the associated magnetic field H(z,f). 

Solution: Converting to phasor form, the electric field is given by 

E(z) = Ue- j2z - jy3e j2z (V/m), 
which can be used with Eq. (6.87) to find the magnetic field: 


H (z) = 


1 


-JW 

1 

-Jm 

i 

-jm 


■VxE 


A A A 

x y z 

d/dx d/dy d/dz 

4e~ j2z -j3e~ j2z 0 


(x6e 


-ftz _ 



J 


6 x 10 8 x 47t x 10 -7 


y fie 


^}(x6 — yj8)e j2z — jxS.Oe j2z +yl0-6e j2z (mA/m). 


Converting back to instantaneous values, this is 


H (t,z) — — x8.0sin(6x 10 8 f — 2z) +y 10.6cos (6 x \(ft — 2z) (mA/m) 


8 . 


Problem 6.23 The magnetic field in a dielectric material with 8 = 4eo, n — [x o, and 
a = 0 is given by 

H(y,7) = x5cos(27t x 10 7 t + ky) (A/m). 

Find k and the associated electric field E. 

Solution: In phasor form, the magnetic field is given by H = x5e jky (A/m). From 
Eq. (6.86), 

E = —VxH = —z5e jky 
j C08 j 0)8 


and, from Eq. (6.87), 


H 


1 _ _ jb 2 

V xE =-—— x5e jky , 


-jm 


-jar-Efj 


which, together with the original phasor expression for H, implies that 

oye^ 27txl0 7 \/4 471 

k = covW' =-= = — (rad/m). 


3 x 10 8 


30 
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Inserting this value in the expression for E above, 

E = -z_ 47t / 3Q _ 5e j4lty / 30 = — z941 e j4ny ^° (V/m) 

2tt xl0 7 x4x 8.854x 10-12 1 ' 
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which can be used with Eq. (6.87) to find the magnetic field: 


H(/?, 9 ) = 


1 


jCOq 


V xE = 


1 


R 


1 


3 Eq * 1 3 

L“/?sm0 ~d<f + ^RdR ^ ^ 


1 


jcoq 


.2 x 10 2 . 3 

<])--sin9-(^) 


♦ 


271 


3 R 
2 x 10 -2 


671 x 10 8 x 471 x 10- 7 R 
= $ ^ sin 0 e~i 27lR (jjA/m). 


sinQe ^ 2nR 


Converting back to instantaneous value, this is 


53 . 


H(/?,0;7) = <j> — sin0cos(67t x 10 8 r — 2nR) (juA/m). 

R 


Problem 6.26 A Hertzian dipole is a short conducting wire carrying an 
approximately constant current over its length /. If such a dipole is placed along 
the z-axis with its midpoint at the origin and if the current flowing through it is 
i(t) — /q cos 0)7, find 

(a) the retarded vector potential A(/?,0,(|)) at an observation point <2(/?,0,())) in a 
spherical coordinate system, and 

(b) the magnetic field phasor H(/?,0,(|)). 

Assume / to be sufficiently small so that the observation point is approximately 
equidistant to all points on the dipole; that is, assume that R' ~ R. 

Solution: 

(a) In phasor form, the current is given by I = Iq. Explicitly writing the volume 
integral in Eq. (6.84) as a double integral over the wire cross section and a single 
integral over its length, 



±L 

471 


r '/ 2 /T J(R,) e~j kR ' 

J—l/2 JJs R 1 


ds dz. 


where s is the wire cross section. The wire is infinitesimally thin, so that R' is not a 
function of x or y and the integration over the cross section of the wire applies only to 
the current density. Recognizing that J = zIq/s , and employing the relation R 1 « R , 


471 J-i/2 R' 


™ J-ljl 
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i — id r . „ e -fi 

-VxA = —Vx (Rcos0 — 0sin0)- 

fl 471 ' ' /? 


f-sinOe-^-A 

47I T /?V^V J 30 

- /()/sin Qe J kR ( 1\ 

♦ 4kR [ Jt+ R • 



Problem 6.27 The magnetic field in a given dielectric medium is given by 

H = y6cos2zsin(2 x 10 7 f — O.bt) (A/m), 

where v and z are in meters. Determine: 

(a) E, 

(b) the displacement current density Jd, and 

(c) the charge density p v . 

Solution: 

(a) 

H = y6cos2zsin(2 x I0 7 t — O.lv) = y6cos2zcos(2 x I0 7 t — OAx — 7t/2), 
H = y6cos2 Z e~ j0Ax e~ j71 ^ 2 = —y j6cos2 Z e~ j0lx ^ 

E = — VxH 

j roe 

/v y\ yv 

x y z 

d/dx 3/3j d/dz 

0 -j6cos2ze~ j01x 0 

(x — 2- (_ j6cos2ze~ j01x ) 
jcoe [ dz ’ 

= x — sin2 :ze~ j0Ax \ +z ( ^^-cos2ze~ j01x \ . 

\ coe J \ coe J 

From the given expression for H, 

co = 2xl0 7 (rad/s), 



1 

7 CO 8 
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Hence, 


and 


(3 = 0.1 (rad/m). 


u v = ^ = 2x 10 8 (m/s), 

r 


c V /3xl0 8 . 

£r “ 1 uj ~ \2 x 10 8 ' “ 5 ‘ 


Using the values for to and £, we have 

E = (—x30sin2z + zjl.5cos2z) x 10 3 e~ ;0 ' lx (V/m), 

E = [—x30sin2zcos(2 x 10 7 f — O.lx) — zl.5cos2zsin(2 x 10 7 t 


(b) 


D = eE = £ r £oE = (—x0.6sin2z + zj'0.03cos2z) x 10 6 e J 
Jd= 3D 


or 


Jd 

Jd 


dt ’ 


= jcoD = (—x jl2sin2z — z0.6cos2z)e i 0Ax : 

= V\c[J d e j(at ] 

= [xl2sin2zsin(2 x 10 7 ? — O.lx) — z0.6cos2zcos(2 x 10 7 ? 


(c) We can find p v from 


or from 


V - D = p 


VJ = - 


9pv 

dt ' 


Applying Maxwell’s equation. 


Pv = V • D = £V • E = £ r £() 


dE x dE 


+ 


Z 


dx dz 


yields 


= 8 r 8o|^- [— 30sin2zcos(2 x 10 7 r — O.lx)] 

+ [—1.5cos2zsin(2 x 10 7 f — O.lx)] | 

= 8 r 8o [—3sin2zsin(2 x 10 7 1 — O.lx) +3sin2zsin(2 x 10 7 


O.lx)] (kV/m). 
)Ax (C/m 2 ), 

O.lx)] (A/m 2 ). 


t — O.lx) = 0. 
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Problem 6.28 The transformer shown in the figure consists of a long wire 
coincident with the z-axis carrying a current I — Iq cos cot, coupling magnetic energy 
to a toroidal coil situated in the x-y plane and centered at the origin. The toroidal core 
uses iron material with relative permeability jj r , around which 100 turns of a tightly 
wound coil serves to induce a voltage Vemf> as shown in the figure. 



(a) Develop an expression for Vemf- 

(b) Calculate Vemf f° r / = 60 Hz, jj v — 4000, a — 5 cm, b — 6 cm, c — 2 cm, and 
/o - 50 A. 


Solution: 

(a) We start by calculating the magnetic flux through the coil, noting that r, the 
distance from the wire varies from a to b 




2tz \a) 

ucNcoIq , ( b 
In - 


dl_ 

dt 

I since? 



271 


a 
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(b) Convert H to phasor: 


(c) 


H = <j> — e ' ]kz (mA/m) 
r 

E = —-— V x H 


JCOEq 
1 

./«£() L 

1 

JCOEo [ 

1 

J(0£() 

. 36 k 


, )> . , 1 9 , „ x 

- r ir +z 7s (rH<l) 


,9/36 
r 9z V r * 


ife 1 + £ A( 36g - 

r dr 



,/36/c , 


jkz 


— r 


-jkz - 36 x 377 3 

£ j kz = y - 7 ' x 10 


13.6 


= r 


,-j20z 


C08 0 r 

E = 9\t[Ee Jwt ] 
. 13.6 


(V/m). 


= r 


cos(6 x 10 t — 20 z) (V/m). 


Jd = Co 


3E 

¥ 


^ 1^6 3 (cos(6 x to 9 / — 20z)) 


= —r 


r 3/ 

13.6e 0 x 6 x 10 9 


sin(6 x 10 9 / - 20z) (A/m 2 ) 


0.72 


= —r 


sin(6 x 10 9 t — 20 z) (A/m 2 ). 
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Chapter 7: Plane-Wave Propagation 


Lesson #43 

Chapter — Section: 7-1 
Topics: Time-harmonic fields 

Highlights: 

• Phasors 

• Complex pennittivity 

• Wave equations 

Special Illustrations: 
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Lesson #44 

Chapter — Section: 7-2 

Topics: Waves in lossless media 

Highlights: 

• Uniform plane waves 

• Intrinsic impedance 

• Wave properties 

Special Illustrations: 

• Example 7-1 

• CD-ROM Modules 7.3 and 7.4 


Module 7.2: Wave Properties 

Given: The electric field of a plane electromagnetic wave traveling in air exhibits 
the pattern shown in the figure. In order to be able to visually observe the time 
variation, the rate has been slowed down by a factor M. 



Ql. What is the wavelength of the wave? 

Cm check answer^ I give up 

Q2.What is the apparent frquency of the wave? 

j'— Hz. ' check answer ' \ give up ' 

Q3. What is the slow-down factor, M = (True frequency / Apparent 
frequency)? 

M= X10 C> check answer I give up 








































































Lesson #45 and 46 
Chapter — Section: 7-3 
Topics: Wave polarization 
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Highlights: 

• Definition of polarization 

• Linear, circular, elliptical 

Special Illustrations: 

• CD-ROM Demos 7.1-7.5 

• Liquid Crystal Display 


Liquid Crystal Display (LCD) 

LCDs are used in digital clocks, cellular phones, desktop 
and laptop computers, and some televisions and other 
electronic systems. They offer a decided advantage over 
other display technologies, such as cathode ray tubes, in 
that they are much lighter and thinner and consume a lot 
less power to operate. LCD technology relies on special 
electrical and optical properties of a class of materials 
known as liquid crystals, first discovered in the 1880s by 
botanist Friedrich Reinitzer. 

Physical Principle 

Liquid crystals are neither a pure solid nor a pure liquid, 
but rather a hybrid of both. One particular variety of 
interest is the twisted nematic liquid crystal whose 
molecules have a natural tendency to assume a twisted 
spiral structure when the material is sandwiched between 
finely grooved glass substrates with orthogonal 
orientations (A). Note that the molecules in contact with 
the grooved surfaces align themselves in parallel along 
the grooves. The molecular spiral causes the crystal to 
behave like a wave polarizer; unpolarized light incident upon the entrance substrate follows the 
orientation of the spiral, emerging through the exit substrate with its polarization (direction of 
electric field) parallel to the groove’s direction. 


POLARIZED LIGHT 



EXIT 

SUBSTRATE 


CRTHAGCNAL 

GROOVE 

ORIENTATIONS 



alignment 

LAYERS 


FIANCE 
UBSTRATE 



POLARIZING 
RLTER 


UNPOLARIZED LIGHT 


A. LCD structure 
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Lesson #47 

Chapter — Section: 7-4 

Topics: Waves in lossy media 

Highlights: 

• Attenuation and skin depth 

• Low loss medium 

• Good conductor 

Special Illustrations: 

• CD-ROM Demos 7.6-7.8 

Demo 7.7: Moderately Lossy 

Given: A 10-MHz EM plane wave propagating in a moderately lossy medium 
characterized by: 

e x = 9 and <r = 10' 2 S/m. 

Assuming that E has a magnitude of 10 V/m at 7 =0, solve for and display 
the following profiles: 

(a) E(z,t). 

(b) \V C \ H(z,t). 

(c) The power density S(z,t). 

E 10 V/m IlclH 10 V/m S 100 w/m 2 




Start Animation 
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Lesson #48 

Chapter — Section: 7-5 

Topics: Current flow in conductors 

Highlights: 

• Skin depth dependence on frequency 

• Surface impedance 

Special Illustrations: 
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Lesson #49 

Chapter — Section: 7-6 
Topics: EM power density 

Highlights: 

• Power density in a lossless medium 

• Power density in a lossy medium 

• Time-average power 

Special Illustrations: 

• CD-ROM Module 7.5 

Module 7.5: UHF Antenna Reception 
Given: A television receiver with a loop antenna. 



Q. If the electric field of the wave radiated by the TV station 
antenna is along the vertical (z-axis), what plane should the loop 
antenna be placed into in order to maximize the received signal? In 

A 

(a) the loop is in the E-/e plane, and in (b) it is in the E-H plane. 

«/ select ) Configuration (a) 

X ^select ' Configuration (b) 
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Chapter 7 

Section 7-2: Propagation in Lossless Media 

Problem 7.1 The magnetic field of a wave propagating through a certain 
nonmagnetic material is given by 

H = z30cos(10 8 7 — 0.5y) (mA/m). 

Find (a) the direction of wave propagation, (b) the phase velocity, (c) the wavelength 
in the material, (d) the relative permittivity of the material, and (e) the electric field 
phasor. 

Solution: 

(a) Positive y-direction. 

(b) co = 10 8 rad/s, k — 0.5 rad/m. 

co 10 8 o 

u v = — = —— = 2 x 10 m/s. 

/C U • J 

(c) X = 2n/k = 27t/0.5 = 12.6 m. 

(e) From Eq. (7.39b), 


E = 


11 

/V 

k 


—r|k x H, 

q 12071 



12071 

1.5 


= 251.33 (Q), 


e 

y, and H = z30e /0 ' 5> ' x 10 3 (A/m), 


Hence, 


E = —251.33y x z30t^ 7 ' 0 5 - v x 10“ 3 = -xl.54e~ j0 - 5y (V/m), 


and 


E(y,7) = V\e{Ee jm ) = -x7.54cos(10 8 ? - 0.5y) (V/m). 


Problem 7.2 Write general expressions for the electric and magnetic fields of a 
1-GHz sinusoidal plane wave traveling in the +y-direction in a lossless nonmagnetic 
medium with relative permittivity e r = 9. The electric field is polarized along the 
x-direction, its peak value is 6 V/m and its intensity is 4 V/m at t — 0 and y — 2 cm. 
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Solution: For / = 1 GHz, ju r = 1, and 8 r = 9, 

co = 27 if = 2nx 10 9 rad/s, 

7 271 271 _ 2nf _ 27ix l0 9 /- 

k —^r — - —V^r — — -TTHT v9 

X Xo c 3 x 10 8 

E (y,t) = x6cos(27t x 10 9 r — 207Ty + (J>o) (V/m). 

At t = 0 and y — 2 cm, E — 4 V/m: 


= 2071 rad/m, 


4 = 6cos(—2071 x 2 x 10 2 + (|)()) = 6cos(—0.471 + §q) 


Hence, 


/4\ 

()>() — 0.471 = cos 7 — 0-84 rad, 

\6 / 


which gives 


4>o = 2.1 rad = 120.19° 


and 


E(y,t) =x6cos(27ix 10 9 f — 20ny + 120.19°) (V/m). 


Problem 7.3 The electric field phasor of a uniform plane wave is given by 
E = y 10ej°' 2z (V/m). If the phase velocity of the wave is 1.5 x 10 8 m/s and the relative 
permeability of the medium is jj r = 2.4, find (a) the wavelength, (b) the frequency / 
of the wave, (c) the relative permittivity of the medium, and (d) the magnetic field 

H(z,0- 

Solution: 

(a) From E = yl0e’ ()2z (V/m), we deduce that k = 0.2 rad/m. Hence, 


27t 2n 

A,= — = — = 10n = 31.42 m. 
k 0.2 


(b) 


u v 1.5 x 10 8 6 

f = -r- = -= 4.77 x 10 6 Hz = 4.77 MHz. 

J X 31.42 


(c) From 


Up — 




e ' 7 (£> 


= 1.67 
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11 = 


H 


'«■ ~ 120 *. I* = non 1 2A 


£r 


1.67 


= 451.94 (Q), 


— (—z) x E = — (—z) x ylOe /0 ' 2 ~ = x22.13e /0 ' 2z (mA/m), 


H(z, t) — x22.13cos(cof+ 0.2z) (mA/m), 


with co = 271 / = 9.5471 x 10 6 rad/s. 


Problem 7.4 The electric field of a plane wave propagating in a nonmagnetic 
material is given by 

E = [y3sin(7ix 10 7 f — 0.27tt) + z4cos(7i x 10 7 f — 0.2nx)] (V/m). 


Determine (a) the wavelength, (b) e r , and (c) H. 

Solution: 

(a) Since k — 0.27c, 



But 


Hence, 




10 m. 


co 7CX10 7 _ 7 # 

u v = — — ——— = 5x10 m/s. 
p k 0.271 



c 

Wr' 




/3 x 10 8 \ 
\5 x 10 7 ) 



H = -!-k x E = —x x [y3sin(7i x 10 7 1 — 0.2 ju) +z4cos(7i x 10 7 1 — 0.2roc)] 


3 . , 7 - - - - 4 


= sin(7t x lO'l — 0.2 ju) — y— cos(7i x 10 7 ? — 0.2 ju) (A/m), 
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with 


11 


T|o 12071 
_ _ 

vX _ 6 


= 20ti = 62.83 



Problem 7.5 A wave radiated by a source in air is incident upon a soil surface, 
whereupon a part of the wave is transmitted into the soil medium. If the wavelength 
of the wave is 60 cm in air and 20 cm in the soil medium, what is the soil’s relative 
permittivity? Assume the soil to be a very low loss medium. 

Solution: From X = Xq/a/e^, 



Problem 7.6 The electric field of a plane wave propagating in a lossless, 
nonmagnetic, dielectric material with e r = 2.56 is given by 

E = y 20 cos (67t x 10 9 t-kz) (V/m). 


Determine: 

(a) /, u p , X, k, and rj, and 

(b) the magnetic field H. 

Solution: 

(a) 


co = 27 if = 6nx 10 9 rad/s, 
/ = 3 x 10 9 Hz = 3 GHz, 


Up — 

x = 

k = 


c 3 x 10 8 


= 1.875 x 10 8 m/s, 




u 


p 


V2A6 
1.875 x 10 8 
6x 10 9 
_ 271 

X “ 3.12 x 10-2 


/ 

271 


= 3.12 cm, 


= 201.4 rad/m, 


Tjo 377 
11 vX V2J6 


377 

— =235.62 £1 
1.6 
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20 

H = —x — cos(67i x 10 9 t — kz) 

T| 

20 

= — x cos (671 x 10 9 7 — 201.4z) 

235.62 

= —x8.49 x 10 _2 cos(67i x IQ 9 ? — 201.4z) (A/m). 


Section 7-3: Wave Polarization 

Problem 7.7 An RHC-polarized wave with a modulus of 2 (V/m) is traveling in free 
space in the negative z-direction. Write down the expression for the wave’s electric 
field vector, given that the wavelength is 6 cm. 

y 



Figure P7.7: Locus of E versus time. 


Solution: For an RHC wave traveling in — z, let us try the following: 

E = xtf cos(cor + kz) + y<2sin(cD7 + kz). 
Modulus \E\ = V a 2 + a 2 = ay/2 = 2 (V/m). Hence, 

a — —= = y/l. 
y/2 
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Next, we need to check the sign of the y-component relative to that of the 
x-component. We do this by examining the locus of E versus t at z = 0: Since 
the wave is traveling along — z, when the thumb of the right hand is along — z (into 
the page), the other four fingers point in the direction shown (clockwise as seen from 
above). Hence, we should reverse the sign of the y-component: 

E = x\/2cos(co t + kz) — y V2sin(co t + kz) (V/m) 


with 


and 


271 271 

T = 6 x 10- 2 


104.72 (rad/m), 


co — kc — 


2k 

T 


x 3 x 10 s = n x 10 10 


(rad/s). 


Problem 7.8 For a wave characterized by the electric field 

E (z,t) — xa x cos((tit — kz) +ya y cos((Ot — fe + 8), 

identify the polarization state, determine the polarization angles (y,%), and sketch the 
locus of E(0,f) for each of the following cases: 

(a) a x — 3 V/m, a y = 4 V/m, and 8 = 0, 

(b) a x = 3 V/m, a y = 4 V/m, and 8 = 180°, 

(c) a x = 3 V/m, a y = 3 V/m, and 8 = 45°, 

(d) a x = 3 V/m, a y = 4 V/m, and 8 = —135°. 

Solution: 


Vo = tan ~ l (ay/a x ), [Eq. (7.60)], 
tan2y= (tan2\|/o)cos8 [Eq. (7.59a)], 
sin2% = (sin2\|/o) sin 8 [Eq. (7.59b)]. 


Case 


a y 

5 

Vo 

y 

X 

Polarization State 

(a) 

3 

El 

0 

53.13° 

53.13° 

0 

Linear 

(b) 

3 


180° 

53.13° 

-53.13° 

0 

Linear 

(c) 

3 


45° 

45° 

45° 

22.5° 

Left elliptical 

(d) 

3 

El 

-135° 

53.13° 

-56.2° 

-21.37° 

Right elliptical 


(a) E(z,f) = x3cos(co7 — kz) +y4cos(co/ L — kz). 

(b) E (z,t) = x3cos(co t — kz) -y4cos(co t -kz). 

(c) E(z,t) = x3cos(co t — kz) +y3cos(co? — fe + 45°). 

(d) E(z,f) = x3cos(co t — kz) +y4cos(cor -kz - 135°). 























Problem 7.9 The electric field of a uniform plane wave propagating in free space 
is given by E = (x + jy)20e ~^ nz / 6 (V/m). Specify the modulus and direction of the 
electric field intensity at the z — 0 plane at t — 0, 5 and 10 ns. 
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Solution: 


From 


At z — 0, 


E(z,t)=9tt\Ee Ja *] 

= me[{x + jf)20e- jKz / 6 e jat } 

= <Ke[(x + ye jK / 2 )20e- jnz ' 6 e jm ] 

= x20cos(co7 — nz/6) +y20cos(co t 
= x20 cos (tot - nz/6) - y20 sin(co t 

= [E 2 + E 2 ] l/2 = 20 (V/m), 


-nz/6 + n/2) 
nz/6) (V/m), 


E 


\|t = tan 


-l 


•y 


= —(ax — nz/6). 


'X 


c _kc _ n/ 6x3xl0 8 _ 7 

f l 2n 2n ’ 


co = 2nf = 5nx 10 7 rad/s. 


\|/ = -co t = -5n x 10 1 t = 


0 at t — 0, 

—0.2571 = —45° at t = 5 ns, 
—0.571 = —90° at t = 10 ns. 


Therefore, the wave is LHC polarized. 


Problem 7.10 A linearly polarized plane wave of the form E = xa x e~ jkz can be 
expressed as the sum of an RHC polarized wave with magnitude c/r and an LHC 
polarized wave with magnitude a r. Prove this statement by finding expressions for 
czr and a l in terms of a x . 

Solution: 

E = xa x e~ jkz , 

RHC wave: E R = a R (x + jV jn/2 )e jkz = a R (x- jy)e jkz , 

LHC wave: E L = a R (x + ye-’ K ^ 2 )e /fa = n L (x + jy)e~ jkz , 

E = E r + E l , 

xa x = a R (x - jy) + a L (x + jy). 

By equating real and imaginary parts, a x = c/r + 0 = — < 2 r + a l, or = a x /2, 

n R = a.c/2. 
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Problem 7.11 The electric field of an elliptically polarized plane wave is given by 
E (z,t) = [— xlOsin(oM — kz — 60°) + y30cos(otf — kz)\ (V/m). 

Determine (a) the polarization angles (y,%) and (b) the direction of rotation. 

Solution: 

(a) 

E(z,f) = [—xl0sin(cot — kz — 60°) +y30cos(co t — kz)\ 

= [xl0cos(cof — kz + 30°) + y30cos(otf — kz)} (V/m). 

Phasor form: 

E = (xlOe /30 ° + y30)e _ ' fa . 

Since 8 is defined as the phase of E y relative to that of E x , 

5 = -30°, 

Yo = tan -1 =71.56°, 

tan2y = (tan2\|/o)cosS = —0.65 or y=73.5°, 
sin2% = (sin2\|/o)sin8 = -0.40 or % = — 8.73°. 

(b) Since % < 0, the wave is right-hand elliptically polarized. 


Problem 7.12 Compare the polarization states of each of the following pairs of 
plane waves: 

(a) wave 1: Ej = x2cos(cor — kz) +y2sin(co? — kz), 
wave 2: E 2 = x2cos(cttf+ fc) +y2sin(co?+ fe), 

(b) wave 1: Ei = x2cos(co? — kz) - y2sin(co? — kz), 
wave 2: E 2 = x2cos(co? + kz) — y2sin(co? + kz). 

Solution: 

(a) 


Ei =x2cos(co? — kz) +y2sin(cor — kz) 

= x2cos(co t — kz) +y2cos(cor — kz — tc/2), 
Ei = x2e~ jkz + y2e- jkz e~ jK / 2 , 
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\|/o = tan 1 (—) = tan 1 1 = 45°, 
\axJ 

5 = -7t/2. 


Hence, wave 1 is RHC. 

Similarly, 

E 2 = x2e jkz + y2e jkz e~ j% / 2 . 

Wave 2 has the same magnitude and phases as wave 1 except that its direction is 
along — z instead of +z. Hence, the locus of rotation of E will match the left hand 
instead of the right hand. Thus, wave 2 is LHC. 

(b) 


Ei =x2cos(co t — kz) — y2sin(co t — kz), 

E| = x2e~ jkz + y2e~ jkz e jn / 2 . 

Wave 1 is LHC. 

E 2 = x2e jkz + y2e jkz e jn / 2 . 

Reversal of direction of propagation (relative to wave 1) makes wave 2 RHC. 


Problem 7.13 Plot the locus of E(0,t) for a plane wave with 

E (z,t) = xsin(cctf + kz) +y2cos(cor + kz). 

Determine the polarization state from your plot. 

Solution: 

E = x sin(co/ L + kz) +y2cos(cor + kz). 

Wave direction is —z. At z = 0, 

E = x sinco/- + y2cos co t. 

Tip of E rotates in accordance with right hand (with thumb pointing along — z). 
Hence, wave state is RHE. 
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y 

I cor=7i/2 


X 



Figure P7.13: Locus of E versus time. 


Sections 7-4: Propagation in a Lossy Medium 

Problem 7.14 For each of the following combination of parameters, determine if 
the material is a low-loss dielectric, a quasi-conductor, or a good conductor, and then 
calculate a, (3, A,, u p , and r\ c : 

(a) glass with ju Y = 1, e r = 5, and a = 10~ 12 S/m at 10 GHz, 

(b) animal tissue with ju r — 1, e r = 12, and a = 0.3 S/m at 100 MHz, 

(c) wood with /j r = 1, £, = 3, and a = 10 -4 S/m at 1 kHz. 

Solution: Using equations given in Table 7-1: 



Case (a) 

Case (b) 

Case (c) 

a/coe 

3.6 x l(r 13 

4.5 

600 

Type 

low-loss dielectric 

quasi-conductor 

good conductor 

a 

8.42 x 10“ n Np/m 

9.75 Np/m 

6.3 x 10 -4 Np/m 

p 

468.3 rad/m 

12.16 rad/m 

6.3 x 10 -4 rad/m 


1.34 cm 

51.69 cm 

10 km 

Up 

1.34 x 10 8 m/s 

0.52 x 10 8 m/s 

0.1 x 10 8 m/s 

lie 

~ 168.5 ^ 

39.54+ y31.72 Q 

6.28(1 + j) D. 
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Problem 7.15 Dry soil is characterized by £ r = 2.5, ju r = 1, and a = 10 -4 (S/m). 
At each of the following frequencies, determine if dry soil may be considered a good 
conductor, a quasi-conductor, or a low-loss dielectric, and then calculate a, (3, X, ju p , 
and r| c : 

(a) 60 Hz, 

(b) 1 kHz, 

(c) 1 MHz, 

(d) 1 GHz. 

Solution: £ r = 2.5, ju r = 1, a — 10 -4 S/m. 



60 Hz 

1 kHz 

1 MHz 

1 GHz 

e" a 

E' C0£ 

a 

“ 27t/e r e 0 

1.2 x 10 4 

720 

0.72 

7.2 x 10“ 4 

Type of medium 

Good conductor 

Good conductor 

Quasi-conductor 

Low-loss dielectric 

a (Np/m) 

1.54 x 10“ 4 

6.28 x 10 -4 

1.13 x 10 -2 

1.19 x 10 -2 

(3 (rad/m) 

1.54 x 10 -4 

6.28 x 10 -4 

3.49 x 10 -2 

33.14 

A, (m) 

4.08 x 10 4 

10 4 

180 

0.19 

u p (m/s) 

2.45 x 10 6 

10 7 

1.8 x 10 8 

1.9 x 10 8 

lie (^) 

1-54(1+;) 

6.28(l+y) 

204.28 + 7*65.89 

238.27 


Problem 7.16 In a medium characterized by £ r — 9, ju Y — 1, and a = 0.1 S/m, 
determine the phase angle by which the magnetic field leads the electric field at 
100 MHz. 

Solution: The phase angle by which the magnetic field leads the electric field is —0^ 
where 0r| is the phase angle of r\ c . 

a 0.1 x 367t 

— =-= 2 . 

coe 2n x 10 8 x 10~ 9 x 9 


Hence, quasi-conductor. 



)" 1/2 

V ®8 0 e r J 

125.67(1 -j'2)- 1 / 2 =71.49 + j44.18 = 84.04 /31.72° . 
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Therefore 0^ = 31.72°. 

Since H = (1 /r| c )k x E, H leads E by — 0^, or by —31.72°. In other words, H lags 
E by 31.72°. 


Problem 7.17 Generate a plot for the skin depth S s versus frequency for seawater 
for the range from 1 kHz to 10 GHz (use log-log scales). The constitutive parameters 
of seawater are jj y = 1, 8 r = 80 and a = 4 S/m. 

Solution: 



CO = 271/, 

, _ £ r _ 80 _ 80 

^ = weoEr - ^2 - ^2 - (3x 10 8 ) 2 ’ 

8 11 _ c _ a _ 4 x 3671 _ 72 

8' 0)8 C 08 0 8 r 2nf x 10 -9 x 80 80/ 

See Fig. P7.17 for plot of S s versus frequency. 



Figure P7.17: Skin depth versus frequency for seawater. 
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Problem 7.18 Ignoring reflection at the air-soil boundary, if the amplitude of a 
3-GHz incident wave is 10 V/m at the surface of a wet soil medium, at what depth will 
it be down to 1 mV/m? Wet soil is characterized by ju r = 1, £ r = 9, and a — 5 x 10 -4 
S/m. 

Solution: 


a 

C0£ 


E(z)=E 0 e- az = I0e~ az , 

5 x 10 -4 x 3671 „ ^ 

—--——-q— ■ Q —— = 3.32 x 10 

271 x 3 x 10 9 x 10 -9 x 9 


Hence, medium is a low-loss dielectric. 




a 

2 



1 0e a032z . 


z — 287.82 m. 


12071 _ 5 x 10~ 4 x 12071 
~~ 2 X y/9 

In 1(T 4 = -0.032z, 


0.032 (Np/m), 


Problem 7.19 The skin depth of a certain nonmagnetic conducting material is 3 ju m 
at 5 GHz. Determine the phase velocity in the material. 

Solution: For a good conductor, a = (3, and for any material S s = 1 /a. Hence, 



271/ 

p 


2ti/8 s = 2ti x 5 x 10 9 x 3 x 10~ 6 = 9.42 x 10 4 (m/s). 


Problem 7.20 Based on wave attenuation and reflection measurements conducted 
at 1 MHz, it was determined that the intrinsic impedance of a certain medium is 
28.1 /45° (Q) and the skin depth is 2 m. Determine (a) the conductivity of the 
material, (b) the wavelength in the medium, and (c) the phase velocity. 

Solution: 

(a) Since the phase angle of T| c is 45°, the material is a good conductor. Hence, 

Tic = (1 + j)^ =2S.le j45 ° = 28.1 cos45° + ;28.1 sin 45°, 


or 


- =28.1cos45° = 19.87. 
a 
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Since a = 1 /8 S — 1/2 = 0.5 Np/m, 


(b) Since a 
Therefore, 


p 


a 

19.87 


0.5 

19.87 


= 2.52 x 10 


for a good conductor, and a = 


2 S/m. 

0.5, it follows that P = 0.5. 



2k 

-— = 47t = 12.57 m. 
0.5 


(c) Up = fk= 10 6 x 12.57 = 1.26 x 10 7 m/s. 


Problem 7.21 The electric field of a plane wave propagating in a nonmagnetic 
medium is given by 

E = z25e~ 30x cos(27t x 10 9 ? - 40x) (V/m). 

Obtain the corresponding expression for H. 

Solution: From the given expression for E, 

co = 27txl0 9 (rad/s), 
a = 30 (Np/m), 

(3 = 40 (rad/m). 


From (7.65a) and (7.65b), 

a 2 - p 2 = -co 2 jjz' = -co^oeoe' = -%-E r n 

c z 

2ap = co^e" = 

c z 

Using the above values for co, a, and P, we obtain the following: 
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E = z25e- 30x e~ j40x , 


H = — k x E =- ^--xx z25e- 30x e~ j40x = -yO.16 < T 3( N?^ < r' 36 - 850 , 

Tic 157.9 ^36.85° J 

H = 94e{He ,OJ '} = -y0.16e“ 30v cos(27i x 10 9 ? -40x-36.85°) (A/m). 


Section 7-5: Current Flow in Conductors 

Problem 7.22 In a nonmagnetic, lossy, dielectric medium, a 300-MHz plane wave 
is characterized by the magnetic field phasor 

H = (x — j4z)e~ 2y e~ j9y (A/m). 

Obtain time-domain expressions for the electric and magnetic field vectors. 

Solution: 

E = -r| c kx H. 

To find T| c , we need £ 7 and e". From the given expression for H, 


a— 2 (Np/m), 

(3 = 9 (rad/m). 

Also, we are given than / = 300 MHz = 3 x 10 8 Hz. From (7.65a), 


a z - (3 Z = —co 2 /i£ 7 , 


4 - 81 = -(27t x 3 x 10 8 ) 2 x 47t x 10" 7 x x 


k—7 ., 


10 


-9 


36ti ’ 


whose solution gives 


Similarly, from (7.65b), 


4 = 1.95 


2aP = or/ue”! 


2 x 2 x 9 = (271 x3x 10 8 ) 2 x 471 x 10 7 x e" x 


-7 v , J! 


10 


-9 


3671 ’ 


which gives 


e” = 0.91. 
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377 

VT95 


(0.93 + ;0.21) = 256.9^' 12 - 6 °. 


Hence, 


E = -256.9e jl2 - 6 °y x (x-j4z)e~ 2y e~ j9y 
= (x j'4 + z) 256.9 e~ 2y e~^ 9y e jl26 ° 

= (x4e JK / 2 + z) 256.9 e~ 2y e~^ 9y e jl26 °, 

E = 94e{Ee /0) '} 

= x 1.03 x 10 3 e -2y cos(a)? - 9 y + 102.6°) 

+ z256.9e _2 '’cos(co/ : — 9y + 12.6°) (V/m), 

H = 93e{He /C0 '} 

= 91e{(x + ./4z)e- 2 >e- Av e /w '} 

= xe _2v cos(cor — 9v) + z.4e~ 2y sin(oi)/ : — 9y) (A/m). 


Problem 7.23 A rectangular copper block is 30 cm in height (along z). In response 
to a wave incident upon the block from above, a current is induced in the block in the 
positive x-direction. Determine the ratio of the a-c resistance of the block to its d-c 
resistance at 1 kHz. The relevant properties of copper are given in Appendix B. 


/ 



! 

30 cm 

I 


Figure P7.23: Copper block of Problem 7.23. 
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Problem 7.24 The inner and outer conductors of a coaxial cable have radii of 
0.5 cm and 1 cm, respectively. The conductors are made of copper with 8 r = 1, 
ju r = 1 and a = 5.8 x 10 7 S/m, and the outer conductor is 0.5 mm thick. At 10 MHz: 

(a) Are the conductors thick enough to be considered infinitely thick so far as the 
flow of current through them is concerned? 

(b) Determine the surface resistance R s . 

(c) Determine the a-c resistance per unit length of the cable. 

Solution: 

(a) From Eqs. (7.72) and (7.77b), 

8 S = [7 if jug]” 1 / 2 = [71 x 10 7 x 471 x 10 -7 x 5.8 x 10 7 ] -1 / 2 = 0.021 mm. 
Hence, 


0.5 mm 
0.021 mm 


25. 


Hence, conductor is plenty thick, 
(b) From Eq. (7.92a), 


R s = 


5.8 x 10 7 x 2.1 x 10 -5 


= 8.2 x io -4 a. 


(c) From Eq. (' 7.96), 


2n \ a b 


8.2 x 10“ 4 
2n 


s7IiH + ip) =°" <!2/m) 
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Section 7-6: EM Power Density 

Problem 7.25 The magnetic field of a plane wave traveling in air is given by 
H = x50 sin(27t x 10 1 t — ky ) (mA/m). Determine the average power density carried 
by the wave. 

Solution: 

H = x50sin(27t x 10 1 t — ky) (mA/m), 

E = —r|oy xH = zr|o50sin(27t x 10 1 1 — ky) (mV/m), 

S av = (zxx) —^ x 10~ 6 = y—^— (50) 2 x 10~ 6 = y0.48 (W/m 2 ). 

A^ A* 


Problem 7.26 A wave traveling in a nonmagnetic medium with £ r = 9 is 
characterized by an electric field given by 

E = [y3cos(7t x 10 7 t + kx) — z2cos(7t x 10 1 t + kx)\ (V/m). 

Determine the direction of wave travel and the average power density carried by the 
wave. 

Solution: 



12071 


= 4071 



The wave is traveling in the negative v-direction. 



& 13 

X 2 x 4071 


—x0.05 (W/m 2 ). 


Problem 7.27 The electric-field phasor of a uniform plane wave traveling 
downward in water is given by 

E = x5e- 0 - 2z e~ j0 - 2z (V/m), 

where z is the downward direction and z — 0 is the water surface. If a = 4 S/m, 

(a) obtain an expression for the average power density, 

(b) determine the attenuation rate, and 

(c) determine the depth at which the power density has been reduced by 40 dB. 
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Solution: 

(a) Since a = (3 = 0.2, the medium is a good conductor. 

Tic = (1 + j)~ = (1 + j) ^ = (1 + 7)0.05 = 0.0707e /45 ° (Q). 

a 4 

From Eq. (7.109), 

S av = z ' £ °l e~ 2az cos9n = z-—-<? _0 - 4z cos45° = zl25<? _0 ‘ 4z (W/m 2 ) 

2|r) c | ^ 2x0.0707 

(b) A - -8.68ocz - -8.68 x 0.2z - -1.74z (dB). 

(c) 40 dB is equivalent to 10 . Hence, 

10“ 4 = e" 2az = e ~ 0Az , ln(10 -4 ) = —0.4z, 


or z = 23.03 m. 


Problem 7.28 The amplitudes of an elliptically polarized plane wave traveling in a 
lossless, nonmagnetic medium with e r = 4 are H y o = 3 (mA/m) and H z o = 4 (mA/m). 
Determine the average power flowing through an aperture in the y-z plane if its area 
is 20 m 2 . 


Solution: 


= 


S av ~ 


T| 0 12071: 


yfe V4 

^[Hy6 + H^]=± 


= 6071 = 188.5 £2, 


T1 rrr2 , „2’ • 188 - 5 


[9 + 16] x 10“ 6 = 2.36 


P = S av A = 2.36 x 10“ 3 x 20 = 47.13 (mW). 


(mW/m 2 ), 


Problem 7.29 A wave traveling in a lossless, nonmagnetic medium has an electric 
field amplitude of 24.56 V/m and an average power density of 2.4 W/m 2 . Determine 
the phase velocity of the wave. 

Solution: 

2n ’ ’’“IS,,’ 

or 

T| = 


(24.56) 2 


2x2.4 


125.67 Q,. 
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But 


Hence, 


n = ^ = ^ e=(-EL) 2 = 9 

^ V*’ 1 V 125.67 J 


c 3 x10 8 o 

u v = —= = —-— = 1 x 10 m/s. 
F 3 


Problem 7.30 At microwave frequencies, the power density considered safe for 
human exposure is 1 (mW/cm 2 ). A radar radiates a wave with an electric field 
amplitude E that decays with distance as E(R) = (3,000 /R) (V/m), where R is the 
distance in meters. What is the radius of the unsafe region? 

Solution: 





|£QR)I 2 

2t| 0 ’ 

3 x 10 3 ' 2 


1 (mW/cm 2 ) = 10 3 W/cm 2 = 10 W/m 2 , 
1 1.2 x lO 4 


x 


R ) 2 x 12071 

1.2 x 10 4 \ 1/2 

= 34.64 m. 


R 2 


10 


Problem 7.31 Consider the imaginary rectangular box shown in Fig. 7-19 (P7.31). 

(a) Determine the net power flux P(t) entering the box due to a plane wave in air 
given by 

E = x£()cos(co7 — ky) (V/m). 

(b) Determine the net time-average power entering the box. 


Solution: 

(a) 


s(0 = 

p(t) = 


E = x£’ocos(cor — ky), 

Eq 

H = —z — cos (00/ — ky). 

fio 

E 2 

E X H = y — cos 2 (ol)/ : — ky), 

E 2 

S(t) A\ y= o — S(t) A\ y= b = — ac[cos 2 (tit — cos 2 (co7 — kb)} 

fio 
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z 

i 



Figure P7.31: Imaginary rectangular box of Problems 7.31 and 7.32. 



where T = 27t/co. 



1 

T 



P{t)dt. 



E^ac 

TlO 




— cos 2 (cor — kb)]dt 



Net average energy entering the box is zero, which is as expected since the box is in 
a lossless medium (air). 


Problem 7.32 Repeat Problem 7.31 for a wave traveling in a lossy medium in which 

E = x 100e“ 2 °- v cos(27t x 10 9 r — 40y) (V/m), 

H = —z0.64<?“ 20> ’ cos(27T x 10 9 r -40y- 36.85°) (A/m). 

The box has dimensions A — l cm, b — 2 cm, and c — 0.5 cm. 


-ExH 

= x 100e -20;y cos(27t x 10 9 r — 40y) 
x (— z0.64)£ _20> ’ cos(27t x 10 9 r — 40y — 36.85°) 

= y64^ _40> ’cos(27t x 10 9 r — 40y)cos(27t x 10 9 r -40y - 36.85°). 


Solution: 

(a) 













CHAPTER 7 


345 


Using the identity cos0cos(|) = 4-[cos(0 + ())) +cos(0 — <]))], 

5(0 = ^e~ 40 - v [cos(47ix 10 9 i-80y-36.85°)+ cos36.85°], 

P{t)=S{t)A\ y=0 -S{t)A\ y=b 

= 32ac{[cos(47t x 10 9 ? - 36.85°) + cos36.85°] 

- e- m [cos{4n x 10 9 ? - 80y - 36.85°) + cos36.85°]}. 

(b) 



The average of cos(co/^ + 0) over a period T is equal to zero, regardless of the value 
of 0. Hence, 

P av = 32 oc{ 1 - e~ m ) cos 36.85°. 

With a = 1 cm, b — 2 cm, and c = 0.5 cm, 

Pav = 7.05 x 10“ 4 (W). 

This is the average power absorbed by the lossy material in the box. 

Problem 7.33 Given a wave with 

E = xEq cos (cof — kz ), 

calculate: 

(a) the time-average electric energy density 

1 rT 1 rT 

(w e )w = — w e clt = — eE 2 dt, 
i J o 27 Jo 

(b) the time-average magnetic energy density 

1 rT 1 rT 

(w m )av — ~ I w m dt — I f~lH dt, 

7 Jo 27 Jo 

and 

(c) show that (w e ) a v = (w m ) av . 



Solution: 

(a) 
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With T = ^, 

CO ’ 


(b) 


(c) 



Problem 7.34 A 60-MHz plane wave traveling in the —x-direction in dry soil 
with relative permittivity 8 r = 4 has an electric field polarized along the z-direction. 
Assuming dry soil to be approximately lossless, and given that the magnetic field has 
a peak value of 10 (mA/m) and that its value was measured to be 7 (mA/m) at t = 0 
andx = —0.75 m, develop complete expressions for the wave’s electric and magnetic 
fields. 

Solution: For / = 60 MHz = 6x 10 7 Hz, £ r — 4, jj r = 1, 

co _ 27tx6xl0 7 r- _ , ,, N 

k = — yfe = — 3 x 1q8 — v 4 = 0.871 (rad/m). 

Given that E points along z and wave travel is along — x, we can write 

E (x,t) =zEocos(2n x60x I0 6 t + 0.87tx + (|)o) (V/m) 

where Eq and (J>o are unknown constants at this time. The intrinsic impedance of the 
medium is 

rio 12071: 


6071 (C l ). 




CHAPTER 7 


347 


With E along z and k along —x, (7.39) gives 

H = — k x E 
il 


or 


Hence, 


H(x,0 =y 


Eq 

il 


cos(1.2tcx 10 8 t+ 0.87U-+ (])()) 


(A/m). 


— = 10 (mA/m) 
il 

Eq = 10 x 6071 x 1(T 3 = 0.67t (V/m). 


Also, 


H(- 0.75 m,0) = 7 x 10“ 3 = 10cos(-0.87t x 0.75 + (J) 0 ) x 10“ 3 

which leads to (|>o = 153.6°. 

Hence, 


E(x,f) = z0.67ccos(1.271 x 10 8 r H-0.87TJC + 153.6°) (V/m). 

H {x,t) =yl0cos(1.27cx 10 8 ? + 0.87tx+153.6°) (mA/m). 


Problem 7.35 At 2 GHz, the conductivity of meat is on the order of 1 (S/m). When 
a material is placed inside a microwave oven and the field is activated, the presence 
of the electromagnetic fields in the conducting material causes energy dissipation in 
the material in the form of heat. 

(a) Develop an expression for the time-average power per mm 3 dissipated in a 
material of conductivity a if the peak electric field in the material is Eq. 

(b) Evaluate the result for meat with Eq = 4 x 10 4 (V/m). 

Solution: 

(a) Let us consider a small volume of the material in the shape of a box of length d 
and cross sectional area A. Let us assume the microwave oven creates a wave 
traveling along the z direction with E along y, as shown. 
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Along y, the E field will create a voltage difference across the length of the box V , 
where 

V = Ed. 

Conduction current through the cross sectional area A is 

I — JA — gEA. 


Hence, the instantaneous power is 

P = IV = aE 2 (Ad) 

= gE 2 V. 

where V — Ad is the small volume under consideration. The power per mm 3 is 
obtained by setting V — (10~ 3 ) 3 , 


P' = 


ICC 9 


= gE 2 x 10 9 (W/mm 3 ). 


As a time harmonic signal, E — Eqcosco?. The time average dissipated power is 


P 1 = 

* av 


1 rT 

— / oEn cos 2 ( 0 ? dt 
T Jo 


x 10 


-9 


= \c>El x 10“ 9 (W/mm 3 ). 
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P' v = I x 1 x (4 x 10 4 )2 x 10 -9 = 0.8 


(W/mm 3 ). 


Problem 7.36 A team of scientists is designing a radar as a probe for measuring the 
depth of the ice layer over the antarctic land mass. In order to measure a detectable 
echo due to the reflection by the ice-rock boundary, the thickness of the ice sheet 
should not exceed three skin depths. If e' r = 3 and e" = 10 2 for ice and if the 
maximum anticipated ice thickness in the area under exploration is 1.2 km, what 
frequency range is useable with the radar? 

Solution: 


3S s = 1.2 km = 1200 m 
§ s = 400 m. 


Hence, 

a = F = TET = 2 - 5 x 10_3 ( N P /m )- 
o§ 400 

Since t" /e' <C 1, we can use (7.75a) for a: 



71 / x 10 2 
3x 10 8 V3 


6/ x 10 -11 Np/m. 


For a = 2.5 x 10“ 3 = 6/ x 10“ n , 


/ = 41.6 MHz. 

Since a increases with increasing frequency, the useable frequency range is 


/ < 41.6 MHz. 
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Chapter 8: Reflection, Transmission, and Waveguides 


Lessons #50 and 51 

Chapter — Section: 8-1 
Topics: Normal incidence 


Highlights: 

• Analogy to transmission line 

• Reflection and transmission coefficient 

Special Illustrations: 

• Example 8-1 

• CD-ROM Modules 8.1-8.5 

• CD-ROM Demos 8.2 

Demo 8.2: Medium-contrast Interface 


Consider a 6-GHz plane wave in air incident upon the planar surface of 
lossless dielectric medium with e r = 9. 


E 

1 

j 

. i 

C 

i 

a 

E L 

. 1 

K -Mg) h l 

JL 

• 

5- >-z 

y 

Medium 1 (£]= £q) 

Medium 2 (£ 2 =9£o) 



Start Animation 
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Lesson #52 
Chapter — Section: 8-2 
Topics: Snell’s laws 

Highlights: 

• Reflection and refraction 

• Index of refraction 

Special Illustrations: 

• Example 8-4 

• Technology Brief on “Lasers” (CD-ROM) 


Lasers 


Lasers are used in CD and DVD players, bar-code readers, eye surgery and multitudes of other 
systems and applications. A laser—acronym for light amplification by stimulated emission of 
radiation—is a source of monochromatic (single wavelength), coherent (uniform wavefront), 
narrow-beam light, in contrast with other sources of light (such as the sun or a light bulb) which 
usually encompass waves of many different wavelengths with random phase (incoherent). A laser 
source generating microwaves is called a maser. The first maser was built in 1953 by Charles 
Townes and the first laser was constructed in 1960 by Theodore Maiman. 



INCIDENT 
ENERGY OR 
PHOTON 


NUCLEUS 


ORBIT OF 
GROUND STATE 


ORBIT OF 
EXCITED STATE 



PHOTON 


ORIGINAL 

PHOTON 



A. Pumping electron 
to excited state 


B. Spontaneous emission 


C. Stimulated emission 



PARTIALLY 

REFLECTING 

MIRROR 


PERFECTLY 

REFLECTING 

MIRROR 


RUBY 


FLASH TUBE 


LASER LIGHT 


D. Principle of operation 
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Lesson #53 

Chapter — Section: 8-3 
Topics: Fiber optics 

Highlights: 

• Structure of an optical fiber 

• Dispersion 

Special Illustrations: 

• Example 8-5 

• Technology Brief on “Bar-Code Reader” (CD-ROM) 


Bar Code Readers 

A bar code consists of a sequence of parallel bars of certain widths, usually printed in black 
against a white background, configured to represent a particular binary code of information about 
a product and its manufacturer. Laser scanners can read the code and transfer the information to a 
computer, a cash register, or a display screen. For both stationary scanners built into checkout 
counters at grocery stores and handheld units that can be pointed at the bar-coded object like a 
gun, the basic operation of a bar-code reader is the same. 



GLASS FILTER 


ROTATING MIRRO 
(6.000 rpm) 


LASER 


* BAR CODE 


SENSOR 


A. Elements of a bar code reader 









Lessons #54 and 55 

Chapter — Section: 8-4 
Topics: Oblique incidence 
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Highlights: 

• Parallel and perpendicular polarizations 

• Brewster angle 

• Total internal reflection 


Special Illustrations: 

• Example 8-6 and 8-7 

• CD-ROM Demos 8.4-8.6 

Demo 8.5: Moderate-contrast Interface 


Consider a plane wave in air incident upon the planar surface of a lossless 
dielectric medium with e r = 9. 


Press to display the following: 


(1) The directions of the incident, reflected and transmitted rays as 
a function of the incidence angle. 


(2) The magnitude of the reflection coefficient for both parallel and 
perpendicular polarizations as a function of the incidence angle. 



4 nimii# 
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Lesson #56 

Chapter — Section: 8-5 

Topics: Reflectivity and transmissivity 

Highlights: 

• Power relations 

Special Illustrations: 

• Example 8-7 
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Lessons #57-59 

Chapter — Section: 8-6 to 8-10 
Topics: Waveguides 

Highlights: 

• TE and TM modes 

• Cutoff frequency 

• Phase and group velocities 

Special Illustrations: 

• Examples 8-8, 8-9, and 8-10 


Lesson #60 

Chapter — Section: 8-11 

Topics: Cavity Resonators 

Highlights: 

• Resonant frequency 

• Q factor 

• Applications 
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Chapter 8 


Section 8-1: Reflection and Transmission at Normal Incidence 


Problem 8.1 A plane wave in air with an electric field amplitude of 20 V/m is 
incident normally upon the surface of a lossless, nonmagnetic medium with e r = 25. 
Determine: 

(a) the reflection and transmission coefficients, 

(b) the standing-wave ratio in the air medium, and 

(c) the average power densities of the incident, reflected, and transmitted waves. 

Solution: 

(a) 

ill =r|o = 12071 (Q), r(2 =-^= = = 2471 (Q). 

V 8 r 3 

From Eqs. (8.8a) and (8.9), 


_r|2 — t|i _ 2471 - 12071 _ -96 

r|2+r|i 2471+ 12071 144 

x = 1+T = 1-0.67 = 0.33. 




1 + 

r 

1+0.67 

1- 

r 

“ 1-0.67 



(c) According to Eqs. (8.19) and (8.20), 





400 

2 x 12071 


= 0.52 W/m 2 , 


(0.67) 2 x 0.52 = 0.24 W/m 2 , 



(0.33) 2 x 


12071 

24tT 


x 0.52 = 0.28 W/m 2 . 


Problem 8.2 A plane wave traveling in medium 1 with e r i = 2.25 is normally 
incident upon medium 2 with e r 2 = 4. Both media are made of nonmagnetic, non¬ 
conducting materials. If the electric field of the incident wave is given by 

E 1 = y8cos(67t x 10 9 f — 307tt) (V/m), 

(a) obtain time-domain expressions for the electric and magnetic fields in each of 
the two media, and 
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(b) determine the average power densities of the incident, reflected and transmitted 
waves. 

Solution: 

(a) 


E' = 


fli = 


fl2 = 


r = 


X = 


y8cos(67t: x 10 9 t — 307t.r) (V/m), 

flo flo flo 377 


flo 


V225 1-5 

rjo 377 


\/£r7 \[\ 2 

n 2 -m i/2-1/1.5 


1.5 

= 188.5 £2, 


= 251.33 £2, 


r |2 + r|i 1/2+1/1.5 
l+r= 1-0.143 = 0.857, 


= -0.143, 


E r = TE 1 = — 1.14ycos(67t x 10 9 f+ 307tx) (V/m). 

Note that the coefficient of x is positive, denoting the fact that E r belongs to a wave 
traveling in -^-direction. 

Ei = E‘ + E r = y[8cos(67t x 10 9 7 — 30 ju) — 1.14cos(67t x 10 9 f + 307u)] (A/m), 

8 

H 1 = z— cos(67t x 10 9 f — 30 tdc) = z31.83cos(6tc x 10 9 7 — 30tdc) (mA/m), 

H r = z^H cos(67t x 10 9 ? + 30ju) = z4.54cos(67t x 10 9 f + 30 tdc) (mA/m), 

fit 

Hi =H+H r 

= z[31.83cos(6ji x 10 9 f — 30 ju)+ 4.54cos(67t x 10 9 ?+ 30 txx)] (mA/m). 

Since k\ = or V +/Ei and /: 2 = 


J<2 

E 2 

h 2 


£2 , 

Ei 1 V 2.25 


3071 = 4071 (rad/m) 


E l = y 8xcos(67t x 10 9 7 — 40nx) = y6.86cos(67t x 10 9 f — 40nx) (V/m). 

8x ,, . „ 9 


= H l = z 


fl2 


cos(67t x 10 y ? — 407U) = z36.38cos(67t x 10+ — 407Dc) (mA/m), 


(b) 


©2 

S av = x^~ oo = x 127.3 (mW/nr), 
av 2r|i 2 x251.33 

S r av = — |E| 2 S^ V = —x(0.143) 2 x 0.127 = -12.6 (mW/m 2 ), 
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„ (0.86) 2 64 
X 2x 188.5 


x 124.7 (mW/nr). 


Within calculation error, S! lv . + S[ lv = S| 1V . 


Problem 8.3 A plane wave traveling in a medium with 8 ri = 9 is normally incident 
upon a second medium with e l2 = 4. Both media are made of nonmagnetic, non¬ 
conducting materials. If the magnetic field of the incident plane wave is given by 

H 1 = z2cos(27t x 10 9 t — ky) (A/m), 

(a) obtain time domain expressions for the electric and magnetic fields in each of 
the two media, and 

(b) determine the average power densities of the incident, reflected and transmitted 
waves. 

Solution: 

(a) In medium 1 , 


Up — 

k\ = 

H = 

fii = 


c 3 x 10 8 


= 1 x 10 8 (m/s), 


\Xn" 
co _ 271 x 10 9 

Mp “ 1 X 10 8 


= 2071 (rad/m), 


z2cos(27l X 10 9 f — 207Xy) (A/m), 

t|o 377 


112 

E* 


TlO 


3 

377 


= 125.67 Q., 


= 188.5 Q, 


V^2 ^ 

= — x2r|i cos (271 x 10 9 f — 207ty) 

=—x251.34 cos (271 x 10 9 f — 207iy) (V/m), 


r = 


r| 2 -r|i 188.5- 125.67 


= 0 . 2 , 


x 

E r 


r| 2 + r|i 188.5 + 125.67 

= i+r= i.2, 

= —x251.34 x 0.2cos(271 x 10 9 7 + 207ty) 

= —x50.27cos(27i x 10 9 f + 207Xy) (V/m), 
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50.27 

H r = — z ——— cos (271 x 10 9 7 + 207tv) 

Til 

= —z0.4cos(27i x 10 9 f + 207ty) (A/m), 


Ei = E i + E r 

= —x[25.134cos(271 x 10 9 /— 20jiy)+ 50.27 cos(2ji x 10 9 f + 20jry)] (V/m), 

Hi = H 1 + H r = z [2cos(27i x 10 9 ? — 207ty) — 0.4cos(27t x 10 9 7 + 207ty)] (A/m). 

In medium 2, 


, ,£■>, /4 _ 4071 / 1( 

k 2 = \ l= \J -x20tz = — (rad/m), 


E 2 = E f = —x251.34xcos ( 271 x 10 9 7 — 


407iy 


= —x301.61 cos (lux 10 9 f — 


407iy 


H 2 = H 1 = 


, 30L6 1 , q 

z -cos 271 x 10 y 7 — 


02 


3 

407iv \ 

) 


(V/m) 


= z 1.6cos (lux 10 9 7 — 


407iy 


(A/m). 


(b) 


s av = y 


\Eo\ 


= y 


(251.34) 


= y 251.34 (W/m 2 ), 


Si. = 


av 


= 

^av 


2r\\ ' 2 x 125.67 

—y |F| 2 (251.34) =yl0.05 (W/m 2 ), 

y (251.34- 10.05) = y241.29 (W/m 2 ). 


Problem 8.4 A 200-MHz left-hand circularly polarized plane wave with an electric 
field modulus of 5 V/m is normally incident in air upon a dielectric medium with 
£ r = 4 and occupying the region defined by z > 0. 

(a) Write an expression for the electric field phasor of the incident wave, given that 
the field is a positive maximum at z = 0 and t = 0. 

(b) Calculate the reflection and transmission coefficients. 

(c) Write expressions for the electric field phasors of the reflected wave, the 
transmitted wave, and the total field in the region z < 0. 
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(d) Determine the percentages of the incident average power reflected by the 
boundary and transmitted into the second medium. 

Solution: 

(a) 


h 


co 

c 

CO 


27tx2xl0 8 47t 

—x—7773— = — rad/m. 
3 x 10 8 3 


u 


P2 


CO ._ 47 If- 871 

= 7 v^ = t ^ = t 


rad/m. 


LHC wave: 


E 1 =a 0 (x + ye jn/2 )e jkz = a 0 (x + jy)e jkz , 

E‘(z,?) = xaocos(cof — kz) — yflosin(co7 — kz), 

|E' | = [aocos 2 (oo? — kz) + flosin 2 (co? — te)] 1 / 2 = «o = 5 (V/m). 


Hence, 


(b) 


E 1 = 5(x + jy)e 


-j4nz/3 


(V/m) 


Ho Ho 


Hi = Ho = 120 tt: (Q), r\ 2 = ^ = — = 60n (Q) 


y/5 


Equations (8.8a) and (8.9) give 


(c) 


r = 


rj2 — Hi 607T — 1207T —60 1 

1)2+111 6071 + 12071 180 3 




(d) 


E r = 5r(x + jy)e jklZ = — - (x + jy)e j4nz ^ 3 (V/m), 
E 1 = 5x(x + jy)e~ jk2Z = -^(x + jy)e~ j8nz ^ (V/m), 


Ei = E' + E r = 5 (x + jy) 


—j'4je/3 _ 1 )4je/3 

3 


(V/m). 


% of reflected power = 100 x |T 


100 


= 11 . 11 %, 


l9 ri, ( 2\ 12071 

% of transmitted power = 100 x x 2 — = 100 x ( — ) x-= 88.89% 

F 1 r | 2 V 3 / 6071 
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Problem 8.5 Repeat Problem 8.4 after replacing the dielectric medium with a poor 
conductor characterized by 8 r = 2.25, /j y = 1, and a = 10 -4 S/m. 

Solution: 

(a) Medium 1: 


r|l =T|o = 1207C (Q), 



to 271 x 2 x 10 8 
7 ““ 3 x 10 8 


4n 

y 


(rad/m). 


Medium 2: 


a 2 _ 10 4 x 3671 _ 

CO 82 27t x 2 x 10 8 x 2.25 x 10 -9 
Hence, medium 2 is a low-loss dielectric. From Table 7-1, 


IP 2 
£2 


^ / I 

«2 = ~ 


a 2 12071 a 2 12071 
_ _ — _ _ 

2 ^ 2 V2y 


10 - 4 12071 1 ^ » 

x — = 1.26 x 10 “ 


1.5 


(NP/m), 


P2 = 


,_ co,/t+ 

= ——- = 271 (rad/m), 


T|2 = 


LHC wave: 


c 

P2 / j M 

82 V 2co8 2 


12071, ^ 1A _iv 12071 . . 

—— (l +j2 x 10 3 ) ~ —— = 8071 (£2). 

Y^r2 t.J 


E 1 = a 0 (x +jy)e 7 * lZ , 

E 1 1 = < 2 () = 5 (V/m), 

E' = 5(x + jy)e~ J4ltz ^ (v/m). 


(b) According to Eqs. ( 8 . 8 a) and (8.9), 

^ TI 2 -TI 1 8071- 12071 

T = —-— =-= -0.2 

ri 2 + r|i 8071+ 12071 


x= i+r= 1-0.2 = 0.8. 


(c) 


E r = 5 r(x + jy)e jhz = - (x + jy)e J4nz/3 (V/m) 
E f = 5t(x + jy)e~ a2Z e~ j ^ z = 4(x +jy)e~ L26xW 
Ei = E 1 + E r = 5 (x + jy) [ e ~ j4nz / 3 - 0.2e j4Kz/3 


' 2 z e ~j1nz 

(V/m). 


(V/m), 
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% of reflected power = 1001F| 2 = 100(0.2) 2 = 4%, 


% of transmitted power 



100(0.8) 2 x 


12071 

8071 


= 96%. 


Problem 8.6 A 50-MHz plane wave with electric field amplitude of 50 V/m is 
normally incident in air onto a semi-infinite, perfect dielectric medium with £ r = 36. 
Determine (a) T, (b) the average power densities of the incident and reflected waves, 
and (c) the distance in the air medium from the boundary to the nearest minimum of 
the electric field intensity, |E . 

Solution: 

(a) 


Un 12071: 12071 ^ . . 

til =t|o = 12071 (a), T |2 = \ — = —= = —r- = 207t («), 

V £ 2 V 8 r2 O 

r 112-11! = 2071 - 12071 = _ Q7i 

T| 2 +T|i 2071+ 12071 


Hence, |F| = 0.71 and 0^ = 180° 



i E o (50 2 
SL = +- = v ; = 3.32 

2r|i 2 x 12071 

5^ v = |r| 2 ^ v = (0.71) 2 x 3.32 = 


(W/m 2 ), 

1.67 (W/m 2 ). 


(c) In medium 1 (air), 


h=- = 


c 3 x 10 s 


/ 5 x 10 7 


= 6 m. 


From Eqs. (8.16) and (8.17), 


^max — 


0 r ^] 

471 


71x6 


4n 


= 1.5 m. 




/ m in = ^max —— = 1.5 — 1.5 = 0 m (at the boundary) 


Problem 8.7 What is the maximum amplitude of the total electric field in the air 
medium of Problem 8.6, and at what nearest distance from the boundary does it 
occur? 
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Solution: From Problem 8.6, T = —0.71 and X = 6 m. 


E 


max 


/ 


max 


(i + |r|)4 = 

0 r Xi 71 X 6 
471 471 


(1+0.71) x 50 = 85.5 V/m, 
= 1.5 m. 


Problem 8.8 Repeat Problem 8.6 after replacing the dielectric medium with a 
conductor with e r = 1, p r = 1, and a = 2.78 x 10~ 3 S/m. 


Solution: 

(a) Medium 1 : 


rjt = rjo = 120 tt = 377 (Q) 


, c 3 x 10 8 , 

M = - = -—— = 6 m. 


/ 5 x 10 7 


Medium 2: 


a 2 2.78 x 10 3 x 3671 


toe 2 27t x 5 x 10 7 x 10~ 9 
Hence, Medium 2 is a quasi-conductor. From Eq. (7.70), 


= 1. 


m = ,/£M 1- 

£2 


f" 

j - 2 
J e 2 


1/2 


( 


1/2 


1207tl 1-7— 

\ coe 2 

1207t(l -jl)- 1/2 

1207t(v / 2)~ 1//2 e- /22 ' 5 ° = (292.88 + + 121.31) 


(«). 


r = 


r| 2 -r|i _ (292.88+ ./121.31) -377 
1 I 2 +TI 1 ~~ (292.88 + 7121.31)+ 377 


= -0.09 + 70.12 = 0.22 /114.5° 


(b) 


C 1 

^ n\r 


77 i 2 


50- 


av 


1 


Kvl = 

(c) In medium 1 (air), 


2r| 


iri 2 ^ 


av 


= 3.32 (W/m 2 ), 

= (0.22) z (3.32) = 0.16 (W/m 2 ). 


2 x 12071 

,2 


, c 3 x 10 8 ^ 

Ai = — = ~—= 6 m. 


/ 5 x 10 7 

For 0 r = 114.5° = 2 rad, Eqs. (8.16) and (8.17) give 

= + + + 0 = 3m, 


471 
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An in — l- 


max 


y=3~y =3-1.5= 1.5 m. 
4 4 


Problem 8.9 The three regions shown in Fig. 8-32 (P8.9) contain perfect 
dielectrics. For a wave in medium 1 incident normally upon the boundary at z = —d, 
what combination of e r2 and d produce no reflection? Express your answers in terms 
of e ri , 8 l3 and the oscillation frequency of the wave, /. 


Medium 1 

Medium 2 

Medium 3 

£r, 

e r2 

£ r 3 


z = -d z = 0 

Figure P8.9: Three dielectric regions. 


Solution: By analogy with the transmission-line case, there will be no reflection at 
z — —d if medium 2 acts as a quarter-wave transformer, which requires that 

/ 

J = T 


and 




The second condition may be rewritten as 








1 1/2 


= 




or 


c 


^r2 — \/£ri £r 3 i 


/v^T /(e ri er 3 ) 1/4 


and 


d = 


c 


4/(£ ri £ r3 ) 1/4 
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Problem 8.10 For the configuration shown in Fig. 8-32 (P8.9), use transmission¬ 
line equations (or the Smith chart) to calculate the input impedance at z = — d for 
s ri = 1, e r2 = 9, e r3 =4, d — 1.2 m, and / = 50 MHz. Also determine the fraction 
of the incident average power density reflected by the structure. Assume all media 
are lossless and nonmagnetic. 

Solution: In medium 2, 

} Ao c 3 x 10 8 2m 

5 x 10 7 x 3 m ' 


Hence, 


P 2 = t— = 71 rad/m, P 2 d 1.271 rad. 
^2 


At z = —d, the input impedance of a transmission line with load impedance Zl is 
given by Eq. (2.63) as 


Zm{ — d) — Z() 


Z L + jZp tan (3 2 <i \ 
Z 0 + jZ L tan p 2 ^ / ’ 


In the present case, Zq = r |2 = 
where T|q = 12071 (£2). Hence, 


rio/V^T = fio/3 and Z L = r | 3 = rjo/v^ = W 2 > 


^in( ^0 — fl2 


ri3+./ri2tan rjo ( 3+ ./(5) tan ! ,2 tc 


ri 2 + JT13 tan(3 2 dj 3 \ 5 + ./ ( 3 ) tan 1 ,2tc 


= r)o(0.35 — j'0.14) 


At z = —rf, 


r = 


Zin — Zl 


r|o(0.35 — j‘0.14) — T |0 _ Q ^g e -j\ 62 M° 


Z{n H - Z\ T|q( 0.35 — y‘0.14) +r|o 


Fraction of incident power reflected by the structure is |F | 2 = |0.49 | 2 =0.24. 


Problem 8.11 Repeat Problem 8.10 after interchanging e ri and e r3 . 
Solution: In medium 2, 

x= Aq c _ 3 x 10 8 _ 2m 

/y 7 ^ 5 x 10 7 x 3 m ' 
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Hence, 


p 2 = t— = rad/m, 

M 


fad = 1.271 rad. 


At z— —d, the input impedance of a transmission line with impedance Zl is given as 
Eq. (2.63), 

7 . ( ( Zl + ftp tan (3 J \ 

° V z o + J z l tan (32c/ J ' 

In the present case, Z 0 = t | 2 = = W 3 * z l = tj 3 = flo/v 7 ^ = %, where 

T|q = 12071 (£2). Hence, 


^in ( d') — T|2 
TlO 


= r lo 


r | 3 + ;ri2tanl.27C 
^2 + y'ris tan 1.27t 
1 + ( 7 /3)tan 1.271 
(1/3) + 7 tan 1.27t 
1 + ( 7 / 3 ) tan 1.271 
1 + /3tan 1.27c 


= (0.266 - y0.337)r|o = O.43r| 0 /-5i-7 


o 


At z = -d. 


r = 


Z in Z 1 


n.43 /-5t-7° - 1 

1 =n.49 /-ioi-i . 


Z in + Z l n.43 /-51-7° + 1 


Fraction of incident power reflected by structure is |F | 2 = 0.24. 


Problem 8.12 Orange light of wavelength 0.61 ju m in air enters a block of glass 
with £ r = 1.44. What color would it appear to a sensor embedded in the glass? The 
wavelength ranges of colors are violet (0.39 to 0.45 /rm), blue (0.45 to 0.49 /rm), 
green (0.49 to 0.58 /rm), yellow (0.58 to 0.60 /rm), orange (0.60 to 0.62 /rm), and red 
(0.62 to 0.78 /rm). 

Solution: In the glass, 



0.61 

/F44 


0.508 jum. 


The light would appear green. 


Problem 8.13 A plane wave of unknown frequency is normally incident in air upon 
the surface of a perfect conductor. Using an electric-field meter, it was determined 
that the total electric field in the air medium is always zero when measured at a 
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distance of 2 m from the conductor surface. Moreover, no such nulls were observed 
at distances closer to the conductor. What is the frequency of the incident wave? 

Solution: The electric field of the standing wave is zero at the conductor surface, 
and the standing wave pattern repeats itself every X/2. Hence, 



or X = 4 m, 


in which case 

c 3 X 10 = 7 5 x 10 7 = 75 MHz 
X 4 


Problem 8.14 Consider a thin film of soap in air under illumination by yellow light 
with X = 0.6 jjm in vacuum. If the film is treated as a planar dielectric slab with 
£ r = 1.72, surrounded on both sides by air, what film thickness would produce strong 
reflection of the yellow light at normal incidence? 

Solution: The transmission line analogue of the soap-bubble wave problem is shown 
in Fig. P8.14(b) where the load Zl is equal to T|o, the impedance of the air medium 
on the other side of the bubble. That is, 

377 

rjo = 377 Cl, rn = _ = = 287.5 Cl. 

\[Y!t2 


The normalized load impedance is 

'Ho i T1 
zl = — = 1.31. 

fli 

For the reflection by the soap bubble to be the largest, Z- m needs to be the most 
different from T|q. This happens when zl is transformed through a length X/4. Hence, 


X Xo 0.6 /um 
4 ““ 4^ ““ 4/L72 


0.115 /rm, 


where X is the wavelength of the soap bubble material. Strong reflections will also 
occur if the thickness is greater than L by integer multiples of nX/2 = (0.23 n) /jm. 
Hence, in general 


L — (0.115 + 0.23 n) ^um, n — 0,1,2,... . 

According to Section 2-7.5, transforming a load Zl = 377 through a X/4 section 
of Zq = 287.5 £1 ends up presenting an input impedance of 

_ Zl _ (287.5) 2 

^in — 


377 


= 219.25 Q,. 
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Air Soap Air 

e ri =l 6^= 1.72 e r3 =l 


Yellow Light 
X = 0.6 pm 


(a) Yellow light incident on soap bubble. 



r)o = 3110. 



Zl = ho = 377 Q. 


(b) Transmission-line equivalent circuit 

Figure P8.14: Diagrams for Problem 8.14. 


This Zi n is at the input side of the soap bubble. The reflection coefficient at that 
interface is 

r _ Z in -Ti () _ 219.25-377 _ ^ 

Z in +r|o 219.25 + 377 

Any other thickness would produce a reflection coeffficient with a smaller magnitude. 


Problem 8.15 A 5-MHz plane wave with electric field amplitude of 10 (V/m) is 
normally incident in air onto the plane surface of a semi-infinite conducting material 
with 8 r = 4, ju r = 1, and a = 100 (S/m). Determine the average power dissipated 
(lost) per unit cross-sectional area in a 2-mm penetration of the conducting medium. 


Solution: For convenience, let us choose E 1 to be along x and the incident direction 
to be +z. With 


/ 00 
k i = - = 

c 


2n x 5 x 10 6 n 


3 x 10 8 


30 


(rad/m), 
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we have 

E 1 =x lOcos (n x 10 1 t — (V/m), 

' w/ v_/ / 

Tli =T| 0 = 377 SI. 

From Table 7-1, 



a 

C0£ r £() 


100 x 3671 
7i x 10 7 x 4 x 10~ 9 


= 9x 10 4 , 


which makes the material a good conductor, for which 


a 2 = = \/nx5x 10 6 x 4tc x 10” 7 x 100 = 44.43 (Np/m), 

p 2 = 44.43 (rad/m), 

rv 0 44 43 

ilc 2 = (i+;)-^ = (i+;) w = o.44(i+j) a. 

According to the expression for S aV2 given in the answer to Exercise 8.3, 







The power lost is equal to the difference between S aV2 at z = 0 and S aV2 at z = 2 mm. 
Thus, 


P' = power lost per unit cross-sectional area 

= Sav 2 (0) - S aV2 (z = 2 mm) 

1 


17 i 2 
2 L 0 


Ole 


0c 2 


1-e 


-2a 2 zi 


where zi = 2 mm. 

x = i+r 


1 + 112 111 = 1 + 3 J1 ~ 0.0023 (1 + j) = 3.3 x 10“V 45 ‘ 

r\ 2 + r\i 0.44 (1 + j) + 377 v J> 


me 


1 


0c- 2 


= me 


= me 


1 


0.44(1 + ;) : 
1 

0.44(1-;) 


= me 


10 


1 +j 

0.44 x 2 

- 3 . 


1 


0.88 


= 1.14, 


P' = (3.3 X 10~ 3 ) 2 — X 1.14 [1 - £^2x44.43x2x10- j = LQ1 x 1Q -4 (W/m 2 ) 
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Problem 8.16 A 0.5-MHz antenna carried by an airplane flying over the ocean 
surface generates a wave that approaches the water surface in the form of a normally 
incident plane wave with an electric-field amplitude of 3,000 (V/m). Sea water is 
characterized by 8 r = 72, jj y = 1, and a = 4 (S/m). The plane is trying to communicate 
a message to a submarine submerged at a depth d below the water surface. If the 
submarine’s receiver requires a minimum signal amplitude of 0.01 (//V/m), what is 
the maximum depth d to which successful communication is still possible? 


Solution: For sea water at 0.5 MHz, 


4 x 3671 


0)8 27t x 0.5 x 10 6 x 72 x 10 -9 


= 2000 . 


Hence, sea water is a good conductor, in which case we use the following expressions 
from Table 7-1: 

oc 2 = y/nf/jG = \J% x 0.5 x 10 6 x 4tc x 10 -7 x 4 = 2.81 (Np/m), 

(3 2 = 2.81 (rad/m), 

r|c 2 = (1 +7) ~ = (1 + j) = 0-7 (1 + j) Q, 


t| 2 -t|i _ 0.7(1 + ;)-377 
ri2 + ri, 0.7(1+;) + 377 

i +r = 5.24 x io-V 44 - 89 \ 

hEke~ a2d \. 


= (—0.9963 + ;3.7 x 10 -3 ) 


We need to find the depth z at which \E l \ = 0.01 /rV/m = 10 8 V/m. 

10~ 8 = 5.24 x 10~ 3 x 3 x 10 3 <?” 2 - 81rf , 

e ~2Md _ 6 36 x 1(T 10 , 

—2.81J = ln(6.36 x 10” 10 ) = -21.18, 


d = 1.5A (m). 
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Sections 8-2 and 8-3: Snell’s Laws and Fiber Optics 

Problem 8.17 A light ray is incident on a prism at an angle 0 as shown in Fig. 
8-33 (P8.17). The ray is refracted at the first surface and again at the second surface. 
In terms of the apex angle (j) of the prism and its index of refraction n, determine 
the smallest value of 0 for which the ray will emerge from the other side. Find this 
minimum 0 for ft = 4 and § = 60°. 


B 



Figure P8.17: Prism of Problem 8.17. 


Solution: For the beam to emerge at the second boundary, it is necessary that 


03 < 0 C , 


where sin0 c = 1 /n. From the geometry of triangle ABC , 


180° =§ + (90° - 0 2 ) + (90° - 0 3 ) 


or 02 = § — 03 . At the first boundary, sin0 = n sin 02. Hence, 



or 



For n = 4 and § 60°, 
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Problem 8.18 For some types of glass, the index of refraction varies with 
wavelength. A prism made of a material with 

4 , 

n= 1.71- —Ao, (Ao in /mi), 

where Ao is the wavelength in vacuum, was used to disperse white light as shown in 
Fig. 8-34 (P8.18). The white light is incident at an angle of 50°, the wavelength Xq of 
red light is 0.7 /mi and that of violet light is 0.4 /mi. Determine the angular dispersion 
in degrees. 



Figure P8.18: Prism of Problem 8.18. 


Solution: For violet, 


4 _ . „ sin 9 sin 50° 

n v = 1.71 — — x 0.4 = 1.66, sin 02 =-= - , 

30 n v 1.66 


or 


02 = 27.48 


o 


From the geometry of triangle ABC , 


180° = 60° + (90° - 0 2 ) + (90° - 0 3 ), 


or 


and 


0 3 = 60° - 0 2 = 60 - 27.48° = 32.52°, 


sin 04 = n v sin 03 = 1.66 sin 32.52° =0.89, 


or 


04 = 63.18°. 
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For red, 


n Y = 1.71 — — x 0.7 = 1.62, 


02 = sin 


sin 50 


o 


= 28.22°, 


1.62 

0 3 =60°-28.22° =31.78°, 

04 = sin -1 [1.62sin31.78°] = 58.56° 


Hence, angular dispersion = 63.18° — 58.56° = 4.62°. 


Problem 8.19 The two prisms in Fig. 8-35 (P8.19) are made of glass with n = 1.5. 
What fraction of the power density carried by the ray incident upon the top prism 
emerges from bottom prism? Neglect multiple internal reflections. 



Figure P8.19: Periscope problem. 


Solution: Using r\ = r\o/n, at interfaces 1 and 4, 



n i - n 2 
n\ +n 2 


1-1.5 
1 + 1.5 


- 0 . 2 . 


At interfaces 3 and 6, 


Fb = —r a = 0.2. 
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At interfaces 2 and 5, 




= 41.81°. 


Hence, total internal reflection takes place at those interfaces. At interfaces 1, 3, 4 
and 6, the ratio of power density transmitted to that incident is (1 — T 2 ). Hence, 


ct 

«=(.-r0 


2\4 


(1 — (0.2) 2 ) 4 = 0.85. 


Problem 8.20 A light ray incident at 45° passes through two dielectric materials 
with the indices of refraction and thicknesses given in Fig. 8-36 (P8.20). If the ray 
strikes the surface of the first dielectric at a height of 2 cm, at what height will it strike 
the screen? 



Figure P8.20: Light incident on a screen through a multi-layered dielectric (Problem 

8 . 20 ). 


Solution: 


Hence, 



— sin 45° =0.47. 
1.5 


0 2 =28.13°, 

/z 2 = 3 cm x tan0 2 = 3 cm x 0.53 = 1.6 cm, 

sin 03 = — sin0 2 = sin 28.13° = 0.54. 
n 3 1.3 


0 3 = 32.96°, 


Hence, 
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hi =4 cm x tan32.96° = 2.6 cm, 


sin 04 


— sin 03 = 0.707. 

Yl\ 


Hence, 


04 = 45°, 

h\ — 5 cm x tan 45 = 5 cm. 


Total height = h\ J rh 2 + ^3 + /i 4 = (2+ 1.6+ 2.6+ 5) = 11.2 cm. 


Problem 8.21 Figure P8.21 depicts a beaker containing a block of glass on the 
bottom and water over it. The glass block contains a small air bubble at an unknown 
depth below the water surface. When viewed from above at an angle of 60°, the air 
bubble appears at a depth of 6.81 cm. What is the true depth of the air bubble? 



Figure P8.21: Apparent position of the air bubble in Problem 8.21. 

Solution: Let 


d a — 6.81 cm = apparent depth, 
d[ = true depth. 


sin 1 

n i • a 
— sin 0i 

= sin 1 

—— sin 60° 


n 2 


1.33 


= 40.6° 


02 sin 


1 


•> 
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sin 1 

~ n \ • a 
— sin 0 j 

= sin 1 

—sin 60° 


n 3 


1.6 


x\ = (10 cm) x tan40.6° = 8.58 cm, 
x = r/ a cot30° = 6.81 cot30° = 11.8 cm. 


= 32.77°, 


Hence, 


X 2 =x — x\ = 11.8 — 8.58 = 3.22 cm, 


and 

6?2 — X 2 cot32.77° = (3.22 cm) x cot32.77° = 5 cm. 
Hence, d t = (10 + 5) = 15 cm. 


Problem 8.22 A glass semicylinder with n — 1.5 is positioned such that its flat face 
is horizontal, as shown in Fig. 8-38 (P8.22). Its horizontal surface supports a drop of 
oil, as shown. When light is directed radially toward the oil, total internal reflection 
occurs if 0 exceeds 53°. What is the index of refraction of the oil? 



Figure P8.22: Oil drop on the flat surface of a glass semicylinder (Problem 8.22). 


Solution: 


sin 0 c = 


n\ 


^oil 

~L5 ’ 


/toil = 1.5 sin 53° = 1.2. 


Problem 8.23 A penny lies at the bottom of a water fountain at a depth of 30 cm. 
Determine the diameter of a piece of paper which, if placed to float on the surface of 
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- d -M 



Figure P8.23: Light cone bounded by total internal reflection. 


the water directly above the penny, would totally obscure the penny from view. Treat 
the penny as a point and assume that n — 1.33 for water. 

Solution: 


0 C = sin 


1 

L33 


= 48.75°, 


d = 2x = 2[(30 cm)tan0 c 


(60 cm) x tan48.75° = 68.42 cm. 


Problem 8.24 Suppose the optical fiber of Example 8-5 is submerged in water (with 
n = 1.33) instead of air. Determine 0 a and / p in that case. 

Solution: With hq = 1.33, rif = 1.52 and n c = 1.49, Eq. (8.40) gives 


sin0 a = 



1 

L33 


(1.52) 2 


(1.49) 2 ] 1/2 


0.23, 


or 

0 a = 13.1°. 

The data rate / p given by Eq. (8.45) is not a function of no, and therefore it remains 
unchanged at 4.9 (Mb/s). 
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Problem 8.25 Equation (8.45) was derived for the case where the light incident 
upon the sending end of the optical fiber extends over the entire acceptance cone 
shown in Fig. 8-12(b). Suppose the incident light is constrained to a narrower range 
extending between normal incidence and 0', where 0' < 0 a . 

(a) Obtain an expression for the maximum data rate / p in terms of 0'. 

(b) Evaluate / p for the fiber of Example 8-5 when 0' = 5°. 

Solution: 

(a) For 0i = 0', 


sin 02 = — sin© 7 , 
rif 

l l l Im 



(b) For: 

rif = 1.52, 

0'= 5°, 
l — l km, 
c = 3 x 10 8 m/s, 

/ p = 59.88 (Mb/s). 
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Sections 8-4 and 8-5: Reflection and Transmission at Oblique Incidence 
Problem 8.26 A plane wave in air with 

E 1 = y20e~ j{3x+4z) (V/m), 

is incident upon the planar surface of a dielectric material, with e r = 4, occupying the 
half space z > 0. Determine: 

(a) the polarization of the incident wave, 

(b) the angle of incidence, 

(c) the time-domain expressions for the reflected electric and magnetic fields, 

(d) the time-domain expressions for the transmitted electric and magnetic fields, 
and 

(e) the average power density carried by the wave in the dielectric medium. 

Solution: 

(a) E 1 = y2()e-j (3x+4z ^ V/m. 

Since E 1 is along y, which is perpendicular to the plane of incidence, the wave is 
perpendicularly polarized. 

(b) From Eq. (8.48a), the argument of the exponential is 

— jk\(xsinQ[ +zcos0i) = — j(3x + 4z). 

Hence, 

k\ sinGi = 3, k\ cosGi = 4, 
from which we determine that 

3 

tan0i = - or 0; = 36.87°, 
and 

k\ = ^3 2 + 4 2 = 5 (rad/m). 

Also, 

co = u v k = ck = 3 x 10 8 x 5 = 1.5 x 10 9 (rad/s). 

(c) 




r)o = 377 £}, 



— = 188.5 a, 
2 



sin 36.87° 


17.46°, 
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r^cosOi — r|i cos0 t 
ri2cos0i + riicos0 t 

1+T ± = 0.59. 


= -0.41, 


In accordance with Eq. (8.49a), and using the relation E' {) = T±E 1 0 , 


E r = -y8.2e~ j{lx - 4z) , 

~ 8 2 
H 1 = (x cosGi +zsin0i) — e 


-j(3x-4z) 


where we used the fact that 0j = 0 r and the z-direction has been reversed. 

E r = £He[ E T e j(at ] = -y8.2cos(1.5 x I0 9 t- 3x + 4z) (V/m), 
H 1 = (xl7.4 + zl3.06)cos(1.5 x I0 9 t — 3x + 4z) (mA/m). 


(d) In medium 2, 


k 2 — k\ 5 \f\ — 20 (rad/m), 


and 


0 t = sin 1 * — sin 0i 

LV £ 2 


= sin 1 -sin 36.87° = 17.46 c 
2 


and the exponent of and H 1 is 


—7&2(*sin0 t +zcos0 t ) = —/10(xsin 17.46°+zcos 17.46°) = — j(3x + 9.54z) 


Hence, 


= y20x0.59e" ; ' (3 * +9 ' 54z) , 


(—xcos0 t + zsin0 t ) 


20 x 0.59 


-j(3x+9.54z) 


= 9‘te[EV'“] = yll.8cos(1.5 x 10 9 f-3x-9.54z) (V/m), 

118 

= (—xcos 17.46° + zsin 17.46°) cos(1.5 x I0 9 t — 3x — 9.54z) 

188.5 

= (—x59.72 +z 18.78) cos(1.5 x I0 9 t — 3x — 9.54 z) (mA/m). 


_ ini 2 

av “ 2r,2 


(H-8) 2 
2 x 188.5 


= 0.36 (W/m 2 ). 
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Problem 8.27 Repeat Problem 8.26 for a wave in air with 

H 1 = y2 x 1 (T V' /(8x+6z) (A/m), 

incident upon the planar boundary of a dielectric medium (z > 0) with £ r = 9. 

Solution: 

(a) H* = y2x 10“V^ 8j:+6z ). 

Since H 1 is along y, which is perpendicular to the plane of incidence, the wave is 
TM polarized, or equivalently, its electric field vector is parallel polarized (parallel to 
the plane of incidence). 

(b) From Eq. (8.65b), the argument of the exponential is 

— jk\(xsmQ[ +zcos0i) = —j(8x + 6z)- 


Hence, 


k\ sin0i = 8, 


from which we determine 


k\ cos0i = 6, 


9j = tan -1 f ^ ) =53.13°, 

\6 / 

k\ V6 2 + 8 2 = 10 (rad/m). 


Also, 

co = u p k = ck = 3 x 10 8 x 10 = 3 x 10 9 (rad/s), 

(c) 


fii = r| 0 = 377 £2, 


V^2 

0 t = sin 

r ll = 

Til = 


110 = = 125.67 Q., 

^ / 


1 

sin0i 

— cin ^ 

sin53.13° 


. V^ r 2 _ 

— olil 

L \ 


r)2cos0 t — rjicosOi 

ri2cos0 t +riicos0i 
, N cos0; 

(i+r «w=° 44 - 


= -0.30, 


= 15.47 


O 


In accordance with Eqs. (8.65a) to (8.65d), E l {) = 2 x 10 2 r\\ and 

E 1 = (xcos0i — zsin0i)2 x 10 _2 r|i= (x4.52 —zO.OS)^ - ^ 8 ^ 6 ^ 
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E 1 is similar to E 1 except for reversal of z-components and multiplication of amplitude 
by Ty. Hence, with Ty = —0.30, 

E r = «Re[EV fflf ] = — (x 1.36 +z 1.81) cos (3 x 10 9 1 — 8x + 6z) V/m, 

H r = y2 x 10~ 2 r|| cos(3 x 10 9 f — 8x + 6z) 

= —y0.6 x 10~ 2 cos(3 x 10 9 f — 8x + 6z) A/m. 

(d) In medium 2, 

k .2 = k\ = lO-s/9 = 30 rad/m, 

0 t = sin _1 sinOi = sin _1 ^-sin53.13° =15.47°, 

_V 8 i J L 3 

and the exponent of and H l is 

—j'/^^sinOt + zcosOt) = — j 30 (x sin 15.47° + zcos 15.47°) = —j(8x + 28.91 z). 


Hence, 

E l = (xcose t -zsin0 t )4x||C" ; ' (8 - v+28 - 91z) 

= (x0.96 — z0.27)2 x 10 -2 x 377 x 0.44e“^ 8x+28 ' 91 ^ 
= (x3.18-z0.90)e _; ' (8 - t+28 - 91z) , 

gt = A^ll -z(8*+28.91z) 

112 

= y2.64x 10“ 2 e“ 7 ' (8x+28 - 9U) , 

E‘ = 9 ( te{E t e' <a '} 

= (x3.18 — z 0.90) cos (3 x 10 9 f — 8x — 28.91 z) V/m, 
H l = y2.64 x 10~ 2 cos(3 x 10 9 ? — 8x — 28.91 z) A/m. 




(2.64 x 10" 2 ) 2 
2 


x 125.67 = 44 mW/m 2 . 


Problem 8.28 Natural light is randomly polarized, which means that, on average, 
half the light energy is polarized along any given direction (in the plane orthogonal 
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to the direction of propagation) and the other half of the energy is polarized along the 
direction orthogonal to the first polarization direction. Hence, when treating natural 
light incident upon a planar boundary, we can consider half of its energy to be in 
the form of parallel-polarized waves and the other half as perpendicularly polarized 
waves. Determine the fraction of the incident power reflected by the planar surface 
of a piece of glass with n — 1.5 when illuminated by natural light at 70°. 

Solution: Assume the incident power is 1 W. Hence: 

Incident power with parallel polarization = 0.5 W, 

Incident power with perpendicular polarization = 0.5 W. 

82/81 = (+ 2/^1 ) 2 =n 2 = 1.5 2 = 2.25. Equations (8.60) and ( 8 . 68 ) give 

cos 70° — 

Ij_ =- 

cos 70° + 

—2.25 cos 70° + \/2.25 — sin 2 70° 

jl . — \j • x • 

2.25 cos 70° + v 2.25 — sin 2 70° 

Reflected power with parallel polarization = 0.5 (F|| ) 2 

= 0.5 (0.21 ) 2 = 22 mW, 

Reflected power with perpendicular polarization = 0.5 (r ^) 2 

= 0.5 (0.55 ) 2 = 151.3 mW. 

Total reflected power = 22+ 151.3 = 173.3 mW, or 17.33%.. 

Problem 8.29 A parallel polarized plane wave is incident from air onto a dielectric 
medium with 8 r = 9 at the Brewster angle. What is the refraction angle? 




Figure P8.29: Geometry of Problem 8.29. 

Solution: For nonmagnetic materials, Eq. (8.72) gives 

0, = 0b = tan -1 J ^ = tan -1 3 = 71.57°. 
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But 


or 02 = 18.44°. 



sin 71.57° 
3 


0.32, 


Problem 8.30 A perpendicularly polarized wave in air is obliquely incident upon 
a planar glass-air interface at an incidence angle of 30°. The wave frequency is 
600 THz (1 THz = 10 12 Hz), which corresponds to green light, and the index of 
refraction of the glass is 1.6. If the electric field amplitude of the incident wave is 50 
V/m, determine 

(a) the reflection and transmission coefficients, and 

(b) the instantaneous expressions for E and H in the glass medium. 

Solution: 

(a) For nonmagnetic materials, ( 82 / 81 ) = (n 2 /n\) 2 . Using this relation in Eq. 
(8.60) gives 

cos 0i — J(n 2 /n\) 2 — sin 2 0j cos 30° — J ( 1.6) 2 — sin 2 30° 

Uj_ =- Y- = =- Y- = = -0.27, 

cos0j + y (n 2 /n\ ) 2 — sin 2 0i cos 30° + y (1.6) 2 — sin 2 30° 
x_l = 1 + r_L = 1 — 0.27 = 0.73. 


(b) In the glass medium, 


sin 0 t = 


sin0i sin 30° 


n 2 


1.6 


= 0.31, 


or 0 t = 18.21°. 


P2 

£2 


fi2 = A — = — = 


T|o 12071 


= 7571 = 235.62 (£2) 


k 2 — — = 


n 2 1.6 

co 27 if 2nfn 2n x 600 x 10 12 x 1.6 

u. 


Eh = 


p c/n c 3 x 10 8 

Tj_4 = 0.73 x 50 = 36.5 V/m. 


= 6.47t x 10 6 rad/m, 


From Eqs. (8.49c) and (8.49d), 


— y£^ e ~ 7^2 sin 0 t +z cos 0 t ) 

H 1 , = (-xcos0 t + zsin0 t )^e-^^ sine ‘ +zcose ' ) , 

T\2 
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and the corresponding instantaneous expressions are: 

E Y(x,z,f) =y36.5cos(cor —/:2xsin0 t —/:2zcos0 t ) (V/m), 

H\_(x,z,f) = (—xcos0 t —zcos0 t )O.16cos(co7 —&2-*sin0 t —&2zcos0 t ) (A/m), 

with co = 27t x 10 15 rad/s and ^ = 6.471 x 10 6 rad/m. 


Problem 8.31 Show that the reflection coefficient can be written in the form 

r _ sin(0 t — 0j) 

± sin(0 t + 0i) ’ 


Solution: From Eq. (8.58a), 

^ r |2 cos 0i — rj i cos 0 t (^ 2 /^ 1 ) cos 0i — cos 0 t 

X r(2cos0i +r|i cos0 t (t) 2 /ti 1 ) cos 0i + COS0 t 

Using Snell’s law for refraction given by Eq. (8.31), we have 


we have 


r )2 sin0 t 
r|i sin0i ’ 

sin 0 t cos 0i — cos 0 t sin 0i sin(0 t — 0i) 
sin0 t cos0i + cos0 t sin0i sin(0 t + 0i) 


Problem 8.32 Show that for nonmagnetic media, the reflection coefficient T y can 
be written in the form 


r = tan(9 t - 9j) 

' tan(9 t + 9i) ’ 


Solution: From Eq. (8.66a), F y is given by 

^ rj 2 cos 0 t — r) 1 cos 0i (r |2 Al 1 ) cos 0 t — cos 0i 

^ rj 2 cos 0 t + r| 1 cos 0i (r| 2 / r l 1 ) cos 0 t + cos 0j 

For nonmagnetic media, /J\ = /J 2 = Po and 
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Snell’s law of refraction is 

sin0 t n\ 
sin0i ri 2 

Hence, 

sin 0 t 

P _ sin0i _ sin0 t cos0 t — sin0icos0i 

^ sin0 t sin0 t cos0 t + sin0icos0i 

sin0j 

To show that the expression for F y is the same as 

r = tan(0 t — 0j) 

11 tan(0 t + 0i) ’ 

we shall proceed with the latter and show that it is equal to the former. 

tan(0 t —0i) _ sin(0 t — 0i)cos(0 t + 0i) 
tan(0 t + 0i) cos(0 t — 0i) sin(0 t + 0i) 

Using the identities (from Appendix C): 


2sinxcosy = sin(.x + y) + sin(x —y), 


and if we let x = 0 t — 0j and y = 0 t + 0i in the numerator, while letting x = 0 t + 0i and 
j = 0 t — 0i in the denominator, then 

tan(0 t —0i) _ sin(20 t )+ sin(—20i) 
tan(0 t + 0i) sin(20 t )+ sin(20i) 

But sin20 = 2sin0cos0, and sin(—0) = — sin0, hence, 

tan(0 t — 0i) sin0 t cos0 t — sin0icos0i 
tan(0 t + 0i) sin0 t cos0 t + sin0icos0i ’ 

which is the intended result. 


Problem 8.33 A parallel polarized beam of light with an electric field amplitude of 
10 (V/m) is incident in air on polystyrene with ju r = 1 and £ r = 2.6. If the incidence 
angle at the air-polystyrene planar boundary is 50°, determine 

(a) the reflectivity and transmissivity, and 

(b) the power carried by the incident, reflected, and transmitted beams if the spot 
on the boundary illuminated by the incident beam is 1 m 2 in area. 
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Solution: 

(a) From Eq. (8.68), 




- sin 2 0; 
sin 2 9j 


—2.6 cos 50° + \/2.6 — sin 2 50 
2.6 cos 50° + \j 2.6 — sin 2 50° 

r,,j 2 = ( 0 . 08 ) 2 = 6.4x10 


R || = 

7ii = l-R n =0.9936. 


-3 


-0.08, 


(b) 

I ^ ^ ^ 12 

Pl = —AcosOj = —-— x cos 50° = 85 mW 
II 2r|i 2x 12071 

P| r = 7?||Pj = (6.4 x 10~ 3 ) x 0.085 = 0.55 mW, 

Pi = T\ Pi = 0.9936 x 0.085 = 84.45 mW. 


Sections 8-6 to 8-11 


Problem 8.34 Derive Eq. (8.89b). 

Solution: 

We start with Eqs. (8.88a and e), 





-j®ph x , 

j(OEe y . 


To eliminate h x , we multiply the top equation by (3 and the bottom equation by co p, 
and then we add them together. The result is: 


o & e z . 0 2~ . ? ~ 

P -^7 + j$~e y -(£>iu— = j(£) nee y . 
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Multiplying all terms by e to convert e y to E y (and similarly for the other field 
components), and then solving for E y leads to 



where we used the relation 

k 2 c = co 2 /re- (3 2 . 


Problem 8.35 A hollow rectangular waveguide is to be used to transmit signals at 
a carrier frequency of 6 GHz. Choose its dimensions so that the cutoff frequency of 
the dominant TE mode is lower than the carrier by 25% and that of the next mode is 
at least 25% higher than the carrier. 

Solution: 

For m — 1 and n — 0 (TEio mode) and u P() = c (hollow guide), Eq. (8.106) reduces 
to 

/io = f. 

2 a 

Denote the carrier frequency as /o = 6 GHz. Setting 

/io = 0.75 /q = 0.75 x 6 GHz = 4.5 GHz, 


we have 


c 3 x 10 8 

a = —— = -————77 = 3.33 cm. 
2/io 2 x 4.5 x 10 9 


If b is chosen such that a > b > |, the second mode will be TEoi, followed by TE 20 
at /20 = 9 GHz. For TE 01 , 

h ' = Tb' 

Setting /01 = 1.25/q = 7.5 GHz, we get 


b = 


c 3 x 10 8 

2/o7 ““ 2 x 7.5 x 10 9 


= 2 cm. 
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Problem 8.36 A TE wave propagating in a dielectric-filled waveguide of unknown 
permittivity has dimensions a = 5 cm and b — 3 cm. If the x-component of its electric 
field is given by 


E x = — 36cos(407ix) sin(1007ty) 

• sin( 2 . 47 t x 10 m t — 52.97tz), (V/m) 


determine: 

(a) the mode number, 

(b) £ r of the material in the guide, 

(c) the cutoff frequency, and 

(d) the expression for H y . 

Solution: 

(a) Comparison of the given expression with Eq. (8.110a) reveals that 


mn 


a 

nn 

b 


= 4071, 
= 10071, 


hence m = 2 
hence yi — 3. 


Mode is TE 23 . 

(b) From sin(co7 — (3z), we deduce that 

co = 2 . 47 t x 10 1() rad/s, (3 = 52.971 rad/m. 


Using Eq. (8.105) to solve for £ r , we have 






= 2.25. 



c 3 x 10 8 ^ 1 o , 

“ K = W- = 753" = 2 x 10 



= 10.77 GHz. 
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11 



\f 1 - C/W /) 2 



= 569.9 Q.. 


Hence, 



ZjE 

—0.063 cos (407tx) sin (1007ty) sin (2.47t x 10 10 1 


52.9ttz) 


(A/m). 


Problem 8.37 A waveguide filled with a material whose e r = 2.25 has dimensions 
a = 2 cm and b — 1.4 cm. If the guide is to transmit 10.5-GHz signals, what possible 
modes can be used for the transmission? 

Solution: 

Application of Eq. (8.106) with u P() = c/^/e^ = 3 x 10 8 /\/2.25 = 2 x 10 8 m/s, 
gives: 


/10 = 5 GHz (TE only) 

/oi =7.14 GHz (TE only) 

/n =8.72 GHz (TE or TM) 

/ 20 = 10 GHz (TE only) 

/21 = 12.28 GHz (TE or TM) 

/i 2 = 15.1 GHz (TE or TM). 

Hence, any one of the first four modes can be used to transmit 10.5-GHz signals. 


Problem 8.38 For a rectangular waveguide operating in the TE 10 mode, obtain 
expressions for the surface charge density p s and surface current density J s on each 
of the four walls of the guide. 

Solution: 
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For TEio, the expressions for E and H are given by Eq. (8.110) with m — 1 and 
n = 0, 


E x = 0, 


. (djuTlHo . {Tlx 


E ’ = - J -W^ Sl \a 
E--H. 

= e-& 


'fa 


k}a 


a 


Hy = 0, 


H z = Ho cos ( —) e 


a 


The applicable boundary conditions are given in Table 6-2. At the boundary between 
a dielectric (medium 1) and a conductor (medium 2), 

Ps = n 2 • Di = 8i n 2 • Ei, 

J s = n 2 xH b 


where Ei and Hi are the fields inside the guide, 8i is the permittivity of the material 
filling the guide, and n 2 is the normal to the guide wall, pointing away from the wall 
(inwardly). In view of the coordinate system defined for the guide, n 2 = x for side 
wall at x = 0, A 2 = —x for wall at x = a, etc. 



(a) At side wall 1 at x = 0, n 2 = x. Hence, 


Ps 

Js 


ei*-yEy\x=o = 0 

XX (xH x + z,H z )\ x =o 
—y Hz\ x =o 
-y H 0 e~ J ^ z . 
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(b) At side wall 2 at x = a, = — x. Hence, 

Ps = 0 

J s = yH 0 e- j V z 

(c) At bottom surface at y = 0, A 2 = y. Hence, 


= £iy-y£V | y=0 

. (OE/jnHo . (Tlx \ _ ,p 

#Vq Ct \ LI / 


= y x (xH x + zH z ) 

rr L ( KK \ - ■ 

= Ho xcos ^—J—zy 


. Prc . 

' k}.a Sm 


(d) At top surface at y — b, U 2 = — y. Hence, 

MEjunHo . /7cx\ _ /B 

Ps = 7-72- sin — e 

kta V a / 


I u f - . • pn • /JW\1 -/Bz 

J s = Ho -xcos — + zj — 5 — sm — e 

V a J kta \ a J 


Problem 8.39 A waveguide, with dimensions a = 1 cm and b = 0.7 cm, is to be 
used at 20 GHz. Determine the wave impedance for the dominant mode when 

(a) the guide is empty, and 

(b) the guide is filled with polyethylene (whose e r = 2.25). 


Solution: 

For the TE 10 mode, 


When empty, 


f = Up ° — c 
10 2 a 2dy/sT x 


3 x 10 8 

= ITkR = 15 GHz ' 


When filled with polyethylene, /10 = 10 GHz. 
According to Eq. (8.111), 


Zte = 


l-(/io//) 2 v^VHWTP 




CHAPTER 8 


393 


When empty, 

When filled, 



Problem 8.40 A narrow rectangular pulse superimposed on a carrier with a 
frequency of 9.5 GHz was used to excite all possible modes in a hollow guide with 
a = 3 cm and b = 2.0 cm. If the guide is 100 m in length, how long will it take each 
of the excited modes to arrive at the receiving end? 

Solution: 

With a = 3 cm, b = 2 cm, and w Po = c = 3 x 10 8 m/s, application of Eq. (8.106) 
leads to: 

/io = 5 GHz 
foi =7.5 GHz 
fn =9.01 GHz 
/ 20 = 10 GHz 

Hence, the pulse with a 9.5-GHz carrier can excite the top three modes. Their group 
velocities can be calculated with the help of Eq. (8.114), 

u g = c \J 1 — {fmn / f) ^ ■> 

which gives: 

{ 0.85c = 2.55 x 10 8 m/s, for TE 10 
0.61c = 1.84 x 10 8 m/s, for TE 01 
0.32c = 0.95 x 10 8 m/s, for TEn and TMn 

Travel time associated with these modes is: 

{ 0.39 /rs, for TE 10 
0.54 /rs, for TE 01 
1.05/rs, forTEn and TMn. 
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Problem 8.41 If the zigzag angle 0' is 42° for the TEio mode, what would it be for 
the TE 20 mode? 

Solution: 

For TE 10 , the derivation that started with Eq. (8.116) led to 


010 = tan 1 



TE 10 mode. 


Had the derivation been for n = 2 (instead of n = 1), the x-dependence would have 
involved a phase factor (2nx/a) (instead of ( 7 ix/a)). The sequence of steps would 
have led to 


09 Q = tan 


271 

(3a 


TE 20 mode. 


Given that 0' 1O = 42°, it follows that 


71 



= tan 42° 


0.90 


Hence, 

020 = tan“ x (2x 0.9) =60.9°. 


Problem 8.42 Measurement of the TE 101 frequency response of an air-filled cubic 
cavity revealed that its Q is 4802. If its volume is 64 mm 3 , what material are its sides 
made of? 


Solution: 

According to Eq. (8.121), the TE 101 resonant frequency of a cubic cavity 
by 



3 x 10 8 
\fl x 4 x 10 -3 


= 53.0 GHz. 


is given 


Its Q is given by 

< 2 = 4 -= 4802 ’ 

3o s 

which gives 8 S = 2.78 x 10 -7 m. Applying 



1 

VnfmPoGc 


and solving for G c leads to 


G c ~ 6.2 x 10 7 S/m. 
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According to Appendix B, the material is silver. 


Problem 8.43 A hollow cavity made of aluminum has dimensions a = 4 cm and 
d = 3 cm. Calculate Q of the TEioi mode for 

(a) b = 2 cm, and 

(b) b — 3 cm. 

Solution: 

For the TEiqi mode, fun is independent of b , 



3 x io 8 [7 i y 7 i y 

““ 2 V V 4x 10- 2 ) + \3 x 1(G 2 ) 

= 6.25 GHz. 


For aluminum with G c = 3.5 x 10 7 S/m (Appendix B), 


3s = 


1 


y/nfioiPoGc 


= 1.08 x 10" 6 m. 


(a) For a = 4 cm, b = 2 cm and d = 3 cm, 


1 abd(a 2 -\-d 2 ) 

8 S [a 3 (J + 2&) +J 3 (a + 2&)] 
= 8367. 


(b) For a = 4 cm, b = 3 cm, and <7 = 3 cm, 

<9 = 9850. 


Problem 8.44 A 50-MHz right-hand circularly polarized plane wave with an 
electric field modulus of 30 V/m is normally incident in air upon a dielectric medium 
with £ r = 9 and occupying the region defined by z > 0. 

(a) Write an expression for the electric field phasor of the incident wave, given that 
the field is a positive maximum at z = 0 and t — 0. 

(b) Calculate the reflection and transmission coefficients. 
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(c) Write expressions for the electric field phasors of the reflected wave, the 
transmitted wave, and the total field in the region z < 0. 

(d) Determine the percentages of the incident average power reflected by the 
boundary and transmitted into the second medium. 

Solution: 

(a) 




co 


c 


27tx50xl0 6 7i 

—^—ttto -= x rad/m 

3 x 10 8 3 


CO 71 /- 

— weZ = — V 9 = 7i rad/m. 
c 3 


5 


From (7.57), RHC wave traveling in +z direction: 


E = ao(x-hye 


-j 



,-jhz _ 


= a 0 (x-jy)e 


-jhz 


E i (z,t) = V\t 


= mc 


Hence, 


(b) 


E e ja * 


a 0 (xe j{(Ot ~ klz) +ye j{(0t - kiz ~ 



E 1 


x^o cos(co t — k\z) +yaocos(co? 
x^o cos(co? — k\z) + y tfo sin(co? 

r\ r\ O O 

no cos“(co t — k\z) + fl 5 snr(G 0 f 


kiz-n/2) 

kiz) 

k\z)] 1/2 = n 0 = 30 V/m. 


E 1 = 30(x 0 - jyo)e~ jK/3 (V/m). 


T |1 =T|o = 12071 (Q), r |2 = 


ilo 


r )2 — r| i _ 4071- 12071 
r |2 + r|i 4071+ 12071 
T = l+r= 1-0.5 = 0.5. 


12071 


= 40ti (£2) 


r = 


= -0.5 
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E =ra () (x- jy)e ik ' z 
= -0.5 x 30(x - jy)e jk,z 
= — 15(x — jy)e jnz ^ 3 (V/m). 

E l = xa 0 (x — jy)e~ jk2Z 

= 15 (x - jy)e~ jnz (V/m). 

Ei = E' + E 

= 30(x jy)e ~^ 3 - 15(x jy)e jKZ//3 

= 15 (x — jy) [2e~^ 3 — e^ 3 \ (V/m). 


% of reflected power = 100 x |F| 2 = 100 x (0.5) 2 = 25% 


% of transmitted power = 1001x| — = 100 x (0.5) x 


2 fll 1207C 

4071 


= 75%. 


Problem 8.45 Consider a flat 5-mm-thick slab of glass with e r = 2.56. 

(a) If a beam of green light (A,o = 0.52 /rm) is normally incident upon one of the 
sides of the slab, what percentage of the incident power is reflected back by the 
glass? 

(b) To eliminate reflections, it is desired to add a thin layer of antireflection coating 
material on each side of the glass. If you are at liberty to specify the thickness 
of the antireflection material as well as its relative permittivity, what would 
these specifications be? 

Solution: 
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Glass 
8 r = 2.56 


Air 
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Green Light 


5 mm ►] 


A 

»o 


Z\ — ho |-► Z 2 — T|g 

zf 

o 

5 mm 




(a) Representing the wave propagation process by an equivalent transmission line 
model, the input impedance at the left-hand side of the air-glass interface is (from 
2.63): 


( Z L + jZo tan p/ \ 
v z 0 + jZ h tan p /) 


For the glass, 


7 = „ _ no _ r|o _ T| () 

° % x/ 2^6 1.6 

Zl = Tlo 

p 1 = ^1= = 2?t x VZ56 x 5 x 10~ 3 = 30769.2371. 

A Aq 0.52 x 10 0 


Subtracting the maximum possible multiples of 271, namely 3076871, leaves a 
remainder of 

(3/ = 1.2371 rad. 

Hence, 


t]0_ f T 1o + 7'(T1o/1.6)tan 1.2371 \ 
1.6 V (r|o/1 -6) + jr\o tan 1.2371 ) 
( 1.6 + j tan 1.2371 \ 12071 
\1+ jl.6tan 1.2371 ) 1.6 
/1.6 + j'0.882\ 12071 


1+71-41 


1.6 


7,49 /-25.8° = (27.4.2 -j 108.4) £1. 
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With Z\ now representing the input impedance of the glass, the reflection coefficient 
at point A is: 


Zj-Tlo 
Zi +T|o 

224.2 — j'108.4 — 12071 
224.2- j'108.44-12071 


1R7.44 /-144.6° 

010.RQ/-iQ-2~ 


0.4067 /-154.8° . 


% of reflected power = |F| 2 x 100 = 9.4%. 

(b) To avoid reflections, we can add a quarter-wave transformer on each side of the 
glass. 


Antireflection 


Antireflection 

coating 


coating 

Air ^ 

Glass 
£ r = 2.56 

^Air 

d 

5 mm ► 

d 


This requires that d be: 


X 

d=—-\-2nX , n = 0,1,2,... 


where X is the wavelength in that material; i.e., X = Xo/^E^, where £ rc is the relative 
permittivity of the coating material. It is also required that r| c of the coating material 
be: 


Thus 


or 


Hence, 


Ac =Aor|g 


^ = n„ 


TC 




£ rc = \/% = V2.56 = 1.6. 


X = 


Xq 0.52 pm 


y/L6 
X 


= 0.411 pm, 


d = — + 2 nX 
4 


= (0.103+ 0.R22 n) (pm), 


n = 0,1,2,... 
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Problem 8.46 A parallel-polarized plane wave is incident from air at an angle 
0i = 30° onto a pair of dielectric layers as shown in the figure. 

(a) Determine the angles of transmission 02 , 0s, and © 4 . 

(b) Determine the lateral distance d. 


5 

5 


t 

cm 

i 

1 

cm 


1 


e i | 

1 

\i 


Air 

1 

1 1 

in 1 
r 2 | 


Pr= 1 

8 r = 6.25 

I io 

1 r 3 V 

j 1 

1 


P r = 1 
£ r = 2.25 

1 

1 

1 

I0 4 

Air 

L d 




Solution: 

(a) Application of Snell’s law of refraction given by (8.31) leads to: 

sin 02 = sin0i 4 /— = sin30°A/ = 0.2 

]/ e r2 V 6.25 

02 = 11.54°. 


Similarly, 


And, 


sin 03 = sin 02 W — = sin 11.54° a / %-rr =0.33 


£r3 


2.25 


03 = 19.48°. 


sin 04 = sin 03 


£r3 

£i-4 


= sin 19.48 


o 


2.25 


1 


= 0.5 


04 = 30°. 


As expected, the exit ray back into air will be at the same angle as 9j. 






















CHAPTER 8 


401 



d = (5 cm) tan 02 + (5 cm) tan 83 
= 5tan 11.54° +5tan 19.48° =2.79 cm. 


Problem 8.47 A plane wave in air with 

E 1 = (x2 — y4 — z6)e~^ 2x+3 ^ (V/m) 

is incident upon the planar surface of a dielectric material, with 8 r = 2.25, occupying 
the half-space z > 0. Determine 

(a) The incidence angle 0j. 

(b) The frequency of the wave. 

(c) The field E of the reflected wave. 

(d) The field E of the wave transmitted into the dielectric medium. 

(e) The average power density carried by the wave into the dielectric medium. 

Solution: 



(a) From the exponential of the given expression, it is clear that the wave direction 
of travel is in the x-z plane. By comparison with the expressions in (8.48a) for 
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perpendicular polarization or (8.65a) for parallel polarization, both of which have 
the same phase factor, we conclude that: 

k\ sinOi = 2, 
k\ cosOi = 3. 


Hence, 

k\ \/2 2 + 3 2 = 3.6 (rad/m) 
0, = tan" 1 (2/3) =33.7°. 


Also, 



k 2 — k\ 

02 sin -1 


1*2 


= 3.6v/^25 


sinB; 


1 


2.25 


5.4 (rad/m) 
= 21.7°. 




2 nf 

c 

k\c 3.6 x 3 x 10 8 
271 271 


172 MHz. 


(c) In order to determine the electric field of the reflected wave, we first have to 

determine the polarization of the wave. The vector argument in the given expression 

~i 

for E indicates that the incident wave is a mixture of parallel and perpendicular 
polarization components. Perpendicular polarization has a y-component only (see 
8.46a), whereas parallel polarization has only x and z components (see 8.65a). Hence, 
we shall decompose the incident wave accordingly: 


E 1 = + Ej 

with 


E ± = -y4e~ K2x+3z) (V/m) 

Em = (x2 — z6)e~^ 2x+3z " ) (V/m) 


From the above expressions, we deduce: 


E i 0 = -4 V/m 

E! 0 = \J 2 2 + 6 2 = 6.32 V/m. 
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Next, we calculate F and x for each of the two polarizations: 


; 9 , - ^(£2/81)-sin 2 9 ; 
- ©i + ^/ (£2/^1) — sin 2 9 i 


COS 

cos 


Using 0i = 33.7° and 82/81 = 2.25/1 = 2.25 leads to: 


r ± = -0.25 

t_l = 1 + r_L = 0 . 75 . 


Similarly, 


-(e 2 /ei)cos9i+ \/(e 2 /ei) - sin 2 9, 

r± =- v = -o.i5, 

(8 2 /8i)cos9, + \J(Z 2 /Z\) -sin 2 9! 
me ft: me ^ 7 


x il = ( 1 +r n) 


cos33.7° „ 

- 0.76. 


S2!h = ( ,_o,i5)—— 

cosO t 7 cos 21.7° 

for the two polarizations are 


11 117 cosO t 7 cos 21 

The electric fields of the reflected and transmitted waves 
given by (8.49a), (8.49c), (8.65c), and (8.65e): 

g 1 ^ _ yJ 7 v ^ e —jk\ (*sin0r—zcos0 r ) 
g^ _ jj?t^ e -jk 2 {xsmQ t +zcosQ t ) 

eJ| = (x cos 9 r + z sin 9 r )E^ 0 e~^ ki ( xsin er ~ 2C0S 0r > 
Ej| = (icos9 t -zsin9 t )Ej 0 e--' fa (* sinet+ZCO8e t ) 


Based on our earlier calculations: 


9 r = 9, = 33.7° 

9, = 21.7° 

k\ = 3.6 rad/m, ki = 5.4 rad/m, 

El o = r ± £i 0 = (-0.25) x (-4) = 1 V/m. 

E]_ 0 = T ± El 0 = 0.75 x (-4) = -3 V/m. 

£jj 0 = r||£jj 0 = (-0.15) x 6.32 = -0.95 V/m. 
E| () = X||Ej 0 = 0.76 x 6.32 = 4.8 V/m. 

Using the above values, we have: 

~r ~r ~r 

E = E ± + E || 

= (-x0.79 + y-z0.53)e-^- 3z > 


(V/m). 
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E = E_l + E|| 

= (x4.46 - y3 - z 1 JS)e~ j(2x+5z) (V/m). 



E 1 q I 2 = (4.46) 2 + 3 2 + (1.78) 2 = 32.06 
t|o 377 


T|2 = 




12 


1.5 


= 251.3 Q. 



32.06 

2x251.3 


63.8 (mW/nr). 
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Chapter 9: Radiation and Antennas 


Lesson #61 

Chapter — Section: 9-1 

Topics: Retarded potential, short dipole 

Highlights: 

• Radiation by short dipole 

• Far-Held distance 

Special Illustrations: 

• Exercise 9.1 
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Lesson #62 

Chapter — Section: 9-2 

Topics: Radiation characteristics 

Highlights: 

• Antenna pattern 

• Antenna directivity 

• Antenna gain 

Special Illustrations: 

• Example 9-2 

• Example 9-3 



Lesson #63 

Chapter — Section: 9-3 and 9-4 
Topics: Half-wave dipole 
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Highlights: 

• Radiation pattern 

• Directivity 

• Radiation resistance 


Special Illustrations: 

• CD-ROM Module 9.1 

• CD-ROM Demo 9.1 


Module 9.1: Polarization and Orientation 

Given: A cellular phone base station with a vertical dipole antenna at the top, and 
a cellular phone user nearby. 


Ql. Imagine someone in his backyard 
pool, talking on the phone and 
sunning himself. His cell phone is 
oriented such that the antenna is 
horizontal, as shown in the 
figure. Is his reception: 

Good 

Bad 

explain 
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Lesson #64 

Chapter — Section: 9-5, 9-6 
Topics: Effective area, Friis formula 

Highlights: 

• Receiving aperture of an antenna 

• Relation of aperture to directivity 

• Friis fonnula 

Special Illustrations: 

• Example 9-5 

• Demo 9.2 


Demo 9.2: Paraboloc Dish Antenna 

A parabolic dish fed by a dipole or a small horn placed at the dish's focal point is 
an example of an aperture antenna. If the aperture is illuminated uniformly (or 
approximately so), its radiation pattern takes the form of a sine function, as 
discussed in Section 9-8. This demo illustrates the dependence of the pattern on 
the size of the antenna, expressed in terms of d! A. 


Illumination pattern 


Radiating antenna 




Display the patterns for the 
following antenna sizes: 

Display (H A = 2. 

Display (H A = 4. 

Display (H A = 8. 

Display (H A = 16. 

Display (H A = 32. 



d/\ = 2 






















Lessons #65 and 66 
Chapter — Sections: 9-7 and 9-8 
Topics: Aperture antennas 
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Highlights: 

• Aperture illumination 

• Rectangular aperture 

• Beamwidth and directivity 

Special Illustrations: 

• CD-ROM Demo 9.3 


d 

d 

d 

d 


i = X 


< 

< 

< 

< 

< 


z 



z V \-10 dB \ 0 dB 



X 


X 


fe) Antenna Array Pattern T(ff) = F e ( ff) F a (9) 
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Lessons #67-69 

Chapter — Sections: 9-9 to 9-11 

Topics: Antenna arrays 

Highlights: 

• Array factor 

• Multiplication principle 

• Electronic scanning 

Special Illustrations: 

• CD-ROM Demo 9.4 

The array pattern of an equally-spaced linear array can be steered in direction by applying 
linear phase across the array as shown. Note that 8 = kd cos 9o, with 9 o measured from 
the +z-axis. 



-10 dB - 



► x 


Display the array pattern 
for the following values 
of the beam center angle: 

9 0 = 99° (broadside) 

9 0 = 60° 

(30° above x-axis) 

9 0 = 39° 

(60° above x-axis) 

9 0 = 129° 

(30° below x-axis) 

9„= 159° 

(69° below x-axis) 


d = X/2 


6> 0 = 60 °, S = 1.57 radians 
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Chapter 9 

Sections 9-1 and 9-2: Short Dipole and Antenna Radiation Characteris¬ 
tics 

Problem 9.1 A center-fed Hertzian dipole is excited by a current Iq = 20 A. If the 
dipole is X/ 50 in length, determine the maximum radiated power density at a distance 
of 1 km. 

Solution: From Eq. (9.14), the maximum power density radiated by a Hertzian 
dipole is given by 

_ r|o k 2 lll 2 _ 377 x (2tt/X) 2 x 20 2 x (X/50) 2 
()_ 327 i 2 R 2 ~ 327t 2 (10 3 ) 2 

= 7.6 x 10“ 6 W/m 2 = 7.6 (pW/m 2 ). 
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_ 471 sr 471 sr 

Q v = -fi- = —— = n ( sr ) 


The half power beam width is (3 = 120°. 


Problem 9.4 Repeat Problem 9.3 for an antenna with 


F(QA) 


sin 2 0cos 2 (|), for 0 < 0 < n and — n/2 < (|) < 7t/2, 
0 , elsewhere. 


Solution: The direction of maximum radiation is the +x-axis (where Q = n/2 and 
(|) = 0). From Eq. (9.23), 



471 

Jf^FdO. 



4n 

So S ^ n2 9 cos2 <|> sin 0 dQ d§ 

471 

S—iz /2 cos2 Jo S ^ n " 9r/9 

471 

S-n /2 + COs2( i ) ) (! -X 2 ) dx 

471 471 


i ((Hisin2^)|^ 


47 t sr 47t sr 2 



(x-x 3 /3)|ij 

(sr). 


j7c(4/3) 


= 6 = 7.8 dB, 


In the x-z plane, (|> = 0 and the half power beamwidth is 90°, since sin 2 (45°) = 
sin 2 (135°) = 


Problem 9.5 A 2-m-long center-fed dipole antenna operates in the AM broadcast 
band at 1 MHz. The dipole is made of copper wire with a radius of 1 mm. 

(a) Determine the radiation efficiency of the antenna. 

(b) What is the antenna gain in dB? 

(c) What antenna current is required so that the antenna would radiate 80 W, and 
how much power will the generator have to supply to the antenna? 


Solution: 
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(a) Following Example 9-3, X — c/f — (3 x 10 8 m/s)/(10 6 Hz) = 300 m. As 
1/X = (2 m)/(300 m) = 6.7 x 10 -3 , this antenna is a short (Hertzian) dipole. Thus, 
from respectively Eqs. (9.35), (9.32), and (9.31), 

/ 2 7 

R rad = 807t 2 (-) = 807t 2 (6.7xl0“ 3 ) =35 (mO), 

A 


^loss — 




2na 


^rad 

^rad ^1 OSS 


2 m 

27t( 10 —3 m) 
35 mQ 


7 t(10 6 Hz) (471 x 10- 7 H/m) 
5.8 x 10 7 S/m 


= 83 (mQ), 


35 mO + 83 mil 


= 29.7%. 


(b) From Example 9-2, a Hertzian dipole has a directivity of 1.5. The gain, from 

Eq. (9.29), is G = = 0.297 x 1.5 = 0.44 = -3.5 dB. 

(c) From Eq. (9.30a), 


/o = 


27U 

f^rad 


2(80 W) 
35 mil 


= 67.6 A 


and from Eq. (9.31), 


Pt = 


Frad 80 W 


0.297 


= 269 W. 


Problem 9.6 Repeat Problem 9.5 for a 20-cm-long antenna operating at 5 MHz. 

Solution: 

(a) At 5 MHz, X = c/f = 3 x 10 8 /(5 x 10 6 ) = 60 m. As l/X = 0.2/60 = 
3.33 x 10 -3 , the antenna length satisfies the condition of a short dipole. From 
Eqs. (9.35), (9.32), and (9.31), 

R md = 8()7t 2 = 807t 2 x (3.33 x 10“ 3 ) 2 = 8.76 (mO), 


llfu, 


2na 


-^rad 

^rad + R\ oss 


0.2 

2n x10~ 3 ^ 
8.76 

8.76+18.57 


1 7 i x 5 x 10 6 x 471 x 10 -7 
5.8 x 10 7 

= 0.32, or 32%. 


= 18.57 (mQ), 


(b) For Hertzian dipole, D = 1.5, and G = cj) = 0.32 x 1.5 = 0.48 = —3.2dB. 

(c) From Eq. (9.30a), 


A> = 


2P r ad 

f^rad 


2x80 
8.76 x 10- 3 


= 135.2 A. 
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Problem 9.7 An antenna with a pattern solid angle of 1.5 (sr) radiates 60 W of 
power. At a range of 1 km, what is the maximum power density radiated by the 
antenna? 

Solution: From Eq. (9.23), D = 47t/£2 p , and from Eq. (9.24), D = 4nR 2 S max /P m d- 
Combining these two equations gives 


'max 


P rad 

Q p R 2 


60 

1.5 x (10 3 ) 2 


— 4x 10~ 5 


(W/m 2 ). 


Problem 9.8 An antenna with a radiation efficiency of 90% has a directivity of 
7.0 dB. What is its gain in dB? 

Solution: D = 7.0 dB corresponds to D — 5.0. 

G = ^D = 0.9 x 5.0 = 4.5 - 6.54 dB. 


Alternatively, 

G (dB) = £ (dB) +D (dB) - 101og0.9 + 7.0 - -0.46 + 7.0 = 6.54 dB. 


Problem 9.9 The radiation pattern of a circular parabolic-reflector antenna consists 
of a circular major lobe with a half-power beam width of 3° and a few minor lobes. 
Ignoring the minor lobes, obtain an estimate for the antenna directivity in dB. 


Solution: A circular lobe means that (3 XZ = $ yz = 3° = 0.052 rad. Using Eq. (9.26), 
we have 



471 

(0.052) 2 


= 4.58 x 10 3 . 


In dB, 


D{ dB) = 10logD = 101og(4.58 x 10 3 ) = 36.61 dB. 


Problem 9.10 The normalized radiation intensity of a certain antenna is given by 

F(0) = exp(— 2O0 2 ) for 0 < 0 < n, 

where 0 is in radians. Determine: 

(a) the half-power beamwidth, 

(b) the pattern solid angle, 
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0 -► 


Figure P9.10: F(0) versus 0. 


(c) the antenna directivity. 

Solution: 

(a) Since F(0) is independent of (|), the beam is symmetrical about z = 0. Upon 
setting F(0) = 0.5, we have 

F(6) =exp(-206 2 ) =0.5, 
ln[exp(—2O0 2 )] =ln(0.5), 

206 2 = -0.693, 

/0.693\ 1/2 

0 = ± ( ~ 2 (f~ j = =t0-186 radians. 

Hence, (3 = 2 x 0.186 = 0.372 radians =21.31°. 
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(b) By Eq. (9.21), 



JJ F(e)sin0f/e^ 


*271 rK 


'§=oJe =0 


exp(—2O0 2 ) sin 0^0 d§ 




exp(—2O0 2 ) sin QdQ. 


Numerical evaluation yields 


£2 p = 0.156 sr. 




471 

0.156 


80.55. 


Sections 9-3 and 9-4: Dipole Antennas 

Problem 9.11 Repeat Problem 9.5 for a 1-m-long half-wave dipole that operates in 
the FM/TV broadcast band at 150 MHz. 

Solution: 

(a) Following Example 9-3, 

X = c/f=( 3 x 10 8 m/s)/(150 x 10 6 Hz) = 2 m. 

As l/X — (1 m)/(2 m) = this antenna is a half-wave dipole. Thus, from Eq. (9.48), 
(9.32), and (9.31), 


Frad = 73 £2, 



1 m >(150 x 10 6 Hz) (471 x IQ- 7 H/m) 


27t(10 



5.8 x 10 7 S/m 


= 0.5 £2, 



Frad 

7/rad + R\ OSS 


73 £2 

73 £2 + 0.5 £2 


99.3%. 


(b) From Eq. (9.47), a half-wave dipole has a directivity of 1.64. The gain, from 

Eq. (9.29), is G = = 0.993 x 1.64 = 1.63 = 2.1 dB. 

(c) From Eq. (9.30a), 



2(80 W) 


1.48 A, 


73 £2 
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and from Eq. (9.31), 



80 W 
0.993 


80.4 W. 


Problem 9.12 Assuming the loss resistance of a half-wave dipole antenna to be 
negligibly small and ignoring the reactance component of its antenna impedance, 
calculate the standing wave ratio on a 50-£l transmission line connected to the dipole 
antenna. 


Solution: According to Eq. (9.48), a half wave dipole has a radiation resistance of 
73 £2. To the transmission line, this behaves as a load, so the reflection coefficient is 


^rad Z 0 
^rad T Z 0 


73£2-50f2 
73 £2 + 50 £2 “ 


and the standing wave ratio is 



1 + 

r 

1+0.187 

1- 

r 

~ 1-0.187 


1.46. 


Problem 9.13 For the short dipole with length / such that instead of treating 
the current /(z) as constant along the dipole, as was done in Section 9-1, a more 
realistic approximation that insures that the current goes to zero at the ends is to 
describe /(z) by the triangular function 


f /o(1 — 2z/Z), for 0 < z < //2, 

\ /()(!+2z//), for — //2 < z < 0, 


as shown in Fig. 9-36 (P9.13). Use this current distribution to determine (a) the far- 
field £'(^,0,(|)), (b) the power density S(/?,0,(|)), (c) the directivity Z), and (d) the 
radiation resistance R m d- 


Solution: 

(a) When the current along the dipole was assumed to be constant and equal to To, 
the vector potential was given by Eq. (9.3) as: 


A{R) = z 


4n 



If the triangular current function is assumed instead, then Iq in the above expression 
should be replaced with the given expression. Hence, 







dz + 




_ (e i kR \ 

Z 8ti ( R / 
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Figure P9.13: Triangular current distribution on a short dipole (Problem 9.13). 


which is half that obtained for the constant-current case given by Eq. (9.3). Hence, 
the expression given by (9.9a) need only be modified by the factor of 1 /2: 


E = 0£e 


a |o 
871 






sin0. 


(b) The corresponding power density is 


s(/e, e) = 


M 

2r|o 


( T|o k 2 lll 2 \ 

V miC-R 2 ) 


sin 2 0. 


(c) The power density is 4 times smaller than that for the constant current case, but 
the reduction is true for all directions. Hence, D remains unchanged at 1.5. 

(d) Since 5(F,0) is 4 times smaller, the total radiated power P m & is 4-times 
smaller. Consequently, R m & = 2P ra d//o is 4 times smaller than the expression given 
by Eq. (9.35); that is, 


/? rad = 207r(//V) 2 (ft). 


Problem 9.14 For a dipole antenna of length / = 3X/2, (a) determine the directions 
of maximum radiation, (b) obtain an expression for 5 max , and (c) generate a plot 
of the normalized radiation pattern F(0). Compare your pattern with that shown in 
Fig. 9.17(c). 

Solution: 

(a) From Eq. (9.56), 5(0) for an arbitrary length dipole is given by 




sin0 
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For / = 3X/2, 5(0) becomes 



cos (^COS0) 
sin0 



Solving for the directions of maximum radiation numerically yields two maximum 
directions of radiation given by 


0 maxi = 42.6°, 0 maX2 = 137.4°. 

(b) From the numerical results, it was found that 5(0) = 15/q /(ft/? 2 ) (1.96) at 0 max . 
Thus, 

15/ 2 

5 max = ^(1.96). 

(c) The normalized radiation pattern is given by Eq. (9.13) as 

W) = . 

^m a x 

Using the expression for 5(0) from part (a) with the value of 5 max found in part (b), 

cos cos0) 
sin0 



The normalized radiation pattern is shown in Fig. P9.14, which is identical to that 
shown in Fig. 9.17(c). 



Problem 9.15 Repeat parts (a)-(c) of Problem 9.14 for a dipole of length / = 3^/4. 


Solution: 

(a) For / = 3^/4, Eq. (9.56) becomes 



Solving for the directions of maximum radiation numerically yields 


e maxi -90°, e maX2 =270°. 


(b) From the numerical results, it was found that 5(0) = 15 /q /(7tR 2 )(2.91) at 0 max . 
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Thus, 




Figure P9.15: Radiation pattern of dipole of length / = 3A,/4. 

(c) The normalized radiation pattern is given by Eq. (9.13) as 

ne) = §!*>. 

^max 

Using the expression for 5(0) from part (a) with the value of 5 max found in part (b), 

1 |~ cos(f cose)+^ l 2 
2.91 sin0 

The normalized radiation pattern is shown in Fig. P9.15. 



Problem 9.16 Repeat parts (a)-(c) of Problem 9.14 for a dipole of length / = X. 
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Solution: For l — X, Eq. (9.56) becomes 

15 /q cos(71 cos0) —cos(n) “ 15/q cos(7icos0) + 1 

tzR 2 sin0 7 iR 2 sin0 

Solving for the directions of maximum radiation numerically yields 


X 



Figure P9.16: Radiation pattern of dipole of length l —X. 
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The normalized radiation pattern is shown in Fig. P9.16. 


Problem 9.17 A car antenna is a vertical monopole over a conducting surface. 
Repeat Problem 9.5 for a 1-m-long car antenna operating at 1 MHz. The antenna 
wire is made of aluminum with jj c = fio and G c = 3.5 x 10 7 S/m, and its diameter is 
1 cm. 

Solution: 

(a) Following Example 9-3, X — c/f = (3 x 10 8 m/s)/(10 6 Hz) = 300 m. As 
l/X = 2 x (1 m)/(300 m) = 0.0067, this antenna is a short (Hertzian) monopole. 
From Section 9-3.3, the radiation resistance of a monopole is half that for a 
corresponding dipole. Thus, 


R md = ±807r 4) = 4071 2 (0.0067) 2 = 17.7 (mil), 




T^loss - 


1 


Kflk 


2na V a c 

Raid 


1 m /Tt(10 6 Hz)(4jix I0- 7 H/m) 

)V — 


7r(10 —2 m 


17.7 m£2 


Raid + R\ 


OSS 


17.7 mO + 10.7 mQ 


3.5 x 10 7 S/m 
= 62%. 


= 10.7 mQ, 


(b) From Example 9-2, a Hertzian dipole has a directivity of 1.5. The gain, from 
Eq. (9.29), is G = ^D = 0.62 x 1.5 = 0.93 = -0.3 dB. 

(c) From Eq. (9.30a), 



2(80 W) 
17.7 mQ 


= 95 A, 


and from Eq. (9.31), 



80 W 
0.62 


129.2 W. 


Sections 9-5 and 9-6: Effective Area and Friis Formula 

Problem 9.18 Determine the effective area of a half-wave dipole antenna at 
100 MHz, and compare it to its physical cross section if the wire diameter is 2 cm. 

Solution: At / = 100 MHz, X = c/f — (3 x 10 8 m/s)/(100 x 10 6 Hz) = 3 m. From 
Eq. (9.47), a half wave dipole has a directivity of D = 1.64. From Eq. (9.64), 
A e = f 2 D/4TZ = (3 m) 2 x 1.64/471 = 1.17 m 2 . 
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The physical cross section is: A p = Id = jXd = i(3 m)(2 x 10 2 m) = 0.03 m 2 . 
Hence, A e /A p = 39. 


Problem 9.19 A 3-GHz line-of-sight microwave communication link consists of 
two lossless parabolic dish antennas, each 1 m in diameter. If the receive antenna 
requires 10 nW of receive power for good reception and the distance between the 
antennas is 40 km, how much power should be transmitted? 

Solution: At / = 3 GHz, X = c/f = (3 x 10 8 m/s)/(3 x 10 9 Hz) = 0.10 m. Solving 
the Friis transmission formula (Eq. (9.75)) for the transmitted power: 



X 2 R 2 

^rA t A r 


10 _ 8 (0.100 m) 2 (40 x 10 3 m) 2 
lxlx(2(lm) 2 )(5(lm) 2 ) 


= 25.9 x 10“ 2 W = 259 mW. 


Problem 9.20 A half-wave dipole TV broadcast antenna transmits 1 kW at 50 MHz. 
What is the power received by a home television antenna with 3-dB gain if located at 
a distance of 30 km? 

Solution: At / = 50 MHz, X = c/f=( 3 x 10 8 m/s) / (50 x 10 6 Hz) = 6m, for which 
a half wave dipole, or larger antenna, is very reasonable to construct. Assuming the 
TV transmitter to have a vertical half wave dipole, its gain in the direction of the 
home would be G t = 1.64. The home antenna has a gain of G r = 3 dB = 2. From the 
Friis transmission formula (Eq. (9.75)): 



10 3 (6 m) 2 x 1,64x2 
(4 ti) 2 (30 x 10 3 m) 2 


= 8.3 x 1(T 7 W. 


Problem 9.21 A 150-MHz communication link consists of two vertical half-wave 
dipole antennas separated by 2 km. The antennas are lossless, the signal occupies a 
bandwidth of 3 MHz, the system noise temperature of the receiver is 600 K, and the 
desired signal-to-noise ratio is 17 dB. What transmitter power is required? 

Solution: From Eq. (9.77), the receiver noise power is 

P n = KT sys B = 1.38 x 10“ 23 x 600 x 3 x 10 6 = 2.48 x 10“ 14 W. 

For a signal to noise ratio S n = 17 dB = 50, the received power must be at least 

P rec = s n p n = 50(2.48 x 10“ 14 W) = 1.24 x 10“ 12 W. 
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Since the two antennas are half-wave dipoles, Eq. (9.47) states D t — D r — 1.64, and 
since the antennas are both lossless, G t = D { and G r = D r . Since the operating 
frequency is / = 150 MHz, X — c/f = (3x 10 8 m/s)/(150 x 10 6 Hz) = 2m. Solving 
the Friis transmission formula (Eq. (9.75)) for the transmitted power: 



(4n) 2 R 2 

X 2 G X G[ 


= 1.24 x 10~ 12 


(47i) 2 (2 x 10 3 m) 2 
(2 m) 2 (1.64) (1.64) 



(pW). 


Problem 9.22 Consider the communication system shown in Fig. 9-37 (P9.22), 
with all components properly matched. If P t — 10 W and f = 6 GHz: 

(a) what is the power density at the receiving antenna (assuming proper alignment 
of antennas)? 

(b) What is the received power? 

(c) If r sys = 1,000 K and the receiver bandwidth is 20 MHz, what is the signal to 
noise ratio in dB? 


G t = 20 dB 


G r = 23 dB 



1 p t h-20 km 

Tx 





Rx 


Figure P9.22: Communication system of Problem 9.22. 


Solution: 

(a) G t = 20 dB = 100, G r = 23 dB = 200, and X = c/f = 5 cm. From Eq. (9.72), 



10 2 x 10 
47t x (2 x 10 4 ) 2 


(W/m 2 ). 




- P[G[G X 



2 


= 10 x 100 x 200 x 


/ 5xl0- 2 X 2 
(471 x 2 x 10 4 ) 


= 7.92 x 10“ 9 W. 



P n = KT sys B = 1.38 x 10“ 23 x 10 3 x 2 x 10 7 = 2.76 x 10“ 13 W, 
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S n = — = 7 ' 9 ^ X ^ = 2.87 x 10 4 = 44.6 dB. 

P n 2.76 x 10- 13 
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From tabulated values of the sine function, it follows that the solution of this equation 
is 

1071 sin 0 = 2.319 
or 

6 « 4.23°. 


Hence, the 10-dB beamwidth is 


(3^20 = 8.46°. 


Problem 9.25 A uniformly illuminated rectangular aperture situated in the x-y 
plane is 2 m high (along x) and 1 m wide (along y). If / = 10 GHz, determine 

(a) the beamwidths of the radiation pattern in the elevation plane {x-z plane) and 
the azimuth plane (y-z plane), and 

(b) the antenna directivity D in dB. 

Solution: From Eqs. (9.94a), (9.94b), and (9.96), 


$xz — 0 . 88 ^ 
Pk = 0.88^ 




PxzPyz 


0.88 x 3 x 10 


-2 


= 1.32 x 10 


0.88 x3 x 10~ 2 


1 


= 2.64 x 10 


471 


(1.32 x 10- 2 )(2.64 x 10- 2 ) 


~ 2 rad =0.75°, 

“ 2 rad = 1.51°, 

= 3.61 x 10 4 = 45.6 



Problem 9.26 An antenna with a circular aperture has a circular beam with a 
beamwidth of 3° at 20 GHz. 

(a) What is the antenna directivity in dB? 

(b) If the antenna area is doubled, what would be the new directivity and new 
beamwidth? 

(c) If the aperture is kept the same as in (a), but the frequency is doubled to 40 
GHz, what would the directivity and beamwidth become then? 

Solution: 

(a) From Eq. (9.96), 

An An o 

D ~ —r- =-=■ = 4.59 x 10 3 = 36.6 dB. 

P 2 (3° xti/180 0 ) 2 
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(b) If area is doubled, it means the diameter is increased by y/2, and therefore the 
beamwidth decreases by y/2 to 

3° 

= — = 2 . 2 °. 

The directivity increases by a factor of 2, or 3 dB, to D — 36.6 + 3 = 39.6 dB. 

(c) If / is doubled, X becomes half as long, which means that the diameter to 
wavelength ratio is twice as large. Consequently, the beamwidth is half as wide: 

3° 

P = T = 1.5”, 

and D is four times as large, or 6 dB greater, D — 36.6 + 6 — 42.6 dB. 



Problem 9.27 A 94-GHz automobile collision-avoidance radar uses a rectangular- 
aperture antenna placed above the car’s bumper. If the antenna is 1 m in length and 
10 cm in height, 

(a) what are its elevation and azimuth beamwidths? 

(b) what is the horizontal extent of the beam at a distance of 300 m? 

Solution: 

(a) At 94 GHz, X = 3 x 10 8 /(94 x 10 9 ) = 3.2 mm. The elevation 
beamwidth is (3 e = X/OA m = 3.2 x 10 -2 rad = 1.8°. The azimuth beamwidth is 
Pa — X/\ m = 3.2 x 10 -3 rad = 0.18°. 

(b) At a distance of 300 m, the horizontal extent of the beam is 

Ay = p a /? - 3.2 x 10 -3 x 300 = 0.96 m. 


Problem 9.28 A microwave telescope consisting of a very sensitive receiver 
connected to a 100-m parabolic-dish antenna is used to measure the energy radiated 
by astronomical objects at 20 GHz. If the antenna beam is directed toward the moon 
and the moon extends over a planar angle of 0.5° from Earth, what fraction of the 
moon’s cross section will be occupied by the beam? 


Solution: 


_ l 1.5 x 10“ 2 . , 

Pant = -7 = -™- = 1-5 x 10 4 rad. 

a 100 


For the moon, P m00 n = 0.5° x 7t/180° = 8.73 x 10 3 rad. Fraction of the moon’s 
cross section occupied by the beam is 

2 / l s v 10 -4 \ 2 

4 = 0.3 x 10” 3 or 0.03%. 


P 


ant 


P 


moon 


8.73 x 10“ 3 
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Figure P9.28: Antenna beam viewing the moon. 


Sections 9-9 to 9-11: Antenna Arrays 

Problem 9.29 A two-element array consisting of two isotropic antennas separated 
by a distance d along the z-axis is placed in a coordinate system whose z-axis points 
eastward and whose x-axis points toward the zenith. If ao and a\ are the amplitudes 
of the excitations of the antennas at z = 0 and at z — d respectively, and if 8 is the 
phase of the excitation of the antenna at z — d relative to that of the other antenna, 
find the array factor and plot the pattern in the jc-z plane for 

(a) ao = a\ = 1, 8 = 7i/4, and d = A,/2, 

(b) ao — 1, a\ — 2, 8 = 0, and d — A,, 

(c) ao = a\ = 1, 8 = —tt/ 2, and d = X/2, 

(d) ao = a\, a\ — 2, 8 = tt/ 4, and d — X/2, and 

(e) ao = a\, a\=2, 8 = 7i/2, and d = X/A. 

Solution: 

(a) Employing Eq. (9.110), 


F a (0) = 


.JViJikd eosO 


Y, a i eJT ‘e 

i= 0 

l +e /((2"A)(V2)cose+Jc/4)|2 
1+ ^(7lcos0+71/4) |2 = 4cos 2 


7T 


-(4cos0 +1 
8 


A plot of this array factor pattern is shown in Fig. P9.29(a). 




rray factor in the elevation plane for Problem 9.29(a). 



2 


nkd cos 0 


/^)Xcos0+O)|2 _ |j _|_2^ 27C 


cos0 


5 +4 cos (27t cos 0). 


pattern 


is shown in Fig. P9.29(b). 
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Figure P9.29: (c) Array factor in the elevation plane for Problem 9.29(c). 

(d) Employing Eq. (9.110), and setting ao = 1, a\ — 2, V|/q =0, \|/i = 8 = tc/ 4, 
and d = X/ 2, we have 

l 

F a (0)= Y,aie™ei ikdcos0 

1=0 

1 _l_ 2^ 7r / 4 ^'( 27t A)(V 2 ) cose 

1 ^_2^^ 7lcos0+7r / 4 ^ 

= 5 + 4cos (7tcos0 + 22 
V 4 



A plot of the array factor is shown in Fig. P9.29(d). 
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Figure P9.29: (d) Array factor in the elevation plane for Problem 9.29(d). 

(e) Employing Eq. (9.110), and setting ao = 1, a\ — 2, \|/q = 0, \|/i = 8 = tc/ 2, 
and d = 'k/ 4, we have 

l 

F a (0)= ^a,^'^ cose 

i=0 

1 +2^ 71 / 2 ^ ; ( 27C / A ')(^/ 4 ) COS0 
I ^_ 2^’( 7lcos0+7r )/ 2 

^ / 71 ^ 7C\ _ . /7T 

= 5 + 4cos COS0 + — J =5 — 4sin |^-cos0 



A plot of the array factor is shown in Fig. P9.29(e). 



Problem 9.30 If the antennas in part (a) of Problem 9.29 are parallel vertical 
Hertzian dipoles with axes along the x-direction, determine the normalized radiation 
intensity in the x-z plane and plot it. 



d 


Figure P9.30: (a) Two vertical dipoles of Problem 9.30. 
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Figure P9.30: (b) Pattern factor in the elevation plane of the array in Problem 9.30(a). 


Solution: The power density radiated by a Hertzian dipole is given from Eq. (9.12) 
by 5 e (0 7 ) = Sosin 2 © 7 , where 0' is the angle measured from the dipole axis, which in 
the present case is the x-axis (Fig. P9.30). 

Hence, 0' = tc/ 2 — 0 and 5 e (0) = 5osin 2 (^7t —0) = 5ocos 2 0. Then, from 
Eq. (9.108), the total power density is the product of the element pattern and the 
array factor. From part (a) of the previous problem: 


5(0) =5 e (0)F a (0) =45 o cos 2 0cos 2 



(4cos0+ 1 



This function has a maximum value of 3.525o and it occurs at 0 max = ±135.5°. The 
maximum must be found by trial and error. A plot of the normalized array antenna 
pattern is shown in Fig. P9.30. 
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Problem 9.31 Consider the two-element dipole array of Fig. 9.29(a). If the two 
dipoles are excited with identical feeding coefficients (ao = a\ — 1 and \|/ () = \\f[ — 0), 
choose (d/X) such that the array factor has a maximum at 0 = 45°. 

Solution: With ao = a\ = 1 and \|/o = \|/i =0, 

F a (0) = |1 _)_^;( 2 ^A) COS0 | 2 _ 4 cos 2 ^ cos e 



F a (0) is a maximum when the argument of the cosine function is zero or a multiple 
of 71. Hence, for a maximum at 0 = 45°, 

Tid 

— cos45° = mr, n = 0,1,2,... . 

A. 

The first value of n , namely n = 0, does not provide a useful solution because it 
requires d to be zero, which means that the two elements are at the same location. 
While this gives a maximum at 0 = 45°, it also gives the same maximum at all 
angles 0 in the y-z plane because the two-element array will have become a single 
element with an azimuthally symmetric pattern. The value n— 1 leads to 


d 

X 


1 

cos45° 


1.414. 


Problem 9.32 Choose (d/X) so that the array pattern of the array of Problem 9.31 
has a null, rather than a maximum, at 0 = 45°. 

Solution: With ao = a\ — 1 and \|/ () = \\f\ =0, 

F a (0) = |l+^ (27trfA)cose | 2 = 4cos 2 (y cos0 



F a (0) is equal to zero when the argument of the cosine function is [(ft/2) +m r]. 
Hence, for a null at 0 = 45°, 

^cos45° = ^ +n7C, n = 0,1,2,... . 

X 2 

For n — 0, 


d 1 
X 2cos45° 


0.707. 
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Problem 9.33 Find and plot the normalized array factor and determine the half¬ 
power beamwidth for a five-element linear array excited with equal phase and a 
uniform amplitude distribution. The interelement spacing is 3^/4. 

Solution: Using Eq. (9.121), 

. . sin 2 [(Afac<i/A,)cos0] sin 2 [( 15 tc/4) cos 0] 
an N 2 sin 2 [ (rad/A,) cos 0] 25 sin 2 [(37i/4)cos0] 

and this pattern is shown in Fig. P9.33. The peak values of the pattern occur at 
0 = ±90°. From numerical values of the pattern, the angles at which F an (0) = 0.5 
are approximately 6.75°on either side of the peaks. Hence, (3 ~ 13.5°. 


X 



Figure P9.33: Normalized array pattern of a 5-element array with uniform amplitude 
distribution in Problem 9.33. 


Problem 9.34 A three-element linear array of isotropic sources aligned along the z- 
axis has an interelement spacing of X/4 Fig. 9-38 (P9.34). The amplitude excitation 
of the center element is twice that of the bottom and top elements and the phases 
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are — n/2 for the bottom element and tt/ 2 for the top element, relative to that of the 
center element. Determine the array factor and plot it in the elevation plane. 

z 



► 


Figure P9.34: (a) Three-element array of Problem 9.34. 


Solution: From Eq. (9.110), 


FM = 


.JViJikdc os0 


Y, a ie JT, e 
i =0 

aoe^o +aie j V l e jkdcosQ + a 2 e j V 2 e j2kdcosQ 
e jiyp i-n/i) + 2^ 1 ^’( 27 r A)(V 4 ) cos0 + ^'(vi+V 2 )^' 2 ( 27 r A)(V 4 ) cos0 


^Vi e /(7i/ 2 )cos0 


e -jn/ 2 e -j(n/ 2 )cose + 2 + e j % / 2 e J( n / 2 ) cose 


= 4(1 +COs(^7t(l +COS0))) 2 , 
F an(6) = l(l +COS (^7l(l +COS0))) 2 . 


This normalized array factor is shown in Fig. P9.34. 


















Problem 9.35 An eight-element linear array with X/2 spacing is excited with equal 
amplitudes. To steer the main beam to a direction 60° below the broadside direction, 
what should be the incremental phase delay between adjacent elements? Also, give 
the expression for the array factor and plot the pattern. 

Solution: Since broadside corresponds to 0 = 90°, 60° below broadside is 

0 O = 150°. From Eq. (9.125), 

271 X 

5 = kd cosGo = -T- — cos 150° = —2.72 (rad) = —155.9°. 

A 2 

Combining Eq. (9.126) with (9.127) gives 

sin 2 (^Nkd (cos Q — cos0o)) sin 2 (47t(cos0 + 
an N 2 sin 2 ( jkd (cos 0 — cos 0q) ) 64 sin 2 (^7t(cos 0 + ^ y/3 )) 


The pattern is shown in Fig. P9.35. 



Problem 9.36 A linear array arranged along the z-axis consists of 12 equally spaced 
elements with d — X/2. Choose an appropriate incremental phase delay 8 so as to 
steer the main beam to a direction 30° above the broadside direction. Provide an 
expression for the array factor of the steered antenna and plot the pattern. From the 
pattern, estimate the beamwidth. 

Solution: Since broadside corresponds to 0 = 90°, 30° above broadside is 0o = 60°. 
From Eq. (9.125), 

2tz X 

8 — kd cos 0 O = — — cos 60° = 1.57 (rad) = 90°. 

A 2 

Combining Eq. (9.126) with (9.127) gives 

sin 2 (^12fa/(cos0 — cos0o)) sin 2 (67t(cos0 — 0.5)) 

144 sin 2 (^W(cos0 — cos0q)) 144 sin 2 (|(cos0 — 0.5)) 



Problem 9.37 A 50-cm long dipole is excited by a sinusoidally varying current 
with an amplitude /q = 5 A. Determine the time average power radiated by the dipole 
if the oscillating frequency is: 

(a) 1 MHz, 

(b) 300 MHz. 


Solution: 

(a) At 1 MHz, 


= 3 x 10 8 = 

10 6 


Hence, the dipole length satisfies the “short” dipole criterion (/ < A,/50). 
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Using (9.34), 


P rad = 40J1 2 /,) ^ 

= 4071 2 x 5 2 x 


0.5 

300 


= 27.4 mW. 


(b) At 300 MHz, 


, 3 x 10 8 , 

K — -—- = 1 m. 


3x 10 8 

Hence, the dipole is X/2 in length, in which case we can use (9.46) to calculate P rd( \ 

P rad = 36.6 /q = 36.6 x 5 2 = 915 W. 


Thus, at the higher frequency, the antenna radiates [915/27.3 x 10 3 )] = 33,516.5 
times as much power as it does at the lower frequency! 


Problem 9.38 The configuration shown in the figure depicts two vertically oriented 
half-wave dipole antennas pointed towards each other, with both positioned on 100- 
m-tall towers separated by a distance of 5 km. If the transit antenna is driven by a 
50-MHz current with amplitude Iq — 2 A, determine: 

(a) The power received by the receive antenna in the absence of the surface. 
(Assume both antennas to be lossless.) 

(b) The power received by the receive antenna after incorporating reflection by 
the ground surface, assuming the surface to be flat and to have e r = 9 and 
conductivity a = 10 3 (S/m). 


Piirprt 



I 

5 Km 


Solution: 

(a) Since both antennas are lossless, 
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where S{ is the incident power density and A er is the effective area of the receive 
dipole. From Section 9-3, 

15 1? 

Si = S 0 = 


o 


7 lR 2 ’ 


and from (9.64) and (9.47), 


Hence, 


„ X 2 D l 2 , ^ L641 2 

A er = —- = — X 1.64 = --- 

471 471 471 


P iec = x = 3.6 X 10- 6 W. 


7 zR 2 4n 

(b) The electric field of the signal intercepted by the receive antenna now consists 
of a direct component, Ed, due to the directly transmitted signal, and a reflected 
component, E r , due to the ground reflection. Since the power density S and the 
electric field E are related by 

\E\ 2 


S = 


2r| 0 ’ 


it follows that 


E d = \/2r\oSi e~ jkR 


= t/2rio x 


15/2 

i£lo -jkR 

7 lR 2 


- ■ / 30r|() k -jkR 


K R 


where the phase of the signal is measured with respect to the location of the transmit 
antenna, and k = Iti/X. Hence, 

E d = 0.024e~ jm ° (V/m). 


The electric field of the reflected signal is similar in form except for the fact that 
R should be replaced with R\ where R 1 is the path length traveled by the reflected 
signal, and the electric field is modified by the reflection coefficient T. Thus, 



/ 30t|q To 

V 71 R' 




From the problem geometry 


R 1 = 2\ (2.5 x 10 3 ) 2 + (100) 2 = 5004.0 m. 
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Since the dipole is vertically oriented, the electric field is parallel polarized. To 
calculate T, we first determine 


.// 


a 


10 


-3 


e' C 08 () 8 r 27t x 50 x 10 6 x 8.85 x 10 -12 x 9 


= 0.04. 


From Table 7-1, 


From (8.66a), 


From the geometry, 


r|c 



fio Tlo T)o 


Fi. = 


V9 3 


r(2 COS0 t — T|iCOS 0i 
r(2cos0 t + riicos 0i 


cos 0i - 
0i : 

0 t = sin 


h 


100 

2502 


(R 1 / 2) 

87.71° 

. _! ( sin0j\ 


= 0.04 




= 19.46° 


fit 

02 


flo (air) 
Oo 


= 0 = 


Hence, 


r,i = 


(t| 0 /3) x 0.94 — rjo x 0.04 
(t| 0 /3) x 0.94 + r|o x 0.04 


= 0.77 


The reflected electric field is 


E r = 


30% /o —jkR' 

71 R! 


r 


= 0.018e /06C (V/m). 


E =E d + E r 

= 0.024e~ jm ° +0.018^°- 6 ° 
= O.Q2e~ jl3 - 3 ° (V/m). 


The total electric field is 
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The received power is 



\E\ 2 1.641 2 

— -—— X - 

2r)o 471 

= 2.5 x 1(T 6 W. 


Problem 9.39 



The figure depicts a half-wave dipole connected to a generator through a matched 
transmission line. The directivity of the dipole can be modified by placing a reflecting 
rod a distance d behind the dipole. What would its reflectivity in the forward direction 
be if: 

(a) d = ty4, 

(b) d = X/2. 

Solution: Without the reflecting rod, the directivity of a half-wave dipole is 1.64 
(see 9.47). When the rod is present, the wave moving in the direction of the arrow 
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consists of two electric field components: 




E — E\ +E 2 , 





where E\ is the field of the radiated wave moving to the right and E 2 is the field that 
initally moved to the left and then got reflected by the rod. The two are essentially 
equal in magnitude, but E 2 lags in phase by 2 kd relative to E\, and also by n because 
the reflection coefficient of the metal rod is —1. Hence, we can write E at any point 
to the right of the antenna as 


E — E] +E 1 e jn e~ j2kd 
= E^\ + e- i{2kd -^) 


(a) For d = k/4, 2kd = 2 • f • \ = n. 

E = Ex(l + ) =2 E y . 

The directivity is proportional to power, or \E | 2 . Hence, D will increase by a factor 
of 4 to 

D= 1.64x4 = 6.56. 

(b) For d = X/ 2, 2 kd = 2%. 


E=Ei( 1-1) =0. 


Thus, the antenna radiation pattern will have a null in the forward direction. 
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Problem 9.40 A five-element equally spaced linear array with ^ = A./2 is excited 
with uniform phase and an amplitude distribution given by the binomial distribution 



i = 0,1,... ,N — 1 


where N is the number of elements. Develop an expression for the array factor. 
Solution: Using the given formula, 




Cl2 




(5-1)! 


0!4! 
4! 


= 1 


1!3! 

4! 

2 ! 2 ! 

4! 

3!U 

4! 

0!4! 


= 4 


= 6 


= 4 


= 1 


(note that 0! = 1) 


Application of (9.113) leads to: 


Fa( Y) = 


tv-1 

I 

1=0 


a;e Jiy 


2nd 

y = —-— cos 0 
A 


l + 4 ^ + 6 ^ + 4 ^ + ^| 2 

= | e j2y {e~ j 2Y + Ae-n + 6 + 4 e* + e&) \ 
— (6 + 8cosy+2cos2y) 2 . 


With d — A/2, y — x ‘ |cos0 = 7tcos0, 

F a (Q) = [6 + 8cos(7tcos0) + 2cos(27tcos0)] 2 . 
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Chapter 10: Satellite Communication Systems 

and Radar Sensors 


Lesson #70 and 71 
Chapter — Section: 10-1 to 10-4 
Topics: Communication systems 

Highlights: 

• Geosynchronous orbit 

• Transponders, frequency allocations 

• Power budgets 

• Antennas 


Lesson #72 and 73 

Chapter — Section: 10-5 to 10-8 
Topics: Radar systems 

Highlights: 

• Acronym for RADAR 

• Range and azimuth resolutions 

• Detection of signal against noise 

• Doppler 

• Monopulse radar 



CHAPTER 10 


449 


Chapter 10 

Sections 10-1 to 10-4: Satellite Communication Systems 

Problem 10.1 A remote sensing satellite is in circular orbit around the earth at an 
altitude of 1,100 km above the earth’s surface. What is its orbital period? 

Solution: The orbit’s radius is Rq = R e + h = 6,378 + 1,100 = 7478 km. Rewriting 
Eq. (10.6) for T : 



4k 2 \ 

GMe J 



4k 2 x (7.478 x 10 6 ) 3 
6.67 x 10- 11 x 5.98 x I0 24 



= 4978.45 s = 82.97 minutes. 


Problem 10.2 A transponder with a bandwidth of 400 MHz uses polarization 
diversity. If the bandwidth allocated to transmit a single telephone channel is 4 kHz, 
how many telephone channels can be carried by the transponder? 


Solution: Number of telephone channels 
channels. 


2 x 400 MHz 
4 kHz 


2x4x 10 s 
4 x 10 3 


= 2 x 10 5 


Problem 10.3 Repeat Problem 10.2 for TV channels, each requiring a bandwidth 
of 6 MHz. 


Solution: Number of telephone channels = 


2 x 4 x 10 8 


6x 10 6 

We need to round down becasue we cannot have a partial channel. 


= 133.3 ~ 133 channels. 


Problem 10.4 A geostationary satellite is at a distance of 40,000 km from a ground 
receiving station. The satellite transmitting antenna is a circular aperture with a 
1-m diameter and the ground station uses a parabolic dish antenna with an effective 
diameter of 20 cm. If the satellite transmits 1 kW of power at 12 GHz and the ground 
receiver is characterized by a system noise temperature of 1,000 K, what would be 
the signal-to-noise ratio of a received TV signal with a bandwidth of 6 MHz? The 
antennas and the atmosphere may be assumed lossless. 

Solution: We are given 

R = 4 x 10 7 m, d t = 1 m, d Y = 0.2 m, P { — 10 3 W, 

/ = 12 GHz, T sys = 1,000 K, B = 6 MHz. 
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At / = 12 GHz, l = c/f = 3 x 10 8 /12 x 10 9 = 2.5 x 10 2 m. With £ t = = 1, 


n n _ 47tA t _ 47T(7Tz/ t 2 /4) _ 471 X 71 X 1 

Gt = E>t = = X 2 = 4 x (2.5 x 10 -2 ) 2 

_ _ 47tA r _ 47t(7tt/ 2 /4) _ 47t x 7t(0.2) 2 

Gr = £>r = ^ = X 2 = 4x (2.5xl0- 2 ) 2 


15,791.37, 

631.65. 


Applying Eq. (10.11) with 4(9) = 1 gives: 

c _ P t G t G r / l \ 2 _ 10 3 x 15,791.37 x 631.65 / 2.5 x 10 ~ 2 \ 

n ~~ AT sys £ \4kR ) ~ 1.38 x 10-23 x 10 3 x 6 x 10 6 V47t x 4 x 10 7 ) 


298. 


Sections 10-5 to 10-8: Radar Sensors 


Problem 10.5 A collision avoidance automotive radar is designed to detect the 
presence of vehicles up to a range of 0.5 km. What is the maximum usable PRF? 

Solution: From Eq. (10.14), 



3 x 10 8 
2x0.5 x 10 3 


= 3 x 10 5 Hz. 


Problem 10.6 A 10-GHz weather radar uses a 15-cm-diameter lossless antenna. At 
a distance of 1 km, what are the dimensions of the volume resolvable by the radar if 
the pulse length is 1 /rs? 

Solution: Resolvable volume has dimensions Av,Ay, and A R. 


Ax — Ay — (3R = — - - * 7 ^ — x 10 3 = 200 m, 

a 0.15 


4 ^ c\ 
~ 2 " 


3 x 10 8 


x 10 “ 6 = 150 m. 


Problem 10.7 A radar system is characterized by the following parameters: 
P t = 1 kW, t = 0.1 /rs, G — 30 dB, X = 3 cm, and T sys = 1,500 K. The radar 
cross section of a car is typically 5 m 2 . How far can the car be and remain detectable 
by the radar with a minimum signal-to-noise ratio of 13 dB? 
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Solution: ,S’ mm = 13 dB means ,S' mm = 20. G = 30 dB means G — 1000. Hence, by 
Eq. (10.27), 


R 


max 


P t xG 2 K 2 a t 1 1/4 
_(47i) 3 T«:r sys 5 m i n _ 

10 3 x 10- 7 x 10 6 x (3 x 10~ 2 ) 2 x 5 
_(4 tt) 3 x 1.38 x 10- 23 x 1.5 x 10 3 x 20_ 


1/4 

= 4837.8 m = 4.84 km. 


Problem 10.8 A 3-cm-wavelength radar is located at the origin of an x-y coordinate 
system. A car located at x = 100 m and y = 200 m is heading east (x-direction) at a 
speed of 120 km/hr. What is the Doppler frequency measured by the radar? 


y 



Figure P10.8: Geometry of Problem 10.8. 





